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ADVERTISEMENT. 
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T H E following Commentary is in a particular manner adapted to the uſe of 
thoſe, who, without dedicating their time to the ſtudy of the deeper 
parts of mathematics, are deſirous of being acquainted with the principles of Sir 
Tſaac Newton's philoſophy, and thoſe clear and convincing reaſonings, by which 
they are eſtabliſhed in his own writings. The evidence and accuracy of reaſon- 
ing, the ſingular perſpicuity both of thought and expreſſion, by which theſe 
writings, even in their moſt abſtruſe parts, are ſo eminently diſtinguiſhed, muſt, 
to every reader who is furniſhed with a previous knowledge of the mathematical 
ſriences, render the author himſelf much clearer than any Commentary that can 
be written to explain him. But to thoſe. who, by their employ ments, or purſuits 
of other parts of uſeful learning, are unable to apply that attention and time, 
which are neceſſary to acquire a complete knowledge of the different branches 
of mathematics, the uſes and advantages of a commentary are apparent; to 
ſupply thoſe demonſtrations, which the author has omitted, on the ſuppoſition - 
that they are previouſly known; to point out the extent and limits of Problems; 
and to ſhew their practical uſe and application to the ſyſtem of the world, 
The editor requires of his readers a clear and accurate knowledge of the 
geometry of Euclid, of the elementary parts of Algebra, and a few of the 
primary properties of the Conic Sections. From theſe principles the reaſoning 
is every where taken up, and carried on through every intermediate ſtep omitted 
by the author. Whatever immediately relates to the ſubject, by which the ar- 
gument may be illuſtrated, except the elementary principles already mentioned, 
is ſupplied in the Commentary, as the occaſion may require. A variety of 
corollaries, deductions, and philoſophical ſcholiums are there likewiſe added; 
ſuch as cannot fail to elucidate the uſe and tendency of the molt abſtract pro- 
oſitions; and, where it is poſſible, their application to the phenomena of nature. 
The ſynthetic form of demonſtration being beſt ſuited to thoſe readers for 
whoſe uſe this work is intended, the geometrical ſtyle of the author is adopted 
alſo in the commentary. Ihe doctrine of prime and ultimate ratios (the founda- 
tion of his method) is eſtabliſhed, ſo as to remove the various objections which 
have been raiſcd againſt it, ſince it was firſt publiſhed. To the relations of 
finite quantities alone the reaſoning on this ſubject is confined ; and the form of 
demonſtration is ſhewn to be agreeable to that which was made uſe * and 
always 


ADVERTISEMENT. 


always admitted as ſtrictly concluſive, by the . moſt accurate of the ancient 
geometers. But the ſynthetic method being firſt applied, there are moreover 
added a few analytical demonſtrations of ſome of rept ang propoſitions by 


the method of fluxions ; which being the invention 
eſtabliſhed on the ſtrifteſt and moſt unexceptionable — conciſe in its 
proceſs, general and comprehenſive in its concluſions, cannot fail to give the 
. ſatisfaction to all mathematical readers. But the preſent publication not 

ing particularly intended for ſuch, the demonſtrations of this kind are few, 
and may be omitted by other readers. rn f 

The tranſlation is in general as literal as poſſible; the elegance and accuracy 
of the original, and the nature of the ſubject, requiring nothing further. In a 
few inſtances indeed the editor has departed from this rule; particularly in the 
meaning of certain terms, ſuch as, quantitates quam minimæ, evaneſcentes, ultimæ, 
inſinit' magnæ, and the like; which, though not rendered according to the 
original import of the words, are yet explained in that ſenſe, and with thoſe 
limitations, under which the author cautions his readers to underſtand them. 
This is the more neceſſary, as the terms infinite, inſiniteſimal, leaſt poſſible, and 
the hke, have been groſsly miſipplied and abuſed : and it would cgntribute 
much to the accuracy required in mathematical knowledge, if they were entirely 
rejected from all reaſonings on ſuch ſubjects. f 

The ſubſtance of many of the notes is taken from Maclaurin, Saunder ſon, 
Keill, Morgan's notes on Robault, Excerpta quedam e Newtoni Principiis Philoſo- 


phiz Naturalis, cum notis variorum, and ſeveral other writings, in which par- 


ticular parts of the Principia are elucidated, 


\ 


the author himſelf, and 
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T might be reaſonably expected, that, in a ſcience, founded 

on the invariable laws of nature, and deduced by ſtrict 
mathematical demonſtration, we ſhould arrive at greater cer- 
tainty of knowledge, and uniformity of opinion, than in ſub- 
jets, which from their nature require a different ſpecies of 
reaſoning, and whoſe truth can only be aſcertained by an in. 
feriour degree of evidence: it might be expected, that deduc- 
tions in natural philoſophy ſhould lead to concluſions, and 
ſhould eſtabliſh ſyſtems, as irrefragable as that mathematical 
reaſoning by which they are deduced, and as invariable as thoſe 
laws of nature on which they are founded. If we conſult the 
hiſtory of natural philoſophy, we find on the contrary various 
{ets of philoſophers, each ſupported by numerous followers, 
maintaining with equal confidence different and contradictory 
opinions: we find ſyſtems, which have ſtood the teſt, and been 
the admiration of ages, overturned by ſome later diſcovery ; 
which, ſupported and adorned with much labour and ſpecula- 
tive ingenuity, at length gives place to the inventions of ſome 
ſucceeding age. The cauſe of this uncertainty has frequently 
been attributed to the obſcurity of things themſelves, or the 
natural imperfection of the human faculties ; which, it has been 


I | ſuppoſed, 
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_ ſuppoſed, were never intended to penetrate into the ſecrets of 

"it nature. But when philoſophers, inſtead of conſulting their 

| oven imaginations, attended to the real operations of nature; 

when experimental philoſophy had diſpelled the fictions of falſe 

ſcience; it appeared, that the whole fault was in the reaſonings 

of philoſophers themſelves; who having aſſumed, as prin- 

ciples of ſcience, hypotheſes. which had no foundation in 

nature, deduced theories repugnant to the moſt evident phe- 
| | nomena, | | | 


4 * — 
8 


— —— — 
0 8 —— 
— 1 


— ä — — 
„ 


— —— — . — ́ . ̃ — UT — 
— >. > 4 


| The object of true philoſophy is no leſs miſtaken by thoſe | 
who vainly expect to find the efficient cauſes of all the opera- 
tions of nature in the internal conſtitution of bodies ; who pre- 
tend that this world might ariſe out of a chaos by the mere laws 
of nature; and that the wonderful uniformity of the ſolar 
x ſyſtem, and the motions and revolutions of all the planets and 
x comets in that ſyſtem, might be produced at firſt, and continued 
for ever, merely by mechanical cauſes. They proceed upon a 
falſe, though common opinion, that to explain or account for a 
[ phenomenon. is to aflign its primary cauſe. And not ſatisfied 


- 


'with tracing the connexion of the more immediate cauſes, 
which are obvious, and-open to their obſervation, they attempt 
to deduce mechanically, from the properties of matter, the 
original ſources of all the powers of nature. Such reſearches 
can only end in a diſcovery of their ignorance of the nature of 
things; the very leaſt part of which is, in this ſenſe, beyond 
their comprehenſion ; for, upon theſe principles, it is impoſſible 
to explain the moſt familiar appearance, or aſſign the primary 
cauſe of the moſt ſimple motion: much leſs can they account 
for either the greater motions in the planetary ſyſtem, or the 
more hidden proceſles of nature in the operations of chymiſtry, 
in magnetiſm and electricity, in fermentation, vegetation, and 
animal ſecretion. - | 1 


That the human faculties are unable to comprehend a perfect 
ſcheme of philoſophy, is indeed confeſſed by all who have 
; made 
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made the deepeſt inquiries into nature. The. ſenſe of this truth 


was turned to the moſt valuable purpoſes by Sir aac Newton ; 
who. from a thorough acquaintance with the extent of the 


human powers, and a deep inſight into nature, was enabled, 


not only to apply thoſe powers in the moſt ſkilful and advanta- 
geous manner to the diſcovery of natural knowledge, bur like- 
wiſe to judge how far he could proceed with certainty. And 
thus, from a knowledge of the limitation of the human facul- 


ties, he has extended our views beyond thoſe bounds, in which 


they were generally ſuppoſed to be confined; and has made it 


appear, that however unable men may be to comprehend the 
whole ſcheme of nature, yet an extenſive part of its operations 
is really placed within their reach; and that their ignorance of 
this has at all times proceeded, not ſo much from the imper- 
fection of their faculties, as from the wrong application of 
them, and from falſe methods of philoſophy. By the moſt 
exact obſervations, and a happy choice of experiments; by a 
ſingular penetration, and profound knowledge in mathematics, 
He has eſtabliſhed his philoſophy on ſuch certain experience, 
and inconteſtible demonſtration, that no future diſcoveries can 
ever overturn it, as long as reaſon, and the eſtabliſhed courſe of 
nature, continue the ſame. 


To avoid the errors, into which philoſophers had -been 


led, it was neceſſary to proceed on the moſt evident and un- 
exceptionable grounds; to trace out, by the method of 
analyſis, cauſes from effects; to begin with the moſt ſimple and 


obvious appearances, and to advance by gradual and cautious 
ſteps to the more ſubtile operations of nature: and, from ex- 
periments and obſervations upon bodies within our notice, to 


deduce general concluſions, by induction and analogy, con- 
cerning all bodies whatever. In this proceſs the firſt circum- 
ſtance which occurs to us is that regular and invariable order, 
vhich is obſerved in the production of all natural effects. Every 


appearance of nature is preceded by a ſeries and train of events, 


whoſe ſucceſſion is regulated and eſtabliſhed by a law ſo con- 
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ſtant and invariable, that we can infer the effect or conſequence 
of events, in fimilar circumſtances, with as much certainty as 
we conclude, that the fire, which we ſee, will 18 the 
ſenſation of heat, or that the vibration of a muſical ftring will be 
followed by a particular ſound. 


To diſcover the eſtabliſhed laws, which * and uni- 
formly obtain in the courſe of nature is the firſt object of phi- 
loſophy. But we ſoon find, that what we at firſt apprehended 
to be cauſes, are only the effects of ſomething preceding ; and 
the primary efficient cauſe is hid from our view. The vibration 
of a muſical ſtring, propagated through the air, produces a 
ſimilar motion in that elaſtic medium; a ſenſe of which motion 
is excited in the mind under the appearance of ſound. Vibra- 
tions, performed in different times, are followed by different 
tones; and the relation between the vibrations and tones is con- 
ſtant and immutable. . In tracing theſe events we neither in- 
quire into the manner in which the ſenſation 1s produced in the 
ſenſorium, nor into the cauſe of the elaſticity of the air; but 


merely into the laws by which theſe motions are performed, 
and the order in which theſe means are employed in producing 


the ſenſation of ſound, according to the methods and rules of 
mechaniſm, which have been wiſely eſtabliſhed in nature. 
When it is proved by experiment, that different colours are 
produced by the different refrangibility of the rays of light; 
chat there are as many degrees of colours, as there are ſorts of 
rays, each of which has invariably 1 its proper colour, anſwer- 
able to its degree of refrangibility ; this, conſidered as a law, is 
clear and intelligible, and conveys to us the moſt beautiful idea 
of the order of nature; but, as a cauſe, it is totally inexplica- 
ble. The refractions of the rays of light are the conſequences 
of a ſeries of antecedent events. They are bent from their 


rectilinear courſe, by a continual flexure, into a curve. Their 


motions are fimilar to thoſe of very ſmall bodies, paſſing 
through mediums, which attract with forces, acting in lines 
perpendicular to their ſurfaces: and, as far as we can argue 
from analogy, they muſt ariſe from the ſame powers. The rays 
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INTRODUCTION. 


of different ſizes may be differently attracted, the leaſt being 
more eaſily, and the largeſt more difficultly turned from their 
rectilinear courſe: and thus all the degrees of refrangibility, 


and the variety of colours, may ariſe from the ſame principle of 
attraction. 


By this method of analyſis we trace out the eſtabliſhed laws of 
nature ; or that order, in which inftrumental cauſes are uſed in 
producing natural effets. But, as we riſe from effects to cauſes, 
the more general are thoſe powers which we diſcover. Effects, 

apparently contradictory, are found to proceed from the ſame 

principle. The aſcent of light bodies, as well as the deſcent of 
heavy ones, is the conſequence of the univerſal gravitation of 
matter. Coheſion, diſſolution, and various phenomena in chy- 
miſtry, are derived from the attractions of minute particles at 
very ſmall diſtances. And, wherever we turn our view, the 
whole courſe of nature evidently points out to us, that all the 
various appearances which we behold flow from a few very 
general and ſubordinate cauſes, which more immediately 
depend upon the afcendant power of the one Supreme Cauſe. 
the author and governor of the univerſe; whoſe exiſtence and 
influence is manifeſted by every the moſt obvious effect; and 
of whoſe power, wiſdom, and goodneſs, we acquire higher and 
more enlarged conceptions from a more complete knowledge of 
his works, from the admirable contrivance and fitneſs of things 
to their ſeveral ends, and from the harmony and agreement of 
the various phenomena to thoſe laws, which have been eſta- 
bliſhed with the greateſt order and uniformity for the wiſeſt 


purpoſes. 


The laws of nature * diſcovered by analyſis, particular 
phenomena are explained ſynthetically by ſhewing their con- 
formity to theſe laws. To ſhew, that the moon is retained in 
its orbit by the force of gravity, is to ſhew the agreement be- 
tween that force, and the force by which a ſtone, or any heavy 
body, tends to the centre of the earth: that the moon is con- 
tinually bent from the tangent of its orbit, in the ne manner 
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as a body, projected near the ſurface of the earth, is turned 
from its rectilinear motion into a curve: that both theſe motions 


are directed to the ſame point, and agree in quantity: that, if 
the moon was to approach to the ſurface of the earth, the force, 
by which it is retained in its orbit, would make it deſcend 
through the ſame ſpace towards the centre of the earth, through 


which a heavy body falls by its gravity in the ſame time: and 


that, if a ſtone or a bullet could be carried to the diſtance of 
the moon, and there projected with a ſufficient velocity, it 

would revolve round the earth like a moon, for the ſame reaſon 
for which it is bent into a curve, when projected near the ſur. 
face of the earth. Thus, to account for a phenomenon is to 
deduce it from, and ſhew that it is the conſequence of, thoſe 
eſtabliſhed rules of nature, which have before been diſcovered 


by experiment and obſervation. 


By theſe methods Sir 1aac Newton demonſtrated the univerſal 
gravitation of matter; that the ſame principle of gravity, by 
which we ſee all bodies tend. towards the centre of the earth, is 


a general law of nature, extended to all diſtances, and to every 


body in the ſyſtem. The primary planets bend their courſe 


round the ſun: their motions are accelerated in their approach, 


and retarded in their receſs; ſo that, deſcribing: equal areas in 
equal times, by rays drawn to a point nearly in the centre of 
the ſun, the forces by which they are bent from their rectilinear 
courſe, and retained in their orbits, muſt be directed to that point 
(Prop. II. and Comment. 114.). Becauſe the ſquares of their 


periodical times are as the cubes of their mean diſtances, as 


Kepler obſerved; it follows (Commentary 195 and 196.) that 
theſe forces are inverſely as the ſquares. of the diſtances. This 
is further confirmed in the ſame orbit from the quieſcence of 
the aphelion points, and from the nature of the elliptic curves 


in which they move (328.): and, in different orbits, from the 


proportion of the velocities, with which the different planets 


are obſerved to move at different diſtances. The ſame laws are 


found to obtain in the motions of the ſatellites. And the 
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comets, moving with immenſe velocities in their perihelions, 


— 


and continually retarded in their receſs, ſo as to deſcribe equal 


areas in equal times, tend to the centre of the ſun; and de- 


ſcribing very eccentric ellipſes, are agitated by a force, which 


_ decreaſes as the ſquare of the diſtance increaſes. 


The force of gravity, which at different diſtances is found to 


vary inverſely as the ſquare of the diſtance, is at the ſame 


diſtance proportional to the quantity of matter in the body at- 
tracted. This is proved in terreſtrial bodies from Prop. XXIV. 


Book II. and is extended to all bodies in the ſolar ſyſtem in Prop. 


VI. Book III. The ſame force is alſo as the quantity of matter 
in the attracting body; as appears from Prop. LXIX. Book J. 
Gravity is then a moſt univerſal principle, pervading the in- 


ternal parts of bodies, extending itſelf even to their centres, and 


to every particle of which they are compoſed; for it is not pro- 
portional to their ſurfaces, but to the quantity of ſolid matter 
which they contain. 


The law of the attraction of bodies being diſcovered from 
phenomena, it does not neceſſarily follow that the particles, of 


which they are compoſed, will attract according to the ſame 


law. If the forces of particles are ſuppoſed to vary inverſely as 

the cubes of their diſtances, or in any higher proportion, the 
gravity of ſpheres, compoſed of ſuch particles, will obſerve very 
different laws (442 and 443.). But particles, which attract each 
other with forces, varying inverſely as the ſquares of their 
diſtances, will compoſe ſpheres, whoſe attractions vary in the 
ſame proportion (425 and 433.). From which it follows, that the 
ſame law of the variation of gravity, which has been diſcovered 
in the great bodies of the ſyſtem, extends itſelf uniformly and 
regularly to all the particles of which thoſe bodies are com- 


poſed. 


The powers or laws of nature, by which the celeſtial motions 
are regulated, are diſcovered by analyſis: but to derive all thoſe 


motions, and their various irregularities, from their principles; 
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to reduce them to certain meaſures and calculations, required 
a peculiar and moſt ſkilful application of mathematics to 
natural philoſophy. Inſtead of comparing quantities already 
formed, as in common geometry, they may be conceived either 


as produced from nothing, or as increaſed or diminiſhed to any 
degree of magnitude by motion. Their relations being deduced 


from the manner of their generation, our knowledge of them 


is thus derived from the very firſt principles of things, and thoſe 
motions by which they are deſcribed. This conception is agree- 
able 1 to nature; and correſponds with the real motions of bodies; 
which we continually ſee deſcribing all kinds of lines and 
figures. And-as the relations of quantities, and the properties 


of geometrical figures may be deduced by comparing the 


motions by which they are generated; ſo the relations of the 
powers or motions, by which magnitudes are generated, may 


principle is the foundation of the doctrine, by Which Sir Jaac 


Newton introduced ſo many improvements into the mathema- 


tical ſciences; and determined with fo much facility and exact- 
neſs the various motions of the ſyſtem, and the meaſures of 
thoſe powers, by which they are produced. The application to 


the theory of centripetal forces is eaſy and natural. As a body 


never changes che direction of its motion, unlefs it is acted upon 


by ſome external power; ſo, Whenever a body is continually 
bent from its rectilinear direction. into a curve, this effect muſt 


be produced by ſome power continually acting; which may be 


meaſured by the deflection of the curve deſcribed, if the time 
and other eircumſtances are properly confidered. In the ſame 


manner in which the path of a body, agitated by a projectile 
and centripetal force, is deſcribed, a curve line may be con- 


ceived to be generated by the motion of a point, which con- 
tinually changes its direction: therefore the laws of the centri- 
petal forces, by Which bodies are made to deſcribe curves, may 


be determined by the ſame methods . which the properties of 
che curves ihemſelyes are diſcovered. 
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This theory is illuſtrated by various examples of the inven- 
tion of the forces, times, and velocities in all kinds of orbits; 
by finding the orbits from the forces given; by determining the 
velocities and times of the rectilinear aſcent and deſcent of 


bodies; and the laws of motions performed in moveable orbits. 
The more remarkable caſes, which take place in nature, are 
particularly iluftrared; namely, when the force is inverſely as 


the ſquare of the diſtance ; when it 18 rectly as the diſtance ; 
| and when it 18 conſtant, | 


But the true motions of the ſyſtem can never be obtained 


| from the ſuppoſition that one body is attracted to another at reft. 


For, ſince all attractions are mutual, if one or more bodies 
revolve round another, which is alſo attracted by them, that 
other body will not be at reſt; but, together with them, will 
revolve round the common centre of gravity of the whole 
ſyſtem: which centre, undiſturbed by the actions of theſe bodies 
among themſelves, is either at reſt, or moves uniformly in a 
right line (Corol. IV. of the Laws). From the proportions of the 
quantities of matter of the ſun and the planets it appears, that 


the common centre of gravity of the ſolar ſyſtem is never far 


removed from the body of the ſun, and is generally within its 


ſurface. Round this point the ſun itſelf is continually moved in 
various directions, approaching or receding cuz to the 


different poſitions of the planets. 


By the mutual actions of the planets. on each other, ſome 


minute errors are alſo produced in their motions; which are all 


accounted for from the ſame principle of gravity, from which 


their regular motions are derived. But theſe diſturbances are 


hardly ſenſible in any caſe, except in the conjunction of Jupiter 
and Saturn ; when the diſturbing force of Jupiter is leſs than a 
two hundredth part of the force by which Saturn tends to the ſun. 
In other caſes the diſturbances are incomparably leſs even than 
this; the gravitations of the planets towards each other having 
no ſenſible Proportion to the Sravitations, P which they are 
retained 
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retained in their orbits. The larger bodies of the ſyſtem, whoſe 


attractive influences are greateſt, revolve in the extreme orbits, 
from which the effects of their actions are leaſt perceived. The 


comets ſoon leave the 'planetary regions, 'and recede to more 


immenſe diſtances. the errors, ariſing from the mutual 


gravitations of bodies, are all leſs, upon ſuppoſition, that the 


ſun, together with the planets and comets, revolves round the 


common centre of gravity, than if the ſun' was at reſt. Thus, 


the poſitions of all bodies in the ſyſtem, as well as the laws of 
their gravitations, are. wiſely adapted to continue Weir motions 


with the greateſt regularity. 


The effects of the mutual gravitations of bodies are moſt 


ſenſibly perceived in the various irregularities of the lunar 


motions. If we ſuppoſe the earth and moon, gravitating to 


each other, to revolve round their common centre of gravity ; 
they will deſcribe orbits round that centre, ſimilar to the orbit, 
which the moon would deſcribe round the earth at reſt; and no 


inequalities will ariſe, except that their periodical times round 
that centre will be leſs than round either of the bodies at reſt 


(Prop. LIX.). But if the ſun is ſuppoſed to attract, and to be 


mutually attracted by them; from the difference of its actions 
on theſe two bodies, as well as the obliquity of their directions, 


various irregularities are produced. The part of the forces, 


which acts in the direction of the tangent of the moon's orbit, 
alternately accelerates and. retards its motions : the diſturbing 
forces not being directed to any fixed point, equal areas are not 
deſcribed in equal times: the periodical time of the moon is 
increaſed by the prevalence of the ablatitious force; and is 


. more increaſed in the winter months than in the ſummer 


months : becauſe the force 1s made to vary ſometimes more, and 


ſometimes leſs, than in the inverſe ratio of the ſquare of the 
diſtance, the line of the apſides moves ſometimes in a pro- 
8 greſſive, ſometimes i in a retrograde direction; and by the exceſs 
of its progreſs above its regreſs, it performs a whole revolution, 
| according to the order of the ſigns, in nine years, nearly: for 


the 
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the ſame reaſon the eccentricity is increaſed in each revolution, 
when the line of the apſides is in conjunction; and diminiſhed 
in the quarters. Other inequalities ariſe from the inclination 
of the plane of the lunar orbit to the plane of the ecliptic; for 


the diſturbing force, drawing the moon out of that plane, in- 


creaſes or diminiſhes the inclination, according to the direction 
of that force, and of the motion of the moon: and the com- 


mon interſection of theſe planes, or the line of the nodes, by the 


exceſs of its retrograde above its progreſſive motion, performs 
a whole revolution from eaſt to weſt in little more than eigh- 
teen years, Theſe motions are all deduced from the principle 


of gravity ; and their quantities, as they are determined from 


the theory, are found to agree with the obſervations of aſtro. 
nomers. 


The preceſſion of the equinoctial points of the earth is an 
effect ſimilar to the retrograde-motion of the nodes of the lunar 
orbit, and is accounted for from the ſame principles. The 
ancient aſtronomers, who ſuppoſed the earth to be the centre of 
the ſyſtem, imagined this motion to be in the fixed ſtars; which, 
by the moſt accurate obſervations, are found to have an ap- 
parent motion of 530 annually ; ſuch as will complete a whole 
revolution, or what they called the Platonic year, in 25920 years. 
Thus the ſun meets the ſame equinox 20 min. 17% ſec. before it 
comes to the ſame fixed ſtar: and the year by which we reckon, 
being 9 min. 14+ ſec. ſhorter than the ſidereal year, exceeds the 


ſolar year by 11 min. 3 ſec. amounting to 11 days in 1430 years; 


which was the reaſon of the alteration of the ſtyle. This phe- 


nomenon Sir 1aac Newton derives from the principle of gravity, 
and the figure of the earth ; which, determined upon the ſup- 


poſition of an uniform denſity, he finds to be an oblate ſpheroid, 

whoſe greateſt diameter at the equator is to its leaſt diameter at 
the poles, nearly as 230 to 229. The menſuration of a degree 
of the meridian in many different latitudes, together with a 
feries of very accurate experiments on the increaſe of gravity 
Vol. I. C from 
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from the equator to the poles,” might enable us to form a judg- 

ment alſo of the conſtitution of the internal parts of the earth: 

and if the denſity ſhould be found to be conſiderably greater or 
_ leſs near the centre than at the ſurface, the lengths of the 
greateſt and leaſt diameters will vary from the proportion here 
aſſigned. The actions of the ſun and moon upon the elevated 
parts of the earth at the equator have the ſame effect, as if a 
ring of matter was placed round the earth, inclined to the plane 
of the ecliptic; whoſe nodes will acquire a retrograde motion, 
fimilar to that of the lunar nodes; but the velocity of that 
motion will be leſs, becauſe the diameter of the ring is leſs. 
than the diameter of the lunar orbit; becauſe the whole body 
of the earth moves along with the ring ; and becauſe the exceſs. 
1 of matter at the equator is not really accumulated together in. 
Fi! the form of a ring, but diffuſed over the equatorial regions, ſo 

| as to form an oblate ſpheroid. | 


rom the mutual gravitation of bodies, and he inequality of 
the actions of the ſun and moon on the different parts of the 
earth, the phenomena of the tides are fully and clearly explain- 
ed. The effects are confidered as ſimilar to the effects of the 


ll gravity of the particles, and the elevation of the waters pro- 
| : | duced by them, are determined with great accuracy from the 
l HEE theory. The force of the moon to raiſe a tide being found to 
be above four times greater than that of the ſun, the action of 
the ſun is conſidered, as fometimes abating, ſometimes promot- 
yy ing that of the moon. When the moon is in the. quarters, the 
; waters are depreſſed by the ſun, where they are raiſed by the 
moon; and, becauſe the effect ariſes from the difference. of 


| | | their forces, the tides are leaſt. In conjunction and oppoſition 
1 | 3582 | the 


, * 
* 


= diſturbing force of the ſun on the lunar orbit; the gravity of 
Ii the parts immediately under the luminary, as well as that of 
[| the oppoſite parts, being diminiſhed ; while the gravity of the 
ji lateral parts is increaſed. . The quantities of the forces which 
produce theſe effects, the proportion which they bear to the 
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the forces of the ſun and moon conſpire ; and, the waters being 
raiſed by the ſum of their forces, the tides are greateſt. The 
different elevations and times of high water, which are obſerved 
in different ſituations of the moon, at different ſeaſons of the 
year, and in different parts of the earth; and: the variations 
which ' ariſe from the fituations of ſhores, from the reſiſtances 
of ſhallows, and in the mouths of rivers, are conformable to, 
and confirm the principles of this philoſophy. 


No part of aſtronomy was more imperfect, before Sir Iſaac . 


Newton's time, than the theory of the comets. The appearance 
of a few of the moſt remarkable had indeed been recorded in 
Hiſtory. But the prevailing opinion was, that they were only 
meteors, floating in the atmoſphere of the earth. He therefore 
begins by ſhewing, that they are above the moon, and in the 


Planetary regions. He proceeds to trace out their orbits; and 


finds, that they revolye round the ſun, like planets, in very 
eccentrical ellipſes, approaching nearly to the form of para- 
bolas: and he ſhews, how ſuch trajectories may be determined 
from three obſervations. From the examples to which he has 


applied his theory it appears, that the motions of comets, as 


deduced from the computations of their orbits, agree as nearly 


with their real motions, derived from obſervation, as the theory 
of the planets agrees with their motions. But few of the 
comets have yet been obſerved with care and accuracy ; though 
their number is probably very great. The improvement there- 
fore of this important part of aftronomical ſcience muſt be left 
to the labours of future ages; when, by long and accurate 
obſervations on ſuch as may appear at nearly equal intervals, 
their periods and orbits may be determined; and their theory, 
by the application of the principles here laid down, may at laſt 
be brought to the ſame perfection as that of the planets. For 
though they cannot be expected to return in the ſame orbits, 
and at equal intervals, accurately, on account of the diſturb- 
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ances arifing from their mutual gravitations, and various other 
reſiſtances; yet it muſt be obſerved; that their motions are ſo 
contrived, as to diminiſh theſe inequalities as much as poſſible. 
For that no inconvenience may ariſe from their mutual gravita- 


tions, the planes of their orbits are inclined to each other, and 
to the plane of the ecliptic in large angles ; ſo that they can 


never approach very near either to each other, or to the planets, 


except they happen to be at the ſame time in the interſections 
of thoſe planes. And to prevent the errors in the higher parts 
of their orbits, where the effects of their diſturbing forces on 
each other are greateſt, both becauſe their motions are ſloweſt, 

and becauſe the action of the ſun is leaſt, they are made to 
move in various directions, many of them contrary to the order 
of the figns, and to the courſe of the planets; fo that aſcending 
towards different parts of the heavens, they recede to great 
diſtances from each other. That the comets are ſolid compact 
bodies Sir aac Newton concludes from their near approach to the 


| ſun, where vapours and all rarer ſubſtances would ſoon be 
diſſipated and conſumed by the heat. The remarkable comet of 


the year 1680 approached ſo near the body of the ſun in its peri- 
helion, -that dry earth, placed at the ſame diſtance, might ac- 
quire a heat 2000 times greater than that of red hot iron. 
And though the communication of heat, eſpecially to large 
bodies, is, gradual ; and the comet receded with an immenſe 
velocity from the fun ; yet as it is computed, that the heat at that 
diſtance was about 28000 times greater than that of the ſum- 
mer ſun in England, it muſt have conceived; and be. ſo conſti- 
tuted as to bear, a very great degree of heat, ſuch as would 
diſſipate the moſt ſolid bodies in this earth. We muſt alſo ſup- 
pofe, that the denſities of all the comets are adapted to the 
ſeveral degrees of heat, to which they are en, expoſed 


in their different orbits. 
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From all the phenomena relating to theſe bodies, as well as 
the other parts of the ſyſtem, Sir aac Newton concludes, that 
their motions could not. have their origin from mechanical 
cauſes. And that the revolutions of the comets, paſling freely 
through the orbits of the planets, in all directions, in very 
eccentric ellipſes, and in very different planes; and the motions 
of the planets, performed in the ſame direction, in ellipſes 


approaching nearly to circles, and in planes inclined to each 


other in very ſmall angles, muſt be the effects of the moſt wiſe 
and excellent contrivance for the beſt ends. Six primary planets, 
projected at different diſtances, revolve round the ſun in periods, 
which bear a regular and invariable proportion to their diſtances. 
One ſatellite revolves round the earth: but Jupiter and Saturn, 
the two planets moſt remote from the light of the ſun, are 
Hluminated, the former by four, the latter by five ſatellites, re- 


volving in the ſame direction, and nearly in the ſame plane; 


and, the periods and diſtances of ſuch as tend to the ſame 
centre being compared togerher, the ſame harmony takes place 
between them, as was obſerved in the caſe of the planets. One 


uniform principle of gravity is diffuſed over all is bodies 1 in 


the ſyſtem; which extending itſelf to their centres, and to every 


particle which they contain, is the power by which they are 
united together, and preſerved. entire; and varying according 
to the inverſe proportion of the ſquares of their diſtances, re- 


gulates their revolutions, and retains them in their proper 


orbits. No other law of gravity could have been eſtabliſhed ſo 


proper, either for uniting the parts of the ſeveral globes, or 


for preſerving their regular courſes. If the gravities of particles 


are ſuppoſed to vary inverſely as the cubes of their diſtances, 


the attractions of ſpheres, compoſed of ſuch particles, will be 
indefinitely greater in contact than at the leaſt finite diſtance 
(441 and 442.). If the gravities of the planets had been made- 
to vary inverſely as the cubes of their diſtances from the ſun, 
or in any greater proportion, the conſequence would have been, 


that 


1 
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| that whenever iy: motions becatne oblique to the directions of 
their forces, they would from that time either. aſcend for ever 
from the fun; or deſcend continually till they fell upon his body 
( 218.). But the alternate approach and receſs of the planets in 
every revolution; and the motions of the comets, deſcending 


very near to the ſurface of the ſun, and then aſcending to im- 


menſe diſtances in very eccentric orbits, vigor nord follow from 


the eſtabliſhed law of gravity (213. and 218.) n 
From every thing that can be diſcovered with any cer- 


tainty relating to the conſtitutions and denſities of rhe 


Planets it appears, that they are nicely adapted to their 
different ſituations, and to the different degrees of heat and 


cold, which they muſt bear at their reſpective diſtances from 
- the ſun. 


The proportions of the quantities of matter and 
denſities of three of the planets are pretty accurately deter- 
mined: and the mean denſity of the earth appears to be almoſt 
fix times greater than that of Saturn, and above four times 
greater than that of Jupiter. And it is probable that the denſi- 


ties of all the planets increaſe, the leſs their diſtance is from 
the ſun. If a body of the ſame denſity as the earth was placed 


in the orbit of Venus or Mercury, the fluid parts would ſoon be 
diſſipated with the heat: if it was removed to the diſtance of 
Jupiter or Saturn, they would be congealed with the cold: but 
the greater denſity of the inferior planets, and rarity of the 


| ſuperior, are exactly ſuited to the ſeveral ' diſtances aſſigned 


them in the ſyſtem. From ſome obſervations upon the figure 
of Jupiter, the diameter at the equator of that planet is found 
to exceed its axis, ſo much more than it onght to do, upon the 
ſuppoſition of an uniform denfity, that there is great reaſon to 
ſuppoſe the denſity at the centre much greater than at the ſur- 
face: and that the proportion of the denſity, at the ſurface of 
that planet, to the denſity of the earth, approaches much nearer 


-» 


to the proportions of the denſities of the ſolar rays, at their 


reſpective diſtances, than the proportions of their mean denſities 
| above 
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above mentioned. And it does not ſeem improbable, that the 
© denfiries at the ſurfaces of all the planets are nearly propor- 
tional to the heat of the ſun at their reſpective diſtances.. 


The light of the fixed ſtars being of the ſame nature with the 
light of the ſun; and their magnitudes being at Teaſt as great 3 
Sir Jaac Newton conjectures, from the conformity obſervable in 
all the appearances of nature, that they are alſo ſuns enlighten- 
ing other ſyſtems of planets. From the ſmallneſs of the angles, 
under which they appear through teleſcopes, magnifying to a 
very great degree; from the immenſe diſtances, to which ſome 
of the comets recede from the ſun, without coming within the 
attraction of the neareſt fixed ſtar; from their apparent aberra- 
tions, compared with the immenſe velocity of light; and from 
the ſmallneſs of their annual parallax; it appears, that- their 
| diſtances are ſo great, that the whole orbit which the earth 
deſcribes round the ſun, if viewed from ſuch diſtances, would 
ſubtend an angle hardly obſervable; the ſun would appear as a 
point; and the reflected light of the planets would become 
inviſible. A body then of the ſame nature and magnitude as 
the ſun, attended with a ſyſtem of planets, and removed to the 
diftance of a fixed tar, would appear to us as a fixed ſtar is really 
ſeen, diminiſhed to a ſmall lucid point, and diveſted"of thoſe 
planets... But it is not agreeable to that excellent contrivance and 
diſpoſition. of things, evidently adapted. with the moſt perfect 
wiſdom to the beſt ends, to ſuppoſe that. bodies of ſuch magni- 
tudes ſhould be removed to immenſe. diſtances from the ſolar. 
ſyſtem, and from each other, without deſign, and without any. 
objects near enough to receive their beneficial influences. Nor. 
can it be imagined, that bodies, ſuited in their nature to ſup. 
port and enlighten. as many ſyſtems of planets, ſhould be in- 
tended only for the uſe of this ſmall globe, where the far 
greater number of them is inyiſible to the naked eye. By the. 
help of glaſſes three thouſand fixed ſtars have been obſerved and 
| their places determined. And as every improvement of the 


teleſcope 
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teleſcope has conſtantly been followed by the Kiſcovery of mul- 6 
titudes, unſeen before; we have reaſon to conclude, that as 
their diſtances are beyond our conception, ſo their number is 
unlimited. 


' Whether we have any relation. to the more difant bodies of 
the univerſe, either of the ſolar ſyſtem, or any other, is entirely 
unknown. And as, for wiſe reaſons, the Author of Nature has 
rendered it impoſſible for us to have acceſs to any of them, this 
part of our knowledge, in our preſent ſtate, muſt be imperfect. 
But as we immediately perceive, from the neareſt and moſt 
obvious effects, the influences of that Supreme Being, who by 
ſtated and eſtabliſhed laws regulates and ſuſtains the whole 
ſyſtem. of nature ; though the more immediate. cauſes, the in- 
ſtruments of his action, are partially and. obſcurely known to 

3 us; ſo we diſcover enough in the diſtant parts of the univerſe 
to enlarge our conceptions of the Almighty Power, which 
faſhions and ſupports ſo many immenſe. bodies; which gave 
motion to the greateſt and the leaſt ; which produced all degrees 
of velocity, fome too ſwift, ſome too flow for our perceptions ; 
and which regulates by certain laws, and with equal facility, 
the motions of the largeſt planets, and of the ſmalleſt portions 
of matter. And from our partial knowledge of the ſcheme of 
nature, and the intimatlons which we perceive of greater and 
more ſurpriſing operations beyond the reach of our faculties, 
we may be led to confider our preſent ftate as incomplete with- 
out relation to a future exiſtence: and to reflect on the more 
extenſive and perfect views which will be diſcloſed to us of the 
defigns of providence, if endowed with enlarged faculties, we 
ſhall then be enabled to behold the various effects of nature, as 
they are derived from the firſt cauſe, and to comprehend more 
fully the whole ſcheme of the divine operations, extended as 
it really is, beyond all imaginable limits of . or e 
of time. . Free 
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$7 NCE the ancients {as Pappus relates) eftcemed the art of me- 
chanics of the greateſt importance in natural inquiries; and the 
moderns, rejecting ſubſtantial forms and occult qualities, have endeavoured 
to reduce the phenomena of nature to the laws of mathematics; I have 
thought proper in this treatiſe to cultivate the ſcience of matheniatics, as 
far as it relates to philoſophy. The ancients diſtinguiſhed mechanics into 
rational, and practical: the former proceeds accurately by demonſtration ; 
the latter comprehends all the manual arts, from which the name me- 
chanics is taken, But becauſe artificers do not work with perfect ac- 
curacy, mechanics and geometry are diſtinguiſhed from each other in this 
reſpect, that whatever is accurate is referred to geometry, what is not ſo. 
to mechamcs, Yet the errors are not in the art, but in the artificers. For 
if any one could work with perfect accuracy, he would be a perfect 

_ mechanic. Even the deſcription of right lines and circles, upon which 
geometry is founded, are mechanical; Geometry does not teach us to 
deſcribe theſe lines, but aſſumes them. For it requires, that the learner 
Shall undemſtand how to deſcribe theſe accurately, before ever he enters 
upon geometry: and then it teaches, how problems may be ſolved by theſe 
operations :. for to deſcribe right lines and circles are problems, but not 
geometrical problems. The WT of theſe problems is required from 
Vol. I. 1 | mechanics; 
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mechanics ; the uſe of them, thus ſolved, is ſhewn in geometry. And it 


ir the gary geomerry that it can perform Jo mam Things by fo few 
Principles derived from a foreign ſource, Therefore geometry is founded 
in mechanical practice; and is only that part of univerſal mechanics, 


avhich propoſes and demonſtrates accurately the art of meaſuring. But 


ſince the manual arts are principally employed in moving bodies, it happens, 
that geometry is commonly referred to magnitude, mechanics to motion. In 
which ſenſe rational mechanics will comprehend the whole ſcience of 


mot ion, accurately propoſed and demonſtrated ; determining, from any 
forces given, the motzons which reſult from them ; and converſely, from 


any motions given, tracing the forces which are required to produce them 
This part of mechanics was cultivated by the ancients as far as it extended 

to the five powers which relate to manual arts; who conſidered gravity 
(fince it is not a manual power) no otherwiſe than in moving weights by 

thoſe powers. But . we, conſidering philoſophy rather than arts, and 
writing, not concerning manual, but natural powers, treat principally of 
thoſe things which relate to gravity, levity, elaftic force, the refiflance of 
fluids, and futh forces, whether attractive or impulſiue. And, for this 
reaſon, we offer this work with the title Mathematical Principles of 
Philoſophy. For the whole difficulty of philoſophy ſeems to confift in 
inugſtigatinę the powers of nature from the phenomena of motion, and in 
demonſtrating other phenomena from theſe powers. And to this end the 
general propoſitions, which we have delivered in the firft and ſecond bool, 


are directed. But in the third book wwe have propoſed an example of this 


by the explication of the fyflem of the world, For there the forces of 
_ gravity, by which bodies tend to the fun and the ſeveral planets, are 


dertve d from celeftial phenomena, by propoſitions mathematically demon- 
ſtrated in the former books. Then the motion: of the planets, the comets, 
the moon, and the ſea, are deduced from theſe forces, by propoſitions, which- 
are alſo mathematical. I wiſh. we could derive the other phenomena of 
nature from mechanical principles by the ſame kind of argument. For 
many reaſons incline me to ſuſpect, that they may all depend upon certain 


forces, by which the particles of bodies, in a manner not yet known, are 


either mutually impelled to each other, and cobere in regular figures ; 2 
are repelled and recede from each other : the cauſes. of which powers, and 


their mode of * being unknown, philoſophers have hitherto in vain. 
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with candour ; and that my lahours on @ fulject {o difficult may be examined, 


OF THE AUTHOR. 


atrempted the imvefligation of nature. But I hope that the principles 
here eftabh/hed will afford fome hight either to this, or ſome more perfect 


method of philoſophy. 


In this work, Edmund Halley, a mas of the moſt acute faculties, 


and maſt learned in every kind of erudition, not only alſiſied in correcting 


the errors of the preſs, and preparing the diagrams; but, by his ſolicita- 
tions, : was the occaſion of my attempting its publication. For when he 
had obtained of me my demonſtrations of the figure of the celeſtial orbits, 


he continually entreated me to communicate them to the Royal Society; who 


afterwards, by their auſpicious encouragement and protection, engaged me 
to think of making them public. But after I had begun to conſider the 
inequalities of the lunar motions ; and had alſo entered upon other things, 


relating to the laws and meaſures of gravity and other forces; and the 


figures which would be deſcribed by bodies attracted according to any given 
laws; the motions of any number of bogies among themſelves ; the mations of 


bodies in reſſting mediums ; the forces, denſities, and motions of mediums ; 
the orbits of the comets, and ſuch like; I determined to defer my publica- 
tion, that I might ſearch inta thoſe ſubjects, and deliuer the whole together. 

What relates to the lunar mat ions being imperfeci] I have compriſed in the 
Corollaries of Propoſetion LXVI,; left I ſhould be obliged to propoſe, and 
demonſtrate diſtinctly the ſeveral things therein contained in a method 


more prolix than the ſabiect de deſerved, and thereby interrupt the ſeries of 
the other propeſutions. 


Some things lately diſcovered F have choſe to inſert 
its places not quite foitable, rather than alter the numbers of the prepoſi- 
tions, aud the citations. I earnefily entreat that every thing may be read 


not ſo much with a view to cenſure, as to ſupply their defects. 


Cambridge, Trinity College, 
May sch, 1686, 
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TN this ſecond edition of the Principia there are many emendations and 
ome additions. In the ſecond ſection of the firſt book the invention of 
. forces, I which bodies may be made to revolve in given orbits, is il- 
luſtrated and enlarged. In the ſeventh ſettion of the ſecond book the theory 
of the reſiſtance of fluids is more accurately inugſtigated, and confirmed by 
new experiments. In the third book the theory of the moon and the my 
 Ceffion of the equinoxes are more fully deduced from their principles ; and 
the theory of the comets is confirmed by a greater number of examples of 
the calculation of their orbite, and thoſe e, WI th great accuracy. 


London, 
March 28th, 1713. 
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N this third edition, the care of which was undertaken by Henry 

Pemberton, M. D. a man of the greateſt ſtall in theſe ſubjects, 
ſome things in the ſecond book relating to the reſiſtance of mediums are more 
largely explained than before ; and new experiments are added concerning 
the refiſtance of heavy bodies falling in air. In the third book the 
argument, by which it is proved that the moon is retained im. 
its orbit by the force of gravity, is more fully flated; and there 
are added new obſervations, made by Mr. Pound, concerning the 
proportion of the diameters of Fupiter to each other. Some obſervations. 
are alſo added of that comet, which appeared in the year 1680, made in 
Germany in the month of November by Mr. Kirk; which have lately 
come to my hands; and. by the help of theſe it may evidently. appear how 
nearly parabolic orbits correſpond to the motions of comets. The orbit of 
that comet is hikewiſe more accurately determined than before, by the 
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HOSE, who have undertaken to trear of Natural Pbileſopby, 
may be reduced nearly to three claſſes. Some have attributed ſpecific 
and occult qualities to the ſeveral ſpecies: of things ; from which the 
eperations of particular bodies are ſuppoſed to proceed in ſome unknown 
manner. The ſum of the doctrine of the ſchools, derived from Ariſtotle 
and the Peripatetics is founded upon this principles They affirm, that the 
Jeveral effects of bodies ariſe from their particular natures ; but whence 
thoſe natures proceed they do not diſcover ; therefore they diſcover no- 
thing. And fmce they are wholly employed about the names of things, 
«without ſearching into their real conſtitution and nature, they may be truly 
Wong ht to have invented a kind of philoſophical language, but not to haue 

delivered true philoſophy. 


Others have attempted to apply their labours to greater advantage by 
rejecting that uſcleſs medley of words. They therefore aſſume it as a: 
principle, that all matter is homogeneous ; and that all the variety of forms; 
eobich appears in bodies, ariſes from ſome very ſimple and obvious affeftions- 
their component particles. And the proceſs 1s rightly carried on by 
beginning with the more ſimple appearances, and then proceeding to ſuch 
as. are more * F they attribute no other properties to thoſe: 


primary 
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primary affeftions of particles, than ſuch at nature has given them. But 
when they afſune to themſelves a liberty of Juppojing at pleaſure unknown 
figures and magnitudes, uncertain ſituations and motions of the parts ; and 
moreover of ſuppoſing occult fluids, which freely pervade the pores of 
bodies, endowed with an all- powerſul ſubtilty, and agitated with occult 
motions ; they then deſcend to viſions, and neglect the true conſtitution of 
things; which will be in vain ſought from fallacious conjectures, ſince it 
is with dj :ficulty di iſcovered, by the moſt certain obſervations. Thoſe who 
aſſume hypotheſes, as finſt principles of their ſpeculations, although they 
afterwards proceed with the greateſt accuracy from thoſe pri inciplec, 
may be ſaid to compoſe a fable, elegant perhaps and 71 ing to the imagi- 
nation, but ill it 25 a fable. 


There remains then a third cif of ah phers, who. profe eſs experi- 
mental philoſophy. Theſe indeed are of opinion, that the canſes of all 
things are to be derived from the moſt ſimple principles poſſible ; but they 
aſſume nothing as a. principle, which; has not been proved by phenomena. 
. They invent no hypatheſes, nor receive them into phyſics, otherwiſe than ag 
queſtions, whoſe truth may be diſputed. They proceed therefore in a two. 
old method,” analytical and  ſynthetical. From ſome ſelect phenomena they 

deduce," by analyſis, the powers of nature, and the more ſimple laws of 
Forces; from which they derive the conſtitution of. the reft by ſyntheſis. 
. This is that. moſt excellent method of philoſophy, which, our moſt celebrated 
author juſtly embraced. in preference to the reſt; and which. alone he 
thought worthy to be cultivated and adorned by his labours. Of this he 
. bas given an illuſtrious example in the explication of the ſyſtem of -the 
world, \ moſt. happuly deduced from the theory uf gravity.. That the virtue 
of gravity was found in all bodies, others ſuſpefled or feigned before him 
but he was the firſt and the only philgſopher, who could demonſtrate it 
From appearantes, and make 1 a firm Foundation 70 the moſt noble 


Jpetulations. If 


Fs know indeed, that fome even of One name, carried. away ance certain 
prejudices, have with. difficulty brought themſelves to afſent to this new 
Principle; ; and have been always ready to prefer uncertain opinions to 
certam. It is not my * to detract JOE the fame of theſe men ＋1 


rather 


ba * no 
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rather abegſe to Jay before the reader a few, confderations, from which he 
may Safely Form bis own, judgment 3 web able to Le an eguitable 
eee uur u OO 15 , 


'T eg. that our reaſoning. may b Fein en "the moſt 202. and 
Me appearances, let us conſe der a 125 what 17 the nature of gravity 
in earthly bodies, that we. may proceed with greater /a afety when We 
apply it to celeſtial. bodies, removed to the. greateſt diflances. | It it now 
generally agreed by "oh loſophers, that all circumterreſtrial bodies 
gravita te towards the earth. It has been long confirmed by umwverſal ex- 
perience, that no bodies are to be found, which are really light, That, 
which is called relative levity, ig not real tevity, but apparent ; and it 


ariſes from the preponderating gravity of contig upus bodies. 


| Moreover, as all bodies gravitate "towards the earth, ſo the arb 
gravitates equally towards all bodies: for, that the action of gravity is 
mutual and equal, is thus ſhewn. Let the body of the whole earth be 
ſuppoſed to be divided into any du parts,” either- equal or unequal : and if 
the weights of the parts towards each other were not mutually equal, the 
leſs weight would yield ta the greater, and the two parts would move on 
together undefinitely in a right. line towardi that point, to which the 
greater werg bt 10 directed which it entirely contrary to experience. 
Therefore we muſt ſay, that the "weights with which the parts tend to 


each other are equal: that is, that The attion * gravity i is mutual and 
equal i in contrary directibns. I: 5 0 ag 


"The weights of bodies, equally Ilan, me? the centre. of the earth; are 
as the quantities of matter in the bodies. This is collected from the equal 
acceleration of all bodies, falling from a ftate of reft by their weights : for 
the forces, by which unequal. ' bodies are equally: accelerated, ought to be 
proportional to the quantities of matter to be moved. And that all Falling 
bodies are equally accelerated appears from this, that when the refs tance of 
the air is taken away, as in'a void under the exhauſted receiver of Mr: 
Boyle, they deſcribe equal ſpaces 1 in equal times : but 1 ts more accurately 
A by the experiments of pendulum. 4 | 
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The attraflive fortes of bodies, at . diſtances; are ar the — 
F matter in tbe bodies: For fince bodies. gravitute towards the earth, 

and the earth again towards bodies with equal moments ; the weight of 
the earth towards each body, or the force with which the body attracta. 
the earth, will h equal to the weight of that | body towards the earth. 
But this weight will be as the quantity of matter in the body: and there- 
fore the force with which each body attract the earth; or the abſolute - 
85 of the body, will be ar the ſame Lende Us matter. l 


Therefore, the attractive res: of entire bodies ariſes FINY 4 10 it com. 
pounded of the attractive forces of the parts : becauſe it has been he vum 
that when the quantity 0 of 1 matter is increaſed or diminiſhed, its power 
ir proportionally increaſed or diminiſhed.” We muſt conclude then, that the 
ation of. the earth is compoſed of. the united action: of. its. parts; and 
therefore, that all terreftrial bodies muſh atrract each other mutually.with: 
abfolute forces, which are as the quantity of attrathing matter. Such is 


| "the nature of gravity i in aur bodies : « ut. NOW aaf what. it is 
in the celeſtial regions. 


Dat every body perſeveres i in its fate of. reſt, or of un firm motion im a: 
eight line, till it ic made to change. that flate by ſome external force im- 
preſſed, is a law of. nature univerſally admitted by philefophers. But 
thence. it * follows, that- bodies moving in curve lines, which are continually- 
bent from the tangents of their orbits, are. retained in their curvilinear - 
path by ſome force conflantly: acting. Since then the planets revolve in: 
curvilinear orbits, there maſt neceſſarily bh. ſome force, by whoſe inceſſant 
action they. ar dewiate N the fangents. 

But it 2k be FOOTY as 8 Led by thimaticel e nd 
moſt unexceptionably demonfirated; that all bodies, which are moved. in 
any curve line. deſeribed in a Plane; and which, by: a. radius drawn to 4 
paint. either quieſcent. or moved in any manner, deſcribe areas round that 
point proportional to the times, are urged by forces directed to that point. 


Since then it 1s agreed by aſtronomera, that the primary planets deſcribe 
round the FW and. the 9 Planet. 5 be round their primaries, 


areas. 
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areas proportional to the times; it follows, that the force, by which they 
are continually turned afide from the rectilinear tangents, and are made to 
revolve in curvilmear orbits, is directed towards bodies placed in the 
centres of the orbits. This force then, from whatever cauſe it may be 
ſuppoſed te ariſe, may not improperly be called centripetal, with reſpect to 
the revolving body; attractive, with reſpect to the central body. 


Moreover, it is mathematically demonſtrated, and muſt be granted; 
that, if ſeveral bodies are made to revolve in concentric circles, with an 
equable motion, and the ſquares of their periodical times are as the cubes of 
their diftances from the common centre, the centripetal forces of the re- 
volving bodies will be reciprocally as the ſquares of the diſtances : or, if 
Bodies are made to revolve in orbits which approach very near to circles, and 
the apfides of the orbits are quieſcent ; that the centripetal forces of the 
revolving bodies will be reciprocally as the ſquares of the diſtances. That 
one of theſe caſes obtains in all the planets is agreed by aſtronomers. 
Therefore the centripetal forces of all the planets are reciprocally as the 
ſquares of the diſtances from the centres of their orbits. If any one object, 
that the apſides of the planets, and eſpecially of the moon, are not perfect- 
ly quieſcent, but are carried progreſſively with a ſlow motion: it may be 
anſwered, that, although we ſhould grant, that this very flow motion 
ariſes from a. ſmall aberration of the proportion of the centripetal force 
from the duplicate proportion, this aberration, may be found” by mat hema- 
tical computation, and us perfettly inſenſible. For even the ratio of the 
lunar centripetal force, which is the moſt irregular of all, and is really a 
little greater than the duplicate, approaches almoſt fixty times nearer to the 
duplicate than to the triplicate. But we ſhall give a truer anſwer, if we 
ſay, that this progreſſrve motion of the apſides does not ariſe from an aber- 
ration from the duplicate proportion, but from a quite different cauſe, as is 
moſt admirably ſhewn in this philoſophy. It remains then, that the centri- 
petal forces, with which the primary planets tend towards the ſun, an1 
the ſecondary planets towards their primaries, are accurately as the ſquares 
of the diſtances reciprocally. 


From what has been already aid, it is evident, that the planets are 
retained in their orbits by ſome force continually acting upon them: it is 
1 evident, 


Ali | FER Nr FOE 


ine bb this” ore it ao dire, Ward thd benbr E of Mole 
orbits : it i evident, that "BY efffenty" 5 Aa n i prone; and 
_ diminiſhed in iti Ade m dhe centre. ant Ih it 0 ww mM the 

epropurt ihn in chic che. filnant f the titties is -diminifDed,\ aud di. 
— in the ſme proportion in whick the fpnare of tbr diſtance is 
increaſed. - Det its how compare thy rentyipetal forces of the planets with 
the force of. of. gravity, 1 whether they are not of the ſame kind. 
They wil be of the if he Jame Ii, and tht fame affetfions, are 


Mode in for Fi then, © rr us en, the. * 22 of 
the moon, which is. neue 1 17. * 


. The rectilinrar Jpaces, which, are deferited in in a + given, time, at the very 
beginning of the mation, y... bodies et fall from reft, and urged. any 
centripetal forces, are proportional to, . theſe. forces. | T his appears from 
mathematical reaſoing. . T berefore , the. centripetal force of -the moon 
revolving in its orbit, will be to the force: of gravity at the ſurſace of the © 

earth; ar the. ſpace, which the moon. would deſcribe i m a very ſmall pars 
f time, deſcending by ats centripetgl ' force. towards the earth, and deprived 
of all ils circular motion, us to the; ſpaces which « a heavy. body deſcribes in the 
Jame very ſmall part time, Falling near the earth by the force of its 
gravity. .. Fhe former of theſe ſpaces i is equal 10 the werſed fine of the arc, 
deſcribed by the. moon in the. ſame time; becauſe. that verſed ſine meaſures 
the tranſlation of the: moon from the tangent, produced by the centripetal 
| forces, and therefore may be computed, 77 bot h the periodical time of the 
moon, and its-diſtance from the. centre of the earth. are given. The latter 
Space is found by experiments of pendulums, as Huygens bas ſhewn. 
Therefore, a calculation being made, it will appear, that the former ſpace 
it to the latter, or the centripetal. forte. of the moon, revolving. in its orbit, 
it to the force of gravity. at the furface of the earth, as the ſquare of the 
ſemidiameter of the earth, to the ſauare of the' ſemidiameter of the orbit. 
But, by what has been already ſhewn, the. centripetal force of the moon, 
revolving in its orbit, bears the ſame ratio to the centripetal force of the © 
moon near the furface of the earth. Therefore the centripetal force near it 
the ſurface of the earth is equal to the force of gravity. Theſe forces then 
are not different, but one and the ſame; fot, if they were different, bodies 
0 A Je united would fall to the earth with double the velocity with 


6 : which 


* 
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«Tad they would fall by the force' of gravity alme. I ir evident then 
that the centripetal force; with which the moon ir continually imbelled op 
attracted "from the tangent, and retalned in its. orbit, ts the force of ter- 
reftrial gravity extended as far as the muon. And it it agreeable to reaſon 
to ſuppoſe that power to be extended to very great diſtances, ſince it cannot 
be obſerved to be ſenſibly diminiſhed on. the tops of the: higheſt mountains. 
Therefore the moon gravitates towards the earth : and the earth alſo, by a 
mutual action, equally gravitates towards the moon: which is abundantly 
confirmed in this philoſophy, where the tides of the ſea, and the preceſſion 
of the equinoxes, are ſhewn to ariſe from the action both of the moon and 
of the ſun upon the earth. Hence alſo we diſcover by what law the Force 
of gravity decreaſes at great diſtances from the earth. For "ſince gravity is 
not different from the centripetal force of the moon, and this is reciprocally 


Proportional to the ſquare of the Bu gravity will alſo be diminiſhed” 
in the ſame proportion. 


Let us now ee to the other planet. Becauſe the revolutions of the 
primary planets about the ſun, and of the ſecondary planets about Jupiter 
and Saturn, are phenomena of the. ſame kind, as the revolution of the moon 
about the earth: and becauſe it has alſo been demonſtrated, that the 
centripetal forces of the. primary planets are directed towards the centre of 
the fun, and thoſe of the ſecondary towards the centres of Jupiter and 
Saturn, in the ſame manner as the centripetal force of the moon 15 directed 
towards the centre of the earth: and ſince moreover all thoſe forces are 
aeciprocally as the ſquares of the diftances from the. centres, in the ſame 
manner as the force of the moon is reciprocally as the ſquare of its diſtance 
| from the earth; we muſt conclude that the nature of all is the fame. 
Therefore as.the moon gravitates towards the earth, and the earth again 
towards the moon; ſo alſo all the ſecondary planets will gravitate towards © 
their Primary; - and the primary again towards their ſecondary : and % all- 

the primary planets well gravitate towards the fun, and the fun again 
towards the primary. | 


Therefore the ſun gravitates towards all the planets, and all the planets 
towards the ſun. For the ſeconllary planets accompany their primary, and 
together with them allo revolve round the. jun, By the ſame reaſoning 


then, 
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thin the planets of both kinds gravitate towards the fan, and the fun 
towards them. But that the ſecondary planets gravitate towards the fun - 
is alſo abundantly evident from the lunar inequalities ; ; the moſt accurate 
theory of which, diſcovered with a * We * explained in 
the third book of this work. 


That the attractive power of the ſun is Iv in all direfFions to 
very great diſtances, and diffuſes itſelf to every part of the circumambient 
Space, may be moſt clearly collected from the motion of the comets ; which, 
coming from immenſe diſftdnces, are carried into the neighbourhood of the 
ſun, and ſometimes approach ſo near, that, when they are in their peri- 
helia, they ſeem almoſt to touch its globe. Aſtronomers had hitherto in 
vain inquired into the theory of theſe bodies; which at laſt in our age was 
happily diſcovered, and demonſtrated from the moſt certain obſervations by 
our illuſtrious author. It is now apparent, that the comets move in conic 

¶ſectiont, whoſe foci are in the centre of the ſun; and, by radii drawn to 
the centre of the ſun, deſcribe areas proportional to the. times. But from 
theſe phenomena it is manifeſt, and is mathematically demonſirated, that the 
forces, by which the comets are retained in their orbits, are directed to the 
fun, and are reciprocally as the ſquares of their diſtances gfrom its centre. 
The comets then gravitate towards the ſun, and therefore the attractive 
force of the ſun not only -reaches to the bodies of the planets, placed at 
given diſtances, and nearly in the ſame plane, but is alſo extended to the 
comets, at various diſtances, and in various parts of the celeflial regions 
The nature of all gravitating bodies is, that they exert their forces on al] 
other gravitating bodies at all diſtances. But then it follows, that all 
the planets and comets attract and gravitate towards each other mutually . 
which is alſo confirmed by the perturbation of Jupiter and Saturn, ob- 
ſerved by aſtronomers, and ariſing from the mutual actions of theſe planets 
on each ot her; and alſo by that very flow motion of the apſides above- 
mentioned, which proceeds from a ſimilar cauſe. 


We have at length proceeded ſo far, that it muſt be acknowledged, that 
the earth, the fun, and all the celeſtial bodies which attend the ſun, at- 
tract each other mutually. Therefore all the very leaft particles of each 
of them muſt have their An attractive forces, proportional to their 
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| — 9 of matter; as was ſhewn above of terreſtrial bodies. But, at 
different diſtances, theſe forces will be alſo in the duplicate ratio of the 
diftances reciprocally: for it is mathematically demonſtrated, that globes, 


attracting according to this law, are compoſed of particles attracting ac- 
cording to the ſame law: | 


The foregoing concluſions are founded upon this axiom, which is received” 
by all philoſophers ; that effects of the ſame kind, whoſe known properties 
are the ſame, proceed from the Jame cauſes, and have the ſame unknown 
properties alſo. For, if gravity is the cauſe of the deſcent of a ſtone in 
Europe, who doubts, that it is alſo the cauſe of a like deſcent in America? 
, in Europe, the gravitation between a ſione and the earth is mutual; 
who will deny, that it is mutual in America alſo? If, in Europe, the 
attractive force of a flone and the earth is compounded of the attractive 
forces of the parts; who will deny that there is a like compoſition in 


America? If the attraction of the earth is propagated- to. all kinds of 


bodies, and to all diſtances, in Europe; why may we not ſay, that it is 
propagated in like manner in America? Upon this rule all philoſophy is 
founded becauſe, if this is not admitted, nothing can. be affirmed as a 
general truth. The conſtitution of particular things becomes known by 


obſervations and experiments: but no general concluſions of the nature of 


uch things can thence. be. drawn, unleſs by this rule. 


Since then all bodies, terreſtrial or celeſtial, on. which experiments or 
obſervations can be made, are found to gravitate towards each other; we 
may certainly conclude, that gravitation is univerſally extended to all 
bodies. And as no bodies can be conceived, which are not extended, 
moveable and impenetrable ; ſo we ought not to ſuppoſe any but what are 
heavy. Por the extenſion, mobility, and impenetrability of bodies become 
known to us' only by experiments; and in the very ſame. manner gravity 
becomes known. All bodies, which come within our obſervation, are 
extended, moveable, and impenetrable : and thence we conclude, that 
thoſe bodies alſo, on. which we cannot make obſervations, are univerſally. 
extended, moveable, and impenetrable. In hke manner, all bodies which 


come under our obſervation, are * to be heavy : and thence we con- 
clude,, © 
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.clude, that hoſe ah which we cannot obſerve, are uni uenſally endowed 


explained by the gravity of bodies, it cannot be rightly e 9 fope 


Fophers rather have recourſe to. occult cauſes, who Suppoſe that. theſe 
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with the. ſame principle of gravitation. I any ane /f ms, that the 
bodies of the fixed flars are not heavy, becauſe their gravity has never been 
obſerved ;. by the Jane realaning it may be affirmed, that they are neither 


extended, moveable, nor impenetrable, becauſe theſe affections of the fixed 
ſtars have never yet been obſerved. In ſhort, either gravity muſt have a 


place among the primary qualities of all bodies; or extenfian, mobility, and 
impenetrability muſt not. And if the nature of things it not rightly 


reſi ing them extended, moveable, and impenetrable. 


To this concluſion it is objected, that gravity is an. 3 quality, and 

that occult cauſes are not to be admitted in philoſophy. But to this it is 
eaſily anſwered; that occult cauſes are not thoſe, whoſe real exiflence is 
moſt clearly demanſtrated by obſervation: : but thoſe only, whoſe ex Mence 15 
occult and imaginary, and never proved by experiment, Gravity then 


| cannot be called an occult cauſe of the celeſtial motions ; ; becauſe it may be 


Jpewn from the phenomena, that fuch a power really * V. Theſe phile- 


motions are regulated by ſome umagmary wortices, compoſed of a matter 
entirch fictitious, and imperceptible by our fenſes. 


* 


But, if the cauſe of gravity has never yet been diſcovered, Hall 
gravity itſelf for that reaſon be called an occult quality, and reiected from 
phuloſophy * ? Thoſe, who, draw fuch a concluſion, ſhould take. care left they 
advance an abſurdity, by which the foundations of all philoſophy may be ouer- 
turned. Fer cauſes, uſually proceed i in a continued chain from compound tq 
more J/ rmple : and, when ou have arrived at the moſt Aimple cauſe, you. 
can proceed no o further. No mechanical exphcation can be given of the = 
imple cauſe : for, if there could, the cauſe 2would not yet be the mgſt fumple. 
If theſe moſt Jemple cauſes then may be called occult, and rejectad; for the 
Same reaſon you may reject thoſe. cauſes which immediately depend upon 


| them, and thoſe alſo which depend upon theſe laſt; and _ on, ane 


4s entirely Sake 926 all cave heuer 


There 


' There are ſome who ſay that gravity is preternatural, and call it a per- 
4 1 miracle. Therefore they would have it rejebted, becauſe preterna- 
rural cauſes are not to be admitted in phyſics. It it not neceſſary to ſpend 
much time in anſwering this ridiculous objection; which, if purſued to its 
conſequences, would alſo overturn the foundations of all philoſophy. For 
they muſs either deny the fact, that all bodies do really gravitate; : which 
is confirmed. by experience: or they muſt affirm, that gravity is preter- 
natural, becauſe it is not produced by. the other aſfections of, bodies, and 


therefore cannot be derived from mechanical cauſes. There are undoubtedly 
certain primary affettions of bodies, which do not depend upon their other 


properties, for this very reaſon, becauſe they are primary. Let them then 
conſider, whether all theſe alſo are not equally preternatural, and therefore 
to be equally rejected : but let them next confider, what kind of philoſo h 


8 20100 remain. 


There are ſome who diſlike the whole of this phyſical aſtronomy, becauſe 
it contradicts, and cannot be reconciled with the doctrines of Des Cartes. 
"Let theſe enjoy their own opinion: but, rf they act fairly, they will not 
deny the ſame liberty to others, which they demand for themſelves. They 


will allow us to embrace and "retain the Newtonian philoſophy, 


which appears more agreeable to trutb, becauſe it aſſigns cauſes which 
are confirmed by phenomena, rather than ſuch as are merely ficti- 
tous, and net proved from experience. It is the buſineſs of true philoſophy 
to derive the nature of things from cauſes which really exiſt: to inveſti- 
gate thoſe laws, which the great Creator hath thought proper to eſtabliſh 
For the. regulation of the moſt beautiful order of things; not thoſe which he 
might have eſtabliſhed for the ſame ends, if he had ſo appointed. For it 
ic agreeable to reaſon to ſuppoſe, that the ſame. efjeft may ariſe from various 
cauſes : but that will be the true cauſe, from which it really, and in fact, 
proceeds; the others have no place in true philoſophy. The ſame motion of 
the index of a'clock may be produced, ether by a eig ht ſuſpended, or by 
the action of a ſpring. But if it ſhould be propoſed to account for the 
motion of a clock, which is really moved by a weight; that man would 

Juſtly be laughed at, who cu firſt ſuppoſe a ſpring, aud from that 


imaginary PEO * N take to explai 7 the motion of the index: 
58 J. F for 
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for he ought firfl to examine the real internal conſtruction of the machine, 
and thence explore the true principle of the propoſed motion. 4 fimilar 
Judgment ſhould be paſſed upon thoſe philoſophers, who ſuppoſe that the 
celeſtial vegions are replete with a very ſubtile matter, which is continually 
carried round in vortices. For, if they could explain the phenomena ever 
fo accurately from their hypotheſes ; yet they can never be ſaid to have 
diſcovered true philoſophy, and ta have found out the real cauſes of the 
celeſtial motions ; unleſs they ſhall demonſtrate either that thoſe cauſes really 
exiſt, or at leaſt that no other do exiſt. If therefore it has been ſhewn, 
that the univerſal gravitation of matter is really eſtabliſhed in the nature 
of things; and if it has been explained alſo, in what manner all the celeſtial 
motions may thence be ſolved ; it will be vain and ridiculous for any one to. 
object, that theſe motions ought to be accounted for by vortices, even though 
we ſhould allow that it was poſfble. But in reality the phenomena of 


nature cannot be explained by vortices ; which our author has abundantly 
proved by the cleareſt reaſoning. 


If the bodies of the planets and comets are carried round the fun by 
vortices, the revolving bodies, and the neareſt ambient parts of the vor- 
tices, muſt be moved with the ſame velocity, and in the ſame direttion;. 


and muſt have the ſame denſity, and the ſame mertneſs, in proportion to 


the bulk of the matter. But it it evident, that the planets and comets, 


when they are in the ſame parts of the heavens, are moved with various 


velocities, and in various directions. It neceſſarily follows then, that 
 th;ſe parts of the celeſtial fluid, which are at the ſame diſtances-from the 
fun, muſt revolve at the ſame time in different directions with different 


welocities : for one direction and velocity will be required for the motions 


of the planets, another for the motions of the comets. And ſince this 


cannot be accounted for, it muſt either be confeſſed that all the celeſtial. 
bodies are not carried round by a vortical matter ; or elſe that their motions 
are to be derived, not from one and the ſame vortex, but from ſeveral 


diſtinct ones, pervading the ſame ſpace round the ſun. 


If ſeveral vortices, contained in the ſame ſpace, are ſuppoſed to penetrate 
each other mutually, and to revolve with different motions ; becauſe theſe 
motions ought to be conformable to the motions of the bodies produced by 


3 them, 
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them, which are perfectly regular, and are performed in conic feftions of 
different forms, Some very eccentric, and Some approaching nearly to the 
form circles, it may reaſonably be aſked, how it is palſible, that theſe 

vortices ſhould be preſerved entire for ſo many ages, without ſuffering any 
perturbation from the collifions of the matter moving in contrary directions. 
If theſe fititious motions are more compounded, and more difficult to be 
accounted for, than the true motions of the planets and the comets, it ſeems 
in vain to admit them into philoſophy : for every cauſe ought to be more 
ſimple than its ect. Suppoſe any one ſhould affirm, that all the planets 
and comets are ſurrounded with atmoſpberes hke our earth ; which ſeems 
more agreeable to reaſon than the hypot heſis of wortices : then let him ſup- 
poſe, that theſe atmoſpheres by their own nature move round the ſun and 
deſeribe conic ſeftions; which is much more eafily conceived than the 
motion of wortices penetrating each other : laſtly, let him conclude that the 
planets themſelves and the comets are carried round the ſun by their at- 
moſpheres ; and then let him applaud his own ſagacity m diſcovering the 
cauſes of the celefiral motions : ſurely this hypotheſis of atmoſpheres, 
imaginary as it is, 1s exact ſimilar to the hypotbęfis of vortices : and 
whoever thinks that this fable ſhould be rejected, muſt for the ſame reaſon 
reject the other fable alſo. 


Galileo has ſhewn, that when a flone is projected, and moves in a 
parabola, + its deflection from the rectilinear path ariſes from the gravity 
of the one towards the earth, that is, from an occult quality. Yet it is 
poſſible, that ſome other philoſopher of greater ſagacity may aſſign another 
cauſe. He may ſuppoſe then, that a certain ſubtile matter, diſcernible 
neither by the ſight, nor the touch, nor any of the ſenſes, exiſts in the 
regions moſt nearly contiguous to the ſurface of the earth. He may contend, 
that. this matter is carried in different directions, with various and often 
contrary motions, deſcribing parabolic curves. Then he may eaſily give 
this ſpecious ſolution of this deflettion of the flone. The ſtone, he may ſoy, 
floats in this ſubtile fluid, and following its courſe, muſt neceſſarily de- 
ſcribe the ſame path. But the fluid moves in parabolic curves; therefore 
the flone muſt alſo move in a parabola. Who will not now admire the 
extraordinary ſagacity of this philoſopher, who from mechanical cauſes, 

f 2 that 
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a 145 y 3g matter and motion, can * clearly deduce the phenomena of” 


nature, at to be intelligible to the meaneſt capacity? But who will not at 


-the ſame. time deride the philofo pher, who with great mathematical labour 


ſhall. again introduce into philoſophy thoſe occult qualities which have been 
| fo i aa a it? But Jam r fo. dwell __ pon Tow” 


_ The „e Ain oft the — is brify dis | thi alter of the. comets.15- 


very great ; their motions are perfettly regular, and objerve the ſame laws. 


as the mations of the planets. They move in cone ſettions, which ue very. 


. eccentric. They are carried in all directions towards. all parts of the 


heavens ; they paſs freely through the planetary-regions, and often move 


contrary, to. the order of the fn. Theſe phenomena are moſt evidently 


confirmed by aftronomical- obſervations; and cannot bs accounted for by 
. vortices... . Nay, they are abſolutely inconſiſtent with the wortices of the: 
planets,.. F. or the motions f the comets cannot be performed, if. that Jett 


* ious matter i⸗ 5 ſuppoſed” fo exiſt i in the celeftial regions. | rn 


For, if the planets are avid. round the un by ig the parts of 
the vortices, which immediately ſurround each planet, are of the ſame 


denſity as the planet; as. was-ſhewn' above, Therefore all the matter, 
' which is contiguous to the perimeter of the great orb f the earth, muſt” 
have the. ſame: denſity as. the. earth. But. that which- lies between the 


great orb and the orb of Saturn muſt eit ber have an equal, or a greater 


denſity. Far, that the conſtitution of the vortex may be permanent, the 
parti of leſs, denſity ought to occupy: the centre, thoſe of greater denſtty 
to recede further from it. For, ſince the periodical times of the planets. 


are in the ſeſquiplicate ratio of their diftances from the ſun; the periods f 
the parts of the vortex: ought to obſerve the ſame proportion. But thence- 


it follows, that the centrifugal forces of theſe parts are reciprocally as 


the ſquares of the diſtances. Theſe parts therefore, which are more remote 


from the centre, endeavour to recede from it with If force: and, i they 
are leſs denſe, they. muſt yield to the greater force, with which the parts 
nearer the centre endeavour to aſcend. Conſequently the denſer parts will 


- efſcend, and the. rarer parts will deſcend; and there will be a mutual 
change 


* 
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8 of Shes 3 ; till the fluid matter of the whole wortex ſhall be fo 
| difpoſed and adjuſted, that being reduced to an equilibrium, it may continue 


at ret. If, two fluids of different denſity are contained in the ſame veſſel; 
the fluid, whoſe denſity is greater, will by its greater gravity deſcend to 
the bottom : and, for a ſimilar reaſon, the denſer parts of the vortex will,. 
by their greater centrifugal force, aſcend to the higheſt parts. Therefore 
all that by far the greateſt part of the vortex, which is without the orbit 
of the earth, will have a denſity and an inertneſt in proportion to the 


bulk of matter; which will not be leſs than the denſity and inertneſs of 


the earth: and thence a great and very ſenſible reſiſtance will ariſe to the 
paſſage of the comets; or rather ſuch as may ſeem ſufficient entirely to 


abſorb and put a flop to their motions. But it appears from the ver 
regular motion of the comets, that they ſuffer no ſenſible reſiſtance ; and 


therefore that they never meet with any matter, whoſe ręſiſting force, and 
conſequently whoſe denſity and mertneſs, is ſenſible. For the reſiſtance of” 


mediums ariſes either from the inertneſs of the fluid matter, or from q 
want of lubricity. That, which ariſes from a want of lubricity, is very 
ſmall ; and hardly obſervable in fluids commonly known, unleſs they are 
very tenacious, like oil and honey. The reſiſtance percervable i in air, water, 
quickfilver, and ſuch fluids, which are not tenacious, is almeſt entirely of 
the former kind ; and cannot be diminiſhed by any greater degree of ſub- 
tilty, if the denfi ity or mertneſs of the fluid, to which this refiftance. is 
always proportional, remains the ſame : as is moſt clearly demonſtrated by 
our author in his noble theory of reſiſtances ; which in this edition is more. 


accurately. explained, and more fully eftabliſhed by experiments of falling. 
Bodies. 


Bodies moving forward continually communicate part of their own 
motion to the ambient fluid; and by that communication gradually loſe their 
motion, and are retarded. The retardation is proportional to the motion 
communicated : but the motion communicated, when the velocity of the 
moving body is given, is as the denſity of the fluid: therefore the retarda- 
tion or reſy ſtance will be as the ſame denſity of the fluid: nor can it be 
deſtroyed in any manner, unleſs the motion loft is reftored by the fluid. 
moving round to. the parts behind the body, But this cannot be affirmed, 


Iiir. 
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unleſs the impreſſion of the fluid upon the body behind ſhall be equal to the 
impreſſion of the bedy upon the fluid before ; that is, unleſs the relative 
velocity, with which the fluid ftrikes upon the body behind, Jhail be equa] 
to the velocity with which the body flrikes upon the fluid; that is, unleſs 
the abſolute velocity of the returning fluid ſhall be twice as great as the 
* abſolute velocity of the fluid propelled ; which is impoſſible. Therefore the 
reſiſtance of fluids, ariſing from their denſity and mertneſs, cannot by any 
means be taken away. And we muſt conclude, that the celeſtial fluid has 
no inertneſs, becauſe it has no reſiſting force : that it has no force, by 
which motion may be communicated, becauſe it has no mertneſs : that it has 
no force to produce any change in one or more bodies, becauſe it has uo 
force by which motion may be communicated : that it has no manner of 
efficacy, becauſe it has no faculty to produce any change. Therefore this 
hypotheſis, which is plainly without foundation, and which does not in 
the leaſt help to explain the nature of things, may be juſtly called ridi- 
culous, and unworthy of a philoſopher. Thoſe who are opinion that 
the celeſtial ſpaces are filled with a fluid matter, and alſo maintain that it 
is not inert, deny a vacuum in words, but allow it in fact. For ſince a 
fluid matter of this fort cannot be diſtinguiſbed from empty ſpace ; the 
whole diſpute is about the names, not the natures of things. But if any 
are fo very fond of matter, that they will by no means admit of a ſpace 
void of body; let us conſider what will be the conſequence.  - 


For either they will ſay, that this conſtitution of @ world, which they 
ſuppoſe entirely full, proceeded from the will of God for this end, that the 
operations of nature might find a ready aſſiſtance from a moſt ſubtile ether, 
pervading and filling all things; which notwithſtanding cannot be affirmed, 
becauſe it has been already ſhewn from the phenomena of the comets, that 
this ether 1s of no efficacy : or they will ſay, that it proceeded from the 
will of God for ſome unknown end; which cannot be affirmed becauſe by 
the ſame argument a different conſtitution of the world might as well have 
been eſtabliſhed : or laſtly they will ſay, that it did not proceed from the 
will of God, but from ſome neceſſity of its nature. At laſt then they muſt 
fink in the wile dregs of that moſt impure herd; who dream that all 
things are governed by fate, not by providence : that matter is infinite and 
eterual ; and has exiſted always, and every where, by the neceſſity of its 
| own 
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o nature. Which being ſuppoſed, it muſt alſo be every where uni- 
form : for variety of forms i is entirely repugnant to neceſſity. It muſt alſo 
be unmoved: for if it is neceſſarily moved in any determinate direction 
with any determinate velocity; by a like neceſſity it will be moved in a 
different direction with a different velocity; but it cannot be moved in 
different direftions with different velocities; therefore it muſt be unmoved. 
 Moft certainly a world, adorned with the moſt beautiful variety of forms 


and motions, could ariſe from nothing but the moſt free will of a God. 
directing and governing all things. ; 


From this fountain then all thoſe laws, which are called the laws of 
nature, have proceeded : in which there appear many proofs of the moſs 
wiſe contrivance, but no traces of neceſſity. Theſe therefore we ought not 
to ſecl by dubious tonjectures, but to learn with certainty from obſervation 
and experiment. He who is preſumptuous enough to think,. that he can 
diſcover the true principles of phyſics, and the laws of nature, merely by 
the force of his underſtanding, and the internal hight of reaſon, muſt either 
ſuppoſe, that the world exiſts by neceſſity, and that the eftabliſhed laws of 
nature proceed from the ſame neceſſity ; or, i the order of nature was 
appointed by the will of God, that he, an imperſect, created being, can 
clearly perceive what was fitteſt to be done. All ſound and true philaſo- 
phy is founded on the real phenomena of nature: and if theſe phenomena 
mevitably lead even thoſe,, who are diſinclined and unwilling to be 
perſuaded, to ſuch principles as clearly. diſcover the moſt excellent counſel 
and ſupreme dominion of a moſt wiſe and all-powerful Being; thoſe principles 
are not to be rejected, becauſe they may poſſibly be repugnant to the inclina- 
tions of ſome men. By ſuch. let them be called muracles, or occult qualities: 
but names, maliciouſly. impoſed, are not to be made an objection to things 
themſelves; unleſs they: will at laſt advance, that philoſophy ought to be 

founded in atheiſm. The order of things will not be changed; and philo- 
ſophy is not to be undermined and ſhaken in compliance with ſuch men. 


Therefore, that moſt excellent method of philoſophy, which is founded: 
on experiments and obſervations, muſt approve itſelf to the judgment of all 
candid and reaſonable men. And it can hardly be expreſſed, what light, 
what dignity has accrued to that method from this celebrated work of our 


moſs. 
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moſt illuſtrious author; whoſe happy and ſublime genius, reſolving the moſt 
difficult probleme, and reaching to di Ycoveries, of which.the human facul- 


riet were before thought incapable, is beheld with admiration and aſtoniſh- 
ment by all -who are verſed in theſe ſubjects, All obſtacles being now 


removed, he hath opened a paſſage to the knowledge of the ſecret beautice 
of nature: he hath ſo clearly diſcovered, and ſet before us, the moſt elegant 
frame of the ſyſtem of the world, that king Alphonſus himſelf, if he 

was now alive, would not find any defect, either in the beauties ſimpli- 
city, or of harmony. We may now therefore take a ,nearer view of the 
majeſiy of nature, and enjoy the moſt delightful contemplation, and, which 
us by far the moſt valuable fruit of philoſophy, we may hence be incited to 
adore with more profound veneration the Creator .and Governor f all 
things. 


That man muſt be blind, who, * the moſt wiſe and excellent diſpaſaf 


of things, cannot immediately perceive the infinite wiſdom and goodneſs of 
their Almighty Creator; and he muſt be mad, whs refuſes to acknowledge 
them. 


.Cambridge 
May 12, 171 3. 


Roger Cotes, fellow of Trinity College, 
Plumian Profeſſor of Aſtronomy and 
Experimental Philęſophy. 
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VIRI PRESTANTISSIMI 


ISAACI NEWTONI 


OPUS HOCCE 


MATHEMATICO-PHYSICUM, 


SECULI GENTISQUE NOSTRA DECUS EGREGIUM. 


E N tibi norma poli, & divæ libramina molis, 


Computus en Jovis; & quas, dum primordia rerum 


Pangeret, omniparens leges violare creator 
Noluit, atque operum quæ fundamenta locarit. 
Intima panduntur victi penetralia coli, 

Nec latet extremos quæ vis circumrotat orbes. 
Sol ſolio reſidens ad ſe jubet omnia prono 
Tendere deſcenſu, nec recto tramite currus 
Siderios patitur vaſtum per inane moveri; 

Sed rapit immotis, ſe centro, ſingula gyris. 

Jam patet horrificis qc; fit via flexa cometis; 
Jam non miramur barbati phænomena aſtri. - 
Diſcimus hinc tandem qua cauſa argentea Phæbe 
Paſſibus haud æquis graditur ; cur ſubdita nulli 
Hactenus aſtronomo numerorum fræna recufet : 
Cur remeant nodi, curque auges progrediuntur. 
Diſcimus & quantis refluum vaga Cynthia pontum 
Viribus impellit, feſſis dum fluctibus ulvam 
Deſerit, ac nautis ſuſpectas nudat arenas; 
Alternis vicibus ſuprema ad littora pulſans. 


8 


2 viii ; 


Quæ toties animos veterum torſere ſophorum, 
Quzque ſcholas fruſtra rauco certamine vexant, 


Obvia conſpicimus, nubem pellente matheſi. 
Jam dubios nulla caligine prægravat error, 


Queis ſuperum penetrare domos atque ardua cœli 
Scandere ſublimis genu conceſſit acumen. 

- Surgite mortales, terrenas mittite curas ; 
Atque hinc cæligenæ vires dignoſcite mentis, 

A pecudum vita longe lateque remotæ. 

Qui ſcriptis juſſit tabulis compeſcere cædes, 
Furta & adulteria, & perjuræ crimina fraudis; 
Quive vagis populis circundare mœnibus urbes 
Auctor erat; Cereriſve beavit munere gentes; 

Vel qui curarum lenimen preſſit ab uva; 

Vel qui Niliaca monſtravit arundine pictos 
Conſociare ſonos, oculiſque exponere voces; 
Humanam ſortem minus extulit: utpote pauca 
Reſpiciens miſeræ tantum ſolamina vitæ. 

Jam vero ſuperis convivæ admittimur, alti 

Jura poli tractare licet, jamque abdita cæcæ | 
Clauſtra patent terre, rerumque immobilis ordo, 
Et quæ præteriti latuerunt ſecula mundi. 

Talia monſtrantem mecum celebrate camænis, 

Vos d cælicolum gaudentes nectare veſci, 

Nxw rox u clauſi reſerantem ſcrinia veri, 

Nx w TON UN Muſis charum, cui pectore puro 
Phœbus adeſt, totoque inceſſit numine mentem : 
Nec fas eſt propius mortali attingere divos. 
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Scr. III. Of the motion of bodies in eccentric conic ſectiont. 
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| 105 

SECT. IV. Of the invention of elliptic, parabolic, and hyperbolic 
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SecT. VI. Of the invention of motions in given orbit. 171 
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acted upon by any kind of centripetal forces. 


200 
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SECT. X. Of the motion of bodies in given ſurfaces, and of the 
reciprocal motion of funependulous bodies. — 233 
srer. XI. Of the motion of bodies, tending to each other mutually 
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Page 1. line 1. Com. for ſubtle, read ſubtile. P. 8. 1, 15. for velocty, read velocity. P. 8. I. 19. 
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DEFINITION 45 


| The quantity of matter is the meaſure of the ſame, ar: if ng from its denſity Definitions, 
x — — 


and bulk, jointly. 


IR of a double denſity, in a double ſpace, is quadruple ; ; 


in a triple ſpace, is ſextuple in quantity. The ſame is to 
be underſtood of ſnow, and duſt, condenſed by compreſſion or 


liquefaction: and of all bodies that are by any cauſes whatever 
differently condenſed. I have no regard in this place to the 
medium, if any ſuch there is, that freely pervades the inter- 
ſtices of the parts of bodies (a). Thas quantity I mean to expreſs 


hereafter 


COMMENT AR v. 


(a) 1. The exiſtence of an ethereal medium, or a ſubtle elaſtic fluid, diffuſed 
through the pores of groſs bodies, is frequently alluded to by Sir //aac Newton : 
particularly in the Scholium at the end of this work, in a letter to Mr. Boyle, 
and in the Queries at the end of his Optics; where he has thrown out ſome 
conjectures concerning its nature and properties; and likewiſe concerning its 
effects in the attraction and coheſion of bodies, in the reflection and refraction 
of the rays of light, in magnetiſm, and electricity, and in the production of 
animal ſenſation. Theſe ſubjects are barely hinted at with that caution and 


Vor, I. B modeſty, 


. 
* 
* 
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MATHEMATICAL PRINCIPLES 


Definitions. Hereafter every where under the.name of Body or Maſs. It is 


known by the weight of each body.. For I have found by ex- 


periments on pendulums, very accurately made, as ſhall be 
ſhewn hereafter, that it is proportional to the weight C9. 


'DE FI- 


COMMENT ART. 


modeſty, for which he was ſo remarkable. They are propoſed only as queries 
for the future inveſtigation of philoſophers, till they can be eſtabliſhed u 
ſufficient evidence. By matter then in this place is underſtood a collection of 
the ſenſible qualities of extenſion, ſolidity, and the like. The mind, bein 
paſſive in the reception of theſe ideas, immediately infers the exiſtence of ſome 
external power, independent of itſelf, by which they are produced: and of this 


we are as certain as of the exiſtence of our ideas. But, whether they are excited 


by the vibrations of a ſubtle elaſtic ether “, or by the immediate influence of 


- ſome active being +; or whether the external cauſe is a ſubſtance exactly ſimilar 


to our perceptions, are queſtions which need not be enquired tnto here; as it 
may, upon any ſuppoſition, be affirmed with propriety, that the quantity of 
matter, which is the ſum of all the ſenſible parts of which it is compoſed, is 
greater or leſs, in proportion to the denſity of thoſe parts, if the ſpace in which 
they are contained is the ſame ;z and, in proportion. to the ſpace, if their denſit 


ty 
is the ſame: and in general, that the denſity and ſpace being both different, the 


quantity of matter is in the compound ratio. of the two. 
Hence, if we call the quantity of matter Q the denfity D, and the magnitude 
M, we find. ga DxM; Das J and M as + | j 
(b) 2. From the moſt accurate experiments on the motions of pendulums it 
appears, that when their lengths are equal, bodies of very different magnitudes, 
forms, and textures, perform their vibrations in equal times; ſetting aſide the 
refiſtance of the air. Therefore it follows from Prop. XXIV. B. II. and its 
Cor. that the weights are as the quantities of ſolid matter. This is further 
confirmed in Prop. VI. B. III. And it is evident likewiſe from the equal ac- 
celerations of all bodies in a void. But it muſt be obſerved, that this menſu- 
ration is not true, if we compare the quantities of matter with the weights of 
bodies in different parts of the earth: the weights of the ſame bodies being 
reater or leſs, as they are placed at greater or leſs diſtances from the equator. 
Neither is it accurate in very different ſtates of the air; the various preſſures 


of which are found to have a ſenſible effect on light bodies, and ſuch as are of 
conſiderable value. 


See Hartley's Obſervations.on Man, ch. i. + See Berkeley on Human Knowlcdge.. 


OF NATURAL PHILOSOPHY. 
DEFINITION u. 
The quantity of motion is the meaſure of the ſame, ariſing from the velo- 
| city, and the quantity of matter, jointly (c). 
The motion of the whole is the ſum of the motions of each of 
the parts ; and therefore, in a body double in quantity, moving 


with an equal velocity, the motion is double; and with a dou- 
ble velocity, quadruple. 


DEFINITION III. 


The (d) vis infita, or innate force of matter, it the power of reſiſting, 
by which every body, as much as in it lies, perſeveres in its flate, either 
of reſt, or of uniform motion, in a right line. 


- This force is always proportional to the body itſelf, and dif- 
fers nothing from the inactivity of the maſs, but in the manner 


of 


COMMENTARY. 


dc) 3. If equal forces are impreſſed upon bodies of different quantities 
of matter, it appears from experiment, that the velocities of their motions are 
inverſely proportional to their quantities of matter. And if two perfectly ſoft 


8 


Definitions. 
— — 


bodies meet each other in contrary directions, with velocities inverſely pro- 


portional to their quantities of matter, it appears that their forces balance each 
other, and that they remain at reſt after the ſtroke. As much therefore as the 
force is increaſed or diminiſhed by the quantity of matter, ſo much it is dimi- 
niſhed or increaſed by the velocity. Suppoſing it as the ſquare, or in any other 
ratio of the velocity, the effects of the colliſion of bodies eannot be accounted 
for. 5 

The quantity of motion is the ſame as the force of a body in motion; and is 
always rightly eſtimated from the effects of that force, if a proper regard is had 
to the time and direction. 


Hence, if we call the moment M, the velocity Y, and the quantity of mat- 
ter 2, we find Mas Q V, Qas — and / as . 
( Ad) 4. As Sir Iſaac Newton himſelf tells us at the concluſion of theſe definitions, 
that he does not attempt to define the kind or manner of action, or the cauſes and 
phyſical reaſons thereof , we muſt not by vis inſita underſtand any thing diſtinct 
from the ſenſible qualities of body. To aſſign the efficient cauſes of things is 
not the object of that philoſophy, which is wholly employed in inveſtigating 
the laws of nature by experiment and obſervation on the ſenſible qualities of 


B 2 body, 


. 163 MATHEMATICAL: PETNCIPLES. 


— of conceiving it. From the: inert nature of matter it is, chat 
a body is with difficulty diſturbed from its ſtate of reſt or motion. 
Upon which account, the vir ita may, by a moſt fignificant 
name, be called vis inertic. But a body exerts this force only 

- when another force, impreſſed upon it, endeavours to change 
its condition; and the exerciſe of this force may be conſidered 
both as reſiſtance and impulſe. It is reſiſtance, as far as the 
body, to preſerve its preſent ſtate, oppoſes the force impreſſed; 
it is impulſe, as far as the body, by not eaſily giving way to the 
impreſſed force of another, endeavours to change the ſtate of 
that other. Reſiſtance is uſually aſcribed to bodies at reſt, and 
impulſe to thoſe in motion; but motion and reſt, as commonly 
conceived, are only relatively diſtinguiſhed: nor are thoſe bodies 
always ar at reſt, which commonly are Wen to be ſo. 


DEFINITION W. 


| An impreſſed force is an action exerted upon a body, in order to change 
its tate, either of reſt, or of uniform mat ion, in a right line. 


This force conſiſts in the action only; and remains not in the 
body after the action. For a body perſeveres in every new ftate 
by its vir inertiæ only. But impreſſed forces are of different ori- 
gins; * percuſſion, from prefſure, from centripetal force. 

| | DE F I 
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body, and in explaining the various phenomena of natuie from thoſe laws. To | 
aſſign the cauſe, or account for theſe phenomena, is only to ſhow how they follow 
from the eſtabliſhed laws of nature. It ĩs a ſubject of the moſt common and familiar 
obſervation, that a body always perſeveres in its ſtate of reſt or motion, till it is 
made to change that ſtate by ſome external cauſe; that the change of motion is pro- 
portional to, and in the direction of, the force impreſſed; that if one body ſtrikes up- 
on another, the one acquires as much motion as the other loſes in the ſame di- 
rection; and that, in all caſes, action and reaction are equal in oppoſite direc- 
tions. Theſe are facts confirmed by the moſt general obſervation; and theſe 
ſenſible effects are the only ideas that are intended to be annexed to the terms 
vis inſita, or vis inartiæ; without taking in any i ea of the cauſe of theſe effects, 
or of the nature of the inert power; which wud, in fact, be recurring to the 
occult qualities of body. 


OF: NATURAL. PHILOSOPHY. 


rn DEFINITION V. 


4 engere Force: it that, by which bodies are drawn, impelled, or any 
Way. tend towards a point, as to a centre (e). 


of this ſort is gravity, by which bodies: tend to the centre of 
the earth; magnetiſm, by which iron tends to the loadſtone; 
and that force, whatever it is, by which the planets are per- 
petually drawn aſide from their rectilinear motions, and made 
to revolve in curve lines. A ſtone, whirled about in a lin g. 


endeavours to recede from the hand that turns it; and by its 
endeavour 


' COMMENTARY. 


ce) 5. No law of nature is better known to us than that of gravity ; if we 
attend only to the ſenſible effects, without explaining the nature of the power, 


— endeavours to move in a direction tending nearly to the centre of the 


accelerated; if it is projected in any other direction, its motion is continually 
bent from the right line, in which it endeavours to move, into a curve. In 
like manner, we obſerve the moon deſcending every moment from the tangent 
of its orbit, and falling from the direction of its rectilinear motion towards the 
centre of the earth. Thus likewiſe the primary planets are bent from their 


rectilinear motions towards the ſun, and the ſatellites towards their primaries. 


Theſe bodies, projected in any right line, muſt proceed uniformly in that right 
line, deſcribing equal ſpaces in equal times, (as will hereafter appear from the 
laws of motion,) till ſome new motion is added to them. But ſince they are 
obſerved really to revolve in curvilinear orbits, it follows, that there mult be 


added continually ſome new motion, whereby they are bent every moment from 


the direction of their projectile motion. It is likewiſe univerſally allowed, and 
will be hereafter demonſtrated, . that the primary planets deſcribe about the 

ſun, and the ſecondaries about their primaries, equal areas in equal times; and 
that all bodies, moving in a curve, which deſcribe areas proportional to the 
times, about any point, muſt be retained in their orbits by two motions; one 
of which is in a direction tending to that point, and the other in the direction 
of the tangent to the curve. As long as equal areas are deſcribed in equal 
times, we may be certain, that the motion, which bends their path from the 
tangent into the curve, is directed to that point: ſince, if it was directed to any 
other, before or behind it, the deſcription of areas would be accelerated or re- 
tarded. That part of the motion, which is here ſhown to tend to a given point, 
as to a centre, from whatever cauſe it may ariſe, is here marked by the name 
centripetal force: which term is intended to expreſs only that ſenſible effect of 
the motion towards the centre, without comprehending in it any idea of the ac- 


tive ack that produces it, 


e \ 


or the cauſe or manner of its action. In all parts of the earth, a body at reft 


earth: if it aſcends or deſcends in the vertical line, it is uniformly retarded or - 


5 
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endeavour diſtends. the ling; And that with ſo much the greater 
force, as it is revolyed with the greater velocity; and, as ſoon 
as it is let go, it flies away. That force, which oppoſes itſelf 


to this endeavour, by which the fling” perpetually draws. back 
the ſtone towards the hand, and retains it in an orbit, I call 


the centripetal force ; becauſe it is directed to the hand as the 


centre of the orbit. And the ſame is to be underſtood of all 
bodies which are revolved in an orbit. They all endeavour to 


recede from the centres of their orbits ; and, if there was not 


ſome force, contrary to that endeavour, to confine and retain 
them in their orbits, which I therefore call centripetal, they 
would fly off. in right lines with an uniform motion. A pro- 


jectile, if it was deprived of the force of gravity, would not be 
bent towards the earth, but would go off from it in a right 


line, and that with an uniform motion, if the reſiſtance of the 


air was taken away. By its gravity it is drawn aſide from its 


rectilinear courſe, and made to bend perpetually towards the 
earth; and that, more or leſs, according to its gravity, and the 


velocity of its motion. The leſs its gravity ſhall. be in pro- 


portion to the quantity: of matter, or the greater the velocity 
with which it is projected, the leſs will it deviate from a 
rectilinear courſe, and the farther it will go. If a leaden ball, 
projected from the top of a mountain by the force of gun- 
powder, with a given velocity, in a direction parallel to the 
horizon, ſhould be carried in a curve line to the diſtance of two 
miles, before it falls to the ground ; the ſame, with a double or 
decuple velocity, would fly twice or ten times as far, if only the 
reſiſtance of the air was taken away. And, by increaſing the 
velocity, we may at pleaſure increaſe the diſtance to which it 
might be projected, and-diminith the curvature of the line, 
which it might deſcribe ; till at laſt it might fall- at the diſtance 
of 10, 30, or go degrees; or even go quite round the whole 
earth: or laſtly, might go forward into the celeſtial ſpaces, and 
continue its motion. of receding indefinitely. And in the ſame 
manner, in which a projectile, by the force of gravity, might 
be made to revolve in an orbit, and go round the whole earth, 


the 


OF NATURAL PHILOSOPH . 7 
the moon alſo, either by the force of gravity, if it is endued Definitions. 
with gravity, or by any other force, that impels it towards the 

earth, may be perpetually drawn aſide towards the earth out of 
its rectilinear courſe, and be made to revolve in the orbit which 
it now defcribes ; and without ſome ſuch force the moon cannot 
be retained in its orbit (7). This force, if it was too ſmall, could 
not ſufficiently turn the moon out of a rectilinear courſe : if it 
was too great, it would turn it too much, and draw it down 
from its orbit towards the earth. It is neceſſary, that the force 


| mould — of a juſt quantity: and it belongs to mathematicians 
| | to 


COMMENTARY. 


(J 6. Thus it appears, that the revolution of the moon round the earth is a 
phenomenon of the ſame kind, and is to be accounted for in the ſame manner, 
as the curvilinear motion of a ſtone, a bullet, or any other projectile near the 
furface of the earth. If we had engines of a ſufficient force to project a body in 
a right line parallel to the horizon, with ſuch a velocity as to deſcribe 24326 

| Pariſian feet (which is near five Engliſh miles) in a ſecond of time, that body, 
ſetting aſide the reſiſtance of the air, would revolve round the earth like a moon. 
For 24326 is a mean proportional between 39231600, the diameter of the earth, 
and 157; the ſpace deſcribed in a ſecond of time by a heavy body falling from 
reſt towards the earth. . And the periodical time of ſuch a projectile would be 
nearly equal to one hour, twenty-four minutes, and twenty ſeven ſeconds. If 
this body could be carried to the diſtance of the moon, and projected in the 
ſame direction, in which the moon moves, with ſuch a velocity as would carr 
it through 188489 Pariſian feet in a minute, it would revolve round the earth in 
the ſame orbit, which is deſcribed by the moon. We know from experience, 
that the motion with which a body near the. ſurface of the earth tends to its 
centre, is ſuch, as in a ſecond of time makes it deſcend through 15: Pariſian 
feet. Suppoſing this motion to decreaſe inverſely as the ſquare of the diſtance; 
at the diſtance of the moon, which is equal to ſixty ſemidiameters of the earth, 
it would be 60 X 60 times leſs than at the ſurface of the earth: and therefore, 
at that diſtance, would be ſufficient to make a body deſcend through 155 Pariſian 
feet in a minute of time. This is in fact the ſpace, through which the moon, at 
the diſtance of ſixty ſemidiameters of the earth, deſcends from the tangent of its 
orbit, towards the centre of the earth, in a minute of time. For that ſpace is a 
third proportional to the diameter of the orbit of the moon, and the arc de- 
ſeribed in the ſame time. And 235389600 (the diameter of the moon's orbit in. 
Pariſian feet) is to 188489, (the arc deteribed in a minute,) as 188489 is to 182. 
Thus the motion of the moon agrees in quantity, as well as in direction, with 
the motions of projectiles near the earth. And theſe phenomena are ſo perfectly 


coincident and ſimilar, that they muſt be accounted for from the fame prin- 
ciples. 
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Peiniions: to find the force, with which a body may be accurately retained 


net, or the intenſeneſs of its power, is greater in one magnet, 
leſs in another. 5 5 


. 1 . 


MATHEMATICAL PRINCIPLES 


in a given orbit, with a given velocity; and, on the contrary, to 
determine the curvilinear way, into which a body, projected from 
a given place with a given velocity, may be bent from the 


rectilinear way, by means of a given force. The quantity of 


this centripetal force is of three kinds, abſolute, accelerative, 
and motive. 7. 10 | f 


DEFINITION VL 


The abſohite quantity of centripetal force is the meaſure of the ſane, 


greater or leſs in proportion to the efficacy of the cauſe that propagates 
it from a centre; through the regions around (g) 
Thus the magnetic force, according to the bulk of the mag- 


chad DEFEINITION..VU...- _ 
The accelerative quantity of centripetal force is its meaſure, proportional 'to 
I the velocty which it generates in a given time. | 
Thus the force of the ſame magnet is greater at a leſs diſtance, 


| leſs at a greater. Or the force of gravity is greater in vallies, 


leſs on the tops of high mountains; and till leſs (as ſhall be - 
hereafter ſhewn) at greater diſtance from the globe of the earth: 
but at equal diſtances, it is the ſame every where; becauſe, 
taking away the reſiſtance of the air, it equally accelerates all 
falling bodies, whether heavy or light, great or ſmall (0). 
| . * F , . | D E FI. 
COMMENTARY. | 
(g) 7. The abſolute quantity of centripetal force is meaſured by the motion, 
generated in the ſame time in equal bodies, placed at equal diſtances from 
different central bodies. As, if equal bodies are placed at equal diſtances from 
the ſun, the earth, or any of the planets, the abſolute. quantities of the centri- 
petal forces are the motions produced in them towards the central bodies, in the 


jame time: which are found to be always proportional to the quantities of matter 

in thoſe central bodies. 3 
(2) 8. Bodies of all weights and ſizes, ſetting aſide the reſiſtance of the 
medium, are equally accelerated, at equal diſtances from the central * a A 
| - hint eather, 


. 


OF NATURAL PHILOSOPHY. 


" DEFINITION VII. 


The motive quantity of centripetal force is its meaſure, proportional to the 
motion "which it generates in a given time. 


Thus, the weight is greater in a greater body, leſs in a leſs 
body: and, in the ſame body, it is greater near the earth, and 
leſs in the celeſtial ſpaces. This quantity is the centripetency, 
or propenſity of the whole body towards the centre; and, as L 
may ſay, its weight: and it is always known by the quantity of 
a force, equal and contrary to it, by which the deſcent of the 
body may be hindered (i). Theſe quantities of forces we may, 
for the ſake of brevity, call by the names of motive, accelera- 
tive, and abſolute forces; and, for the ſake of diſtinction, we 
may conſider them with reſpect to the bodies tending to the 
centre, to the places of thoſe bodies, and to the centre of force 
towards which they tend; that is to ſay, I refer the moving force 
ro the body, as a propenſity of the whole towards a centre, com- 
pounded of the propenſities of the ſeveral parts taken together ; 
and .the accelerating force to the place of the body, as a certain 
power diffuſed from the centre through all places around, to 
move the bodies that are in them; but the abſolute force to the 
centre, as endued with ſome cauſe, without which the moving 
forces are not propagated through the ſpaces around ; whether 
that cauſe is ſome central body, (ſuch as is the magnet in the 
centre of the magnetiſm, or the earth in the centre of the gra- 
vitating force), or any other cauſe that does not yet appear. 
Tnis idea is merely mathematical. For I do not now conſider 


the 
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feather, and a piece of lead, let fall together in a void, deſcend to the earth in 
the ſame time. | 


The accelerating quantity of centripetal force, therefore, depends not on the 
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weight or quantity of matter of the falling body; but is meaſured by the 


velocity generated in the ſame time, at different diſtances from the ſame centre. 


(i) 9. The motive quantity of centripetal force is different, according to the 
weight, and quantity of matter of the body that gravitates, and according to 
its different diſtance from the ſame central body; being meaſured by the quanti- 
ty of motion generated in a given time. 
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the phyſical cauſes and ſeats of forces, Wherefore the accele- 
rating force ſtands in the ſame relation to the moving force, as 
celerity does to motion. For the quantity of motion arifes from 
the celerity, and from the quantity of matter; and the moving 
force ariſes from the accelerating force, and from the ſame 
quantity of matter jointly. For the ſum of the actions of the 
accelerating force upon the ſeveral particles of the body is the 
moving force of the whole. Hence, near the ſurface of the 
earth, where the accelerating gravity,, or the force productive „ 
gravity, is the ſame; in all, bodies, the moving gravity, or the 


weight, is as, the body: but if we aſcend to higher regions, 


where the accelerating. gravity is leſs, the weight will be like- 


wiſe diminiſhed ;, and will always, be as the body and the ac- 


celerating gravity, jointly. So in thoſe regions, where the ac- 


celerating gravity is one half leſs, the weight of a body, two or 
three times leſs, will be four or fix times diminiſhed. I likewiſe 
call attractions and impulſes, in the ſame ſenſe, accelerative 
and motive. But I uſe the words, attraction, impulſe, or pro- 


penſity of any ſort towards a centre, promiſcuouily and in- 


differently, one for another; conſidering thoſe forces not phyſi- 
cally, but mathematically. Therefore, if I happen to ſpeak of 
centres as attracting, or as endued with attractive powers, let 
the reader beware leſt he imagine, that I any where. take upon 
me to define the kind, or the manner of the action; or the 
cauſe or phyſical reaſon thereof; or that I attribute forces, in a 


true and phyſical ſenſe, to certain centres, which are only ma- 
thematical points (kJ, 


SCHO- 
COMMENTARY: 


0 1 10. Newton's Opt. Query 31.—* Have not the ſmall particles of bodies 
certain powers, virtues, or forces, by which they act at a diſtance, not on] 
upon the rays of light for reflecting, refracting, and inflecting them; but alſo 
upon one another * producing a. great part of the phenomena of nature ? 
« For it is well known, that bodies act upon one another by the attractions of 
« gravity, .magnetiſm, and electricity; and theſe inſtances ſhow the tenour 
« and courſe of nature; and make it not improbable but that there may be 
more attractive powers. chan theſe. For Nature is very — and conform- 
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SCHOLIUM. 


x Hitherto I have laid down the definitions of ſuch words as are 
leſs. known, and explained the ſenſe in which I would have 
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able to herſelf. How theſe attractions may be performed, I do not here 
conſider. © What I call attraction may be performed by impulſe, or by ſome 


<«, other means unknown to me. I uſe that word here to ſignify in general any 


force by which bodies tend towards one another, whatſoever be the cauſe. 
For we muſt learn from the phenomena of nature what bodies attract one 
another, and what are the laws and properties of the attraction, before we 
enquire the cauſe, by which the attraction is performed.” t. 

Again, It ſeems to me farther, that theſe particles (of matter) have not only a 
vis inertiæ, accompanied with ſuch paſſive laws of motion as naturally reſult 
from that force; but alſo that they are moved by certain active principles, 
ſuch as is that of gravity, and that which cauſes fermentation, and the co- 
heſion of bodies, Theſe principles I conſider, not as occult qualities, ſup- 
poſed to reſult from the ſpecific forms of things, but as general laws of nature, 
by which the things themſelves are formed: their truth appearing to us by 
phenomena, though their cauſes be not yet diſcovered. For theſe are manifeſt 
qualities, and their cauſes only are occult. And the Ariſtotelians gave the 
name of occult qualities, not to manifeſt qualities, but to ſuch qualities only, 
as they ſuppoſed to lie hid in bodies, and to be the unknown cauſes of manifeſt 
effects: ſuch as would be the cauſes of gravity, and of magnetic and electric 
attractions, and of fermentations, if we ſhould ſuppoſe that theſe forces or 


actions aroſe from qualities unknown to us, and. incapable of being diſcovered 


and made manifeſt. Such occult qualities put a ſtop to the improvements of 
Natural Philoſophy, and therefore of late years have been rejected. To tell 
us, that every ſpecies of things is endowed with an occult ſpecific quality, 
by which it acts and produces manifeſt effects, is to tell us nothing. But to 
derive two or three general principles of motion from phenomena; and after- 
wards to tell us how the properties and actions of all corporeal things follow 
from thoſe manifeſt principles, would be a very great ſtep in philoſophy, 
though the cauſes of thoſe principles were not yet diſcovered.“ 

Concerning the method of proceeding in theſe inquiries, he tells us, that * As 
in Mathematics, ſo in Natural Philoſophy, the inveſtigation of difficult 
things, by the method of Analyſis, ought ever to precede the method of 
Compoſition, This Analyſis conſiſts in making experiments and obſervations, 
and in drawing general concluſions from them by induction, and admitting of 
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no objection againſt the concluſions, but ſuch as are taken from experiments, 


or other certain truths, For hypotheſes are not to be regarded in experimental 
philoſophy. And, although the arguing from experiments and obſervations 
by induction be no demonitration of general concluſions ; yet it is the beſt way 
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Definitions. them to be underſtood in the following Treatiſe. I donot define 


time, ſpace, place, and motion, as being well known to, all. 
But it muſt be obſerved, that the vulgar conceive thoſe quantities, 
only from their relation to ſenſible objects. And thence ariſe 
certain prejudices, for the removing of which, it 1s proper to 
diflinguiſh them into abſolute and relative, true and apparent, 
mathematical and vulgar. 


I. Abſolute, true, and mathematical time, in itſelf, and 
from its own nature, flows equally, without relation to any thing 


external ; and by another name is called Duration. Relative, 
apparent, and vulgar time, is ſome ſenſible and external mea. 


ſure of duration by motion, whether accurate or unequable, 


which is commonly uſed inſtead of true time; as an hour, a 
day, a month, a year. 11 | | 

II. Abſolute ſpace, in its own nature, without relation to any 
thing external, remains always ſimilar and immoveable. Rela- 
tive ſpace is ſome moveable dimenſion or meaſure of this 
abſolute ſpace; which our ſenſes define by its poſition in reſpect 
of bodies; and which is vulgarly taken for immoveable ſpace: 
as the dimenfion of a ſubterraneous, an aerial, or celeſtial ſpace, 
determined by its poſition in reſpect of the earth. Abſolute and 
relative ſpace are the ſame in figure and magnitude; but they 
do not remain always numerically the ſame. For if the earth, 
for inſtance, is moved; the ſpace of our air, which relatively, 
| | and 
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© of arguing which the nature of things admits of; and may be looked upon as 
% ſo much the ſtronger, by how much the induction is more general. And, if 
« no exception occur from phenomena, the concluſion may be pronounced gene- 
« rally. But, if at any time afterwards any exception ſhall occur from experi- 
« ments, it may then begin to be pronounced with ſuch exceptions as occur. 
«© By this way of Analyſis we may proceed from compounds to ingredients, and 


* 


„from motions to the forces producing them; and, in general, from effects to 


« their cauſes; and from particular cauſes to more general ones, till the argu- 
« ment end in the moſt general. This is the method of Analyſis. And the 
« Syntheſis conſiſts in aſſuming the cauſes diſcovered, and eſtabliſhed as princi- 
« ples, and by them explaining the phenomena proceeding from them, and 
« proving the explanations.” | | | 
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| OF NATURAL PHILOSOPHY, 13 
and in reſpe& of the earth, remains always the ſame, will at Definitions, 
ſome times be one part of the abſolute ſpace into which the ai 
paſſes; at ſome times it will be another part of the ſame; and 

ſo, abſolutely, it will be perpetually changed. 


III. Place is that part of ſpace which body occupies ; and is 


either abſolute, or relative according to the ſpace. I ſay, a part 


of ſpace; not the ſituation, or the external ſurface of body. 
For the places of equal ſolids are always equal; but their ſur- 
faces, by reaſon of the diſſimilitude of their figures, are often 
unequal. Poſitions properly have no quantity; nor are they ſo 
much places, as the properties of places. The motion of the 
whole is the ſame as the ſum of the motions of the parts ; that 
is, the tranſlation of the whole out of its place is the ſame as 
the ſum of the tranſlations of the parts out of their places; and 
therefore, the place of the whole is the ſame as the ſum of the 


places of the parts; and, for that reaſon, it 1s internal, and in 
the whole body. 


IV. Abſolute motion is the tranſlation of a body from abſolute 
place to abſolute place; and relative motion is the tranſlation 
from relative place to relative place. Thus in a ſhip under fail, 
the relative place of a body is that part of the ſhip, which the 
body poſſeſſes; or that part of the whole cavity, which the body 
fills, and which therefore is moved together with the ſhip. And 
relative reſt is the continuance of the body in the ſame part of 
the ſhip, or its cavity. But, real, abſolute reſt, is the continu- 
ance of the body in the ſame part of that immoveable ſpace, in 
which the ſhip itſelf, together with its cavity, and all that ir 
contains, is moved. Wherefore, if the earth 1s really at reſt, a 
body, which relatively reſts in the ſhip, will really and abſo- 
lutely be moved with the ſame velocity, with which the ſhip is 
moved on the earth. But, if the earth alfo is moved, the true 
and abſolute motion of the body will ariſe, partly from the true 
motion of the earth in immoveable ſpace ; partly from the re- 
lative motion of the ſhip in the earth: and if the body is moved 
alſo relatively in the ſhip, its true motion will ariſe, partly from 
the true motion of the earth in immoveable ſpace ; partly, from 
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the relative motions, as well of the ſhip on the earth, as of the 
body in the ſhip ; and from theſe relative morions will ariſe the 
relative motion of the body in the earth. As, if that part of the 
earth, where the ſhip is, is truly moved towards the eaſt with a 
velocity of 10,010 parts; while the ſhip itſelf with wind and fail 
is carried towards the weſt, with a velocity expreſſed by 10 of 
thoſe parts; and a ſailor walks in the ſhip towards the eaſt with 
one part of the ſaid velocity ; the ſailor will be moved-truly and 
abſolutely in immoveable ſpace, towards the eaſt, with a velo- 


city of 10,001 parts; and relatively on the earth, towards the 
weſt, with a velocity of nine of thoſe parts. 


% Abſolute time, in.aftronomy, is diſtinguiſhed "I relative 


by the equation or correction of vulgar time. For the natural 


days are truly unequal, though they are commonly conſidered - 
as equal, and uſed for a meaſure of time. Aſtronomers correct 


this inequality, that they may meaſure the celeftial motions by a 


more accurate time. It may be, that there is no equable motion, 
whereby time may be accurately meaſured. All motions may 
be accelerated and retarded ; but the flowing of abſolute time is 
liable to no change. The duration or perſeverance of the ex- 
iſtence of things remains the ſame, whether motions are ſwift, 
or flow, or none at all: therefore this duration is properly diſtin- 
guiſhed from its ſenſible meaſures; and from them it is col- 
lected by means of an aſtronomical equation. The neceſſity of 


wh ich 
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(1) 11, By eg upon that train of ideas, which appears ſucceſſively in 
our own minds, we acquire the idea of abſolute time or duration. This dura- 
tion may be meaſured, with accuracy enough for the common purpoſes of life, 
by any periodical appearances, which the mind judges to be equidiſtant. The 
revolutions of the ſun and moon, being univerſally obſervable, and apparently 
at equal intervals, are commonly uſed for that purpoſe. Hence, days, months, 
and years, are conſidered as accurate meaſures of time. But thefe meaſures, 
which are here called relative and apparent time, are by no means proportional 
to abſolute time: and we muſt carefully diſtinguiſh between them. The one 
flows in a regular, conſtant, and uniform courſe : the other, though common- 
ly ſuppoſed uniform, are really accelerated or retarded by various cauſes; and are 
always found inaccurate in determining aſtronomical appearances, till they are 
corrected by proper gquations. , 
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which equation, for determining the times of a phenomenon 
is evinced, as well by the experiment of a pendulum clock, as 
by the eclipſes of the ſatellites of Jupiter. 


mn As the order of the parts of time is immutable, ſo alſo is 
the order of the parts of ſpace. Suppoſe them to be moved out 
of their places, and they will be moved (if I may uſe the ex- 
preſſion) out of themſelves. For times and ſpaces are, as it 
were, the places of themſelves, and of all other things. All 
things are placed in time as to order of fucceflion ; and in ſpace, 
as to order of ſituation. It is of their eſſence that they are 
places; and for the primary places of things to be moved is 


abſurd. Thefe are therefore abſolute places; and tranſlations 
only out of theſe places are abſolute motions, 


But, becauſe the parts of ſpace cannot be ſeen, or diſtin- 
guiſhed from one another by our ſenſes, therefore in their ſtead 
we ufe ſenſible meaſures. For, from the poſitions and diſtances of 
things from any body, confidered as immoveable, we define all 
places: and then, with reſpect to ſuch places, we eſtimate all 
motions, conſidering bodies as transferred from ſome of theſe 
places into others. Thus, inſtead of abſolute places and motions, 
we uſe relative ones; and that without any inconvenience in 
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(n) 12. As it is impoſſible to foretel with accuracy the appearances of the 
heavenly bodies, without diſtinguiſhing between abſolute and relative time; ſo 
are the motions of bodies inexplicable, without making a real difference between 
relative motion, and that true and real motion, which is performed in abſolute 
ſpace. All bodies are found, by reaſon of their paſſive nature, to perſevere in 
their ſtate of motion or reſt, till they are made to change that ſtate by ſome 
external influence. But though a body, placed in any ſpace, which moves 
uniformly forward, as in a ſhip, is relatively at reſt with reſpect to the parts of 
the ſhip; yet it moves on with its former velocity, without any force impreſſed, 
when the motion of the ſhip is ſuddenly ſtopped. So likewiſe, if the revolution 
of the earth round its axis ſhould ceaſe, bodies at reſt on its ſurface would fly 
off, in the direction of the tangent, into the air. Whence it follows, that a 
body does not. perſevere in its ſtate of reſt or motion with regard to relative ſpace : 
and that its motion cannot be reconciled to the moſt eſtabliſhed laws of nature, 
without referring it to abſolute, immoveable ſpace; in which, motion is never 
either generated or changed, without force impreſſed on the body itſelf, | 
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Devaition. common affairs: but, in philoſophical diſquiſitions, we muſt 


abſtract from the ſenſes. For it may be, that no body is really 
at reſt, to which the places and motions of others may be re- 
ferred. But reſt and motion, abſolute and relative, are diſtin- 
guiſhed from each other by their properties, cauſes and effects. 
It is a property of reſt, that bodies really at reſt do reſt in reſpect 
of one another. And therefore, as it is poſſible, that in the 
regions of the fixed ſtars, or far beyond them, there may be 
ſome body abſolutely at reſt; but yet impoſſible to know from 
the poſition of bodies with reſpect to one another in our regions, 
whether any of theſe do keep the ſame poſition to that remote 
body or no; it follows, that abſolute reſt cannot be determined 


from the poſition of bodies in our regions, with reſpect to each 
other. | 


It is a property of motion, that the parts, which retain given 
poſitions to the whole, do partake of the motions of the whole. 
For all the parts of revolving bodies endeavour to recede from 
the axis of motion; and the force of bodies, moying forward, 

ariſes from the, joint force of each of the parts. Therefore, if 
ambient bodies are moved, thoſe that are relatively at reſt within 
them are moved likewiſe. Upon which account, true and abſo- 
lute motion cannot be determined by a tranſlation from the 
neighbourhood of thoſe, which only ſeem to reſt. For external 
bodies ought not only to appear as if at reſt, but alſo to be really 
at reſt, For otherwiſe, all included bodies, beſides their tranſla- 
tion from the neighbourhood of ambient ones, will partake like- 
wiſe of the true motions of the ambient ones. And, ſetting 
aſide. that tranſlation, they will not be really at reſt, but will 
only ſeem to be ſo. For ſurrounding bodies ſtand in the ſame 
relation to the ſurrounded, as the exterior part of. a whole does 
to the interior ; or as the ſhell does to the Kernel. But, if the 
ſhell. is moved, the kernel, as being a part of the whole, is 
moved alſo, without any tranflation from the neighbourhood of 
the ſhell. A property near a. kin to the preceding is this, that if 
a place is moved, whatever 1 is placed therein is RYE along with 
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it. And therefore a body, which is moved from a 


motions, which are made from places in motion, are only parts 
of entire and abſolute motions: and every entire motion is com- 
poſed of the motion of the body out of its firſt place, and of the 
motion of this place out of its place, and ſo on, until we come 
to ſome immoveable place, as in the example of the ſailor betore 
mentioned, Wherefore, entire and abſolute motions can be no 
otherwiſe defined than by immoveable places; and, for that 
reaſon, I did before refer thoſe abſolute motions to immoveable 
places ; but relative ones to moveable places. Now no other 
places are immoveable, but thoſe that from infinity to infinity do 
all retain the ſame given poſitions one to another; and, upon 
this account, ever remain unmoved ; and thereby conſtitute the 
ſpace, which I call immoveable. 


The cauſes, by which true and relative motions are diſtin- 


guiſhed from each other, are the forces impreſſed upon bodies 


to generate motion. True motion is neither generated nor al- 
tered, but by forces impreſſed upon the body moved: but rela- 
tive motion may be generated or altered without any forces im- 
prefled upon the body. For it is ſufficient that ſome force be 
impreſſed on other bodies only, with which the former is com- 
pared ; that, by their giving way, the relation may be changed, 
in which the relative reſt or motion of this other body conſiſts. 
Again, true motion ſuffers always ſome change from forces 
impreſſed upon the body moved; but relative motion is not 
neceſſarily changed by ſuch forces. For if the ſame forces are 
likewiſe ſo impreſſed on thoſe other bodies, with which the com- 
pariſon is made, that the relative poſition may be preſerved, then 
that relation will be preſerved, in which the relative motion 
conſiſts. Therefore, any relative motion may be changed, 
when the true motion remains unaltered, and may be preſerved, 
- when the true motion is changed. Upon which account true 
motion does by no means conſiſt in ſuch relations. 
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Definition, The effects, by which abſolute and relative motions are 
— diſtinguiſhed from each other, are the forces of receding from 
the axis of circular motion. For there are no ſuch forces in a 
circular motion purely relative; but, in a true and abſolute 
circular motion, they are greater or leſs, according to the quan- 
tity of motion. If a veſſel hangs by a long cord, and is turned 
about till the cord is ſtrongly twiſted ; and being filled with water, 
is held at reſt together with the water; then, by the ſudden 
action of another force, is whirled about with a contrary mo- 
tion, and while the cord is untwiſting itſelf, the veſſel perſeveres 
for ſome time in this motion ; the ſurface of the water will at 
firſt be plain, as before the motion of the veſſel; but, after tha, 
the veſſel, by gradually communicating its motion to the water, 
has cauſed this like wiſe to begin ſenfibly to revolve; it will 
recede by little and little from the middle, and aſcend to the fides 
of the veſſel, forming a concave figure, (as I have experienced) 
and, by a ftill ſwifter motion, will aſcend higher and higher; 
till at laſt, performing its revolutions in the ſame times with the 
veſſel, it becomes relatively at reſt in it. This aſcent of the 
water ſhows. its endeavour to recede from the axis of motion ; 
and the true and abſolute circular motion of the water, which is 
here directly contrary to the relative motion, becomes known, 
and is meaſured by this endeavour. At firſt, when the relative 
motion of the water in the veſſel was greateſt, that motion pro- 
duced no endeavour to recede from the axis: the water ſhewed 
no tendency to the circumference by aſcending towards the ſides 
of the veſſel, but remained of a plain ſurface; and therefore its 
true circular motion had not yet begun. But afterwards, when 
the relative motion of the water decreaſed, the aſcent thereof 
towards the ſides of the veſſel indicated an endeavour to recede 
from the axis; and this endeavour ſhowed its real circular 
morion perpetually increafing; and at laſt becoming greateſt, 
when the water reſted relatively in the veſſel. Therefore this 
endeavour does not depend upon the tranſlation of the water in 
feſpect of the ambient bodies; nor can true circular motion be 
defined by ſuch tranſlations. There is only one real circular 
| 2 motion 
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motion of any revolving body, correſponding to the endeavour Pane, 
only of receding, as its proper and adequate effect: but relative 
motions in one and the ſame body are innumerable, according 
to the various relations to external bodies; and, like other rela- 
tions, are altogether deſtitute of real effects, any otherwiſe than 
as they participate of that one and only true motion. And 


therefore, in their ſyſtem, who ſuppoſe that our heavens revolve 
below the ſphere of the fixed ftars, and carry the planets along 


with them ; the ſeveral parts of thoſe heavens, and the planets, 
which are indeed relatively at reſt in their heavens, do yet really 
move. For they change their poſitions to each other, which 
never happens to bodies truly at reſt ; and, being carried toge- 
ther with their heavens, participate their motions ; and, as parts 


of revolving wholes, endeavour to recede from the axes of their 
motions. 


Wherefore relative quantities are not the quantities them- 
ſelves, whoſe names they bear; but thoſe ſenſible meaſures of 
them (either accurate or inaccurate) which are commonly uſed 
inſtead of the quantities meaſured. But if the meaning of 
words 1s to be determined by their uſe, then by the names, 
Time, Space, Place, and Motion, theſe ſenſible meaſures are 
properly to be underſtood ; and the expreſſion will be unuſual 
and purely mathematical, if the quantities themſelves are here 
meant. Upon which account they violate that accuracy of lan- 
guage, which ought to be held ſacred, who interpret thoſe 
words of the meaſured quantities. Nor do thoſe leſs defile the 
purity of mathematical and philoſophical truths, who con- 
found real quantities with their relations and vulgar meaſures. 


It is indeed a matter of great difficulty to diſcover, and effec- 
tually to diſtinguiſh, the true motions of particular bodies from 
the apparent: becauſe the parts of that immoveable ſpace, in 
which motions are truly performed, do not come under the 
obſervation of our ſenſes. Yet tie caſe is not altogether deſpe- 
rate; for arguments may be brought, partly from the apparent 
motions, which are the differences of the true motions; partly 
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Definition. from the forces, which are the cauſes and effects of true mo- 


„ - - 


tions. As if two globes, kept at a given diſtance from each 
other by a cord which connects them, were revolved about 
their common centre of gravity, the endeavour of the globes 


to recede from the axis of their motion would be known from 
the tenſion of the cord; and thence the quantity of their circu- 


lar motion might be computed. And then, if any equal forces 
ſhould be impreſſed at once on the alternate faces of the globes, 
to augment or diminiſh their circular motions ; from the in- 
creaſe or decreaſe of the tenſion of the cord, the increment or 
decrement of their motiens might be inferred ; and thence 


might be found the faces of the globes on which thoſe forces 


ought to be impreſſed, that the motions of the globes might 
be moſt augmented; that 1s, their hindmoſt faces, or thoſe 
which in the circular motion do follow, But the faces which 
follow being known, and conſequently the oppoſite ones that 
precede, the determination of their motions would likewiſe be 
known: and thus both the quantiry and determination of the 
circular motion might be found, even in an immenſe void, 


where there was nothing external and ſenſible, with which the 


globes could be compared. But now, if ſome remote bodies 
were placed in that ſpace, which kept always a given poſition 
to each other, ſuch as are the fixed ſtars in the regions of the 
heavens, it could not indeed be determined from the relative 
tranſlation of the globes among thoſe bodies, whether the 
motion belonged to the globes or to the bodies. But if we ob- 


ſerved the cord, and found that its tenſion was that very ten- 


ſion which the motions of the globes required, we might con- 
clude the motion to be in the globes, and the bodies to be at 
reſt; and then at laſt, from the tranſlation of the globes among 
the bodies, we might collect - the determination of this mo- 
tion (n). But how to collect true motions from their cauſes, 

effects, 


TARY. 
(n) 13. Hence appears the miſtake of certain metaphyficians, who maintain, 


that the idea of motion neceſlarily includes relation; that, to conceive motion, 


we 
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effects, and apparent differences; and, on the contrary, from Definitions. 
motions, either true or apparent, to colle& their cauſes and ef- TI 
feats, ſhall be explained more at large hereafter. For to this 


end I compoſed the following treatiſe. 
COMMENTARY. 


EA 


we muſt neceſſarily conceive two bodies, whoſe polition, with regard to each 
other, is varied; and that, if there was only one body in being, it could not 


poſſibly be moved. 


AXIOMS, 


MATHEMATICAL PRINCIPLES 


O R, 
* 


LAWS OF MO TI ON o). 


LAW I. 
Axioms, or That every body perſeveres in its ſtate of reſting, or of moving uniformly 


A 71 a right line, as far as it is not compelled to change that ftate by 
external forces impreſſed upon it. | 


ROJECTILES perſevere in their motions ſo far as they are 

not retarded by the reſiſtance of the air, and impelled down- 
wards by the force of gravity. A top, whoſe parts by their co- 
heſion are perpetually drawn aſide from rectilinear motions, 


does 
COMMENT AR T. 


(o) 14. The end and deſign of Sir Jſaae Newton's philoſophy is, to inveſti- 

ate the laws obſerved in the production of natural effects, to diſcover their con- 

£ forniiey and agreement, and to deduce the various phenomena of nature from the 

moſt ſimple and general principles, into which theſe laws can be reſolved. 

Theſe general principles are diſcovered only by experiments upon ſuch bodies, 

| as are within our reach; and by reaſonings, from obſervation and analogy, to 

: thoſe that are at a diſtance, 1 

That there is a certain invariable@trder in which every appearance of nature 

is preſented to our view, is evident to the moſt common obſerver : while the 

philoſopher, in tracing them to the original principles from which they flow, 

diſcovers a regular ſeries and train of events, preceding, in an eſtabliſhed order, 
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does not ceaſe its rotation, otherwiſe than as it is retarded by the 


air. But the greater bodies of the planets and comets preſerve 
their motions, both progreſſive and circular, which are per- 
formed in the leſs reſiſting celeſtial ſpaces, for a longer time. 


* 


LAW II. 


That the change of motion is proportional to the moving force impreſſed ; 
and is produced in the direction of the rigbt line, in which that force 
is impreſſed. 


If any force generates a motion, a double force will generate 
double, a triple force triple the motion ; whether that force 1s 


impreſſed altogether, and at once, or gradually and ſucceſlively : 
3 and 


COMMENTARY. 


the production of the moſt familiar appearances. Unable as he is to comprehend 
the manner of their production, he in vain ſearches for the efficient cauſe in the 
internal conſtitution of the objects around him; and as he riſes in his inquiries 
through the great chain of natural effects, he approaches nearer to the know- 
ledge of the Firſt Cauſe, the Supreme Author and Governor of the univerſe : 
of whofe power, wiſdom and beneficence, he acquires the moſt ſublime ideas, 
from the contemplation of his works, from the beautiful arrangement and ſym- 
metry of their different parts, from their connexion and ſubſerviency to each 
other, from the grandeur and ſublimity of the whole, and, above all, from the 
harmony, conformity, and agreement of the phenomena to thoſe laws of nature, 
which are eſtabhſhed for the regulation of the whole ſyſtem. 

There are then certain fixed and eſtabliſhed rules uniformly obſerved in all the 
operations of nature; the certainty of which is only to be collected from expe- 

rience and obſervation. For, as theſe rules, or laws of nature were arbitrarily 
eſtabliſhed at firſt ; as a quite different order of things might have taken place; 
and there is no abſurdity in ſuppoſing the common courſe of nature to be over- 
ruled, they are incapable of that kind of demonſtration, 2 priori, in which 
every ſtep is a neceſſary truth, and of which the contrary ſuppoſition implies a 
manifeſt abſurdity. Bur as experience informs us, that certain laws have uni- 
formly and 3 obtained in the common courſe of nature, the mind is 
unavoidably led to infer the ſame order and uniformity in the production of na- 
tural effects, in all ſimilar circumſtances. 

When a heavy body is projected into thè air, we never fail to conelude, that it 


will fall again to the earth, if there is no apparent cauſe to prevent it. If one 


body ſtrikes upon another, we are convinced, that motion is communicated to 
the body impelled, and loſt by the ſtriking body. But, when a propoſition of 


this 
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Axiom. or and this motion (ſince it is always directed the ſame way with 
— 


- 


the generating force) if the body was moved before, is either 
added to its conſpiring motion, or ſubducted from its contrary 
motion; or it is obliquely joined to its oblique motion, and is 
compounded with it according to the determination of both. 


LAW III 


That reaction is always contrary and equal to action: or, that the mutual 
actions of two bodies upon each other are always equal, and directed to 
contrary parts. | bo” 6 vr te 6s: eas | 


Whatever draws or preſſes another is as much drawn or preſſed 


by that other. If any one preſſes a ſtone with his finger, his 


finger is alſo preſſed by the ſtone. If a horſe draws a ſtone tied 
to 


COMMENTARY. . 


this ſort is preſented to the mind, we in vain attempt to deduce the truth of it by 
any act of reaſoning from the nature of the power to the ſenſible effect: although, 
impelled by the very frame and conſtitution of our minds, we immediately inter 
the truth of it from our paſt experience of the courſe and order of nature. And 
though our conviction, in this cafe, is not founded on demonſtration, yet it 
proceeds from a different ſpecies of evidence, which no reaſoning can eſtabliſh, 
and yet no argument can overturn. | 1 ; 
On this kind of evidence, founded on an appeal to every man's own expe- 
rience, the three laws of motion are propounded : and they are to be conſidered 
as general axioms, from which all the various kinds of motion, obſervable in 
nature, are to be derived: to reduce which to certain general rules, is the proper 
bulineſs of philoſophy. GST | 


, 


Theſe three laws are reducible to that general principle of the vis inſita, or 


vis inertiæ of matter, deſcribed in Definition III. 


That a body at reſt always perſeveres in that ſtate, till it is forced to chan 


it by ſome external influence; that it likewiſe continues in motion, till that 


motion is deſtroyed by friction, and other reſiſtances ; and that it never changes 

the direction of its motion of itſelf ; are facts which immediately ſuggeſt to us its 

inert nature, and are confirmed by the moſt general experience. | 
When we obſerve likewiſe, that every change of motion is proportional to the 


external force, impreſſed in the right line in which it acts: and that, if this 


force is oblique to the direction d the motion, the change produced is .only 
proportional to that part, which by a reſolution is found to be applied in the 
direction of the motion; we are ſtill further convinced, that theſe changes are 
not conſequent on any ſelf-motive power in the body itſelf. X 

: 9 ut 


to a rope, the horſe (if I may fo ſay) will be equally drawn Lw of 


into which theſe three laws of motion may be ultimately reſolved. 
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back towards the ſtone. For the rope being diſtended both — 
ways, by the ſame endeavour of unbending itſelf, will draw 
the horſe as much towards the ſtone, as it does the ſtone to- 
wards the horſe, and will obſtruct the progreſs of the one, as 
much as it advances that of the other. If one body, ſtriking 
upon another, ſhall by its force change the motion of the 
other, that body alſo (becauſe of the equality of the mutual 
preſſure) will undergo an equal change in its own motion, to- 
wards the contrary part, by the force of the other. By theſe 
actions are produced equal changes, not of velocities, but of 
motions, if the bodies are not hindered by other impediments. 
For, becauſe the motions are equally changed, the changes of 
the velocities, made towards contrary parts, are reciprocally 
proportional to the bodies. This law takes place alſo in at- 
tractions, as will be proved in the next Scholium. 


7 


COROLLARY I. 


That a body, acted upon by two forces united, deſcribes the diagonal of a 
| parallehgram in the ſame time, in which it would deſcribe its ſides by 
thoſe forces acting ſeparately. 


If a body, in a given time, by the force M impreſſed ſeparately Plate l. 
in the place A, ſhould with an uniform motion be carried from . 


A to 


COMMENTARY. 


- But, when we find it agreable to the moſt conſtant and general obſervation, 
that if one body ſtrikes upon another, each endeavours ſo much to perſevere in 
its ſtate of motion or reſt, that it reſiſts the action of the other, as much as it 
is ated upon; that the motion acquired by one is exactly equal to that loſt by 
the other, in the ſame direction; and conſequently, that the mutual actions of 
bodies upon each other do not alter the ſum of their motions made in the ſame 
direction, and the difference made in contrary directions; but, that this ſum 
continues the ſame, notwithſtanding their mutual colliſions, till ſome external 
force acts upon them; we have the fulleſt confirmation, that this principle, the 
inertia of body, is a moſt general law of nature; and that it is the principle, 
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A to Z; and, by the force N impreſſed ſeparately in the ſame place, 


ſhould be carried from 4 to C: let the parallelogram 4B D C be 


completed; and, by both forces acting together, it will, in the 


Plate J. 
Fig. 3» 


ſame time, be carried in the diagonal from 4 to D. For, ſince 
the force N acts in the direction of the line 4 C, parallel to B D, 
this force (by the ſecond law) will not at all alter the velocity of 


approaching to that line B D, generated by the other force . 


The body therefore will arrive at the line B D in the ſame time, 
whether the force N is impreſſed or not; and therefore, at the 


end of that time, it will be found ſomewhere in that line B D. 
By the ſame argument, at the end of the ſame time, it will be 


found ſomewhere in the line CD. Therefore it will be found in 
the point D, the interſection of the two lines. But it will move 
in a right line from 4 to D by Law I. ( | 

Fo | 4 COROL- 


COMMENT ART. 

(D 15. The converſe of this corollary is, that any motion as 4 D may be re- 
ſolved into the motions AC and A B, any ſides of a parallelogram, of which 
AD is the diagonal. For let AE be taken equal to AC in a contrary direction; 
and let the parallelogram A EB D be completed, of which. AB is the diagonal: 
it is evident (Cor. I.), that the motion A D, together with the motion A E, equal 
and oppoſite to the motion 4 C, produces the motion AB; therefore, if from the 
motion AD in the diagonal, we ſubduct the motion AC in one of the ſides, 


there remains the motion AB in the other ſide. And in the ſame manner, if 


from the motion AD in the diagonal we ſubduct the motion A B, there re; 
mains the motion AC. in the other ſide. 4 | 


16. If a body A is a&ed upon by three forces, which are proportional to, and 


in the direction of, the three ſides of a triangle, that body remains in æquilibrio; 
and converſely. For take Ad, equal, and in the direction of 4 D; and the body 
A, acted upon by motions Ad, A D, equal, and in oppoſite directions, will be 
ſuſtained in æquilibrio. But the motion Ad is equivalent to the motions AB, 
AC; and the motion AC is equal and parallel to B D; therefore the body A. 
ated upon by three forces which are as 4 D, AB, B D, remains in zquilibrio. 

17. If any number of forces act on a body at 4, proportional to, and in the 
direction of, an equal number of lines AB, BC, CD, DE, E F, the line F A. 


drawn from A to the laſt term F, will repreſent both the quantity and direction 


of the motion produced by all theſe forces acting together. | 
For the motions A B, BC compound the motion AC; the motions AC, CD 
compound the motion 4D; the motions AD, DE compound the motion AE; 


and the motions A E, EF compound the motion F A. | : 
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And hence is explained the compoſition of a direct force A D out of any 


oblique forces AC and CD; and, on the contrary, the reſolution of a 
direct force AD into any oblique forces AC and CD. Which com- 
_ poſition and reſolution are abundantly confirmed from mechanics (q). 


As if the unequal radii O M, ON, iſſuing from the centre 0 
of any wheel, ſuſtain the weights 4 and P by the cords M 4 


and 


COMMENTARY. 


18. A motion as AF, one ſide of a polygon, may be reſolved into the mo- 
tions AB, BC, CD, DE, E F, the other ſides. | 


19. If the point F coincides with A, all theſe forces, acting together from 
4, 1uſtain each other. 


| (4) 20. The law of the equilibrium in the lever is here immediately deduced 
from the two firſt laws of motion, by the compoſition and reſolution of forces. 

The method of proof, which mechanical writers commonly uſe, by findin 
the proportionsof the velocities of the power and weight, and thence deducing the 
equality of the motions, is liable to many exceptions. It may therefore be proper 
in this place briefly to reduce the other mechanical 8 to the caſe of the lever; 
and to how how they may all be derived from the principles here laid down, 
without having recourſe to the common method. They are uſually divided into 
the lever, the axis and wheel, the inclined plane, the ſcrew, the wedge, and the 

Ley. 85885 | 
1 There are three kinds of levers; in the firſt, the prop O is between the 
power at K, and the weight at L: and, by this Cor. there is an æquilibrium, 
when the power at K is to the weight at L, as LO to KO: therefore when KO 
is greater than LO, there is a mechanical advantage. 

22. In the ſecond kind of lever, the weight at L is between the power at K, 
and the prop O: therefore KO being always greater than LO, there is always a 
mechanical advantage. 

23. In the third kind of lever, the power at K is between the weight at L, and 
the prop O : therefore K O being always leſs than LO, there is always a mecha- 
nical diſadvantage ; or, to make an æquilibrium, the power muſt be greater than 
the weight. E 

24. The two firſt kinds of levers are of uſe in raiſing great weights with ſmall 
powers. But the velocity of the power at K being to the velocity of the weight 
at L, as KO to LO; when a ſmall power raiſes a great weight, the velocity of 
the power is greater than the velocity of the weight, in the ſame proportion as 
the weight is greater than the power. Whatever therefore is gained in force, is 
loſt in time. | | 8 

25. The third kind of lever is of uſe in moving ſmall weights in a little time: 
for, when the power is ſufficiently greater than the weight, a quick motion of 
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Fig. 6, 


Plate I. 
Fig, 7. 
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Axioms, or and N P; and the forces of thoſe weights to move the wheel 
— 


* 


Plate . 
Fig. 5. 


Plate I, 
Fig. 8. 


Plate T. 
F ip. Os 


are required: through the centre O let the right line KO L be 


drawn, meeting the cords perpendicularly in K and L,; and 
from the centre O, with O L, the greater of the diſtances O RK 


and 


| COMMENTARY. . 
the weight may be produced by a flow motion of the power. Of this kind are the- 


bones of animals, a 
26. The balance is a lever of the firſt kind; which is true, only when the 
arms KO, OL are equal in length and weight; when the centre of motion is 
placed a little above the centre of gravity; and the friction is as ſmall as poſſible. 
If the arms KO, O L, are unequal in length, but of ſuch gravities, as to reſt 
in zquilibrio, yet equal weights, applied at K and L, do not balance each other, 
becauſe they act at unequal diſtances. If the centre of motion coincides with 
the centre of gravity, that point being ſupported, the balance reſts in any poſi- 
tion whatever. If the centre of gravity is above the centre of motion, the ba- 


lance, being once put out of its parallel poſition, can never return again. But, 
If the centre of motion is above the. centre of gravity, equal weights can only 


ſuſtain each other, when the arms of the balance are in the parallel poſition; in. 
which caſe alone their centre of gravity is ſupported. | 


27. The axis and wheel is a lever of the firſt kind; in which the centre of. 
motion is the line Ax, the axis of the roller; the weight V, ſuſtained by the 
rope 1 V, is applied at the diſtance cr the radius of the roller; and the 
power P, acting in the direction PL perpendicular to G the radius of the 


wheel, is applied at the diſtance of that radius: therefore by Cor. 11. there is: 


an æquilibrium, when the power is to the weight, as the radius of the roller to 
the radius of the wheel. CR | 

28. If a weight is. ſupported upon an inclined. plane CA by a. power, acting 
in any given direction PD; the power is to the weight, as the fine of the in- 
clination of the plane, to the ſine of the angle, which the line of the direction 
of the power makes with the perpendicular to the plane. For, ſuppoſing the. 
whole force, whereby the weight would deſcend in the vertical, to be ite beet 


by PB: and, reſolving PB into two, one of which B D is perpendicular to the 


plane C A, and the other P D is in the direction of the power; the force B D. 
is deſtroyed by the reaction of the plane, and the force P D, will be ſuſtained by 
an equal power, acting in the direction P. D. Therefore, when there is an æqui- 
librium, the power is to the weight, as PD to PB; that is, as the fine of the 
angle P B D, or its equal CAB, to the ſine of the angle P DB. 
29. When PD is in the direction of the plane, this ratio becomes that of 
CD to CB, or of the height of the plane C B, to CA its length. | 
30. When the direction of the power pg D is parallel to the. baſe of the plane, 


the ratio of the power to the weight becomes that of p D to p B; or of CB, 


the height of the plane, to B A the baſe. | 
— 558 wt, - 31, When 
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and O L, let a circle be deſcribed, meeting the cord MA in D; Law of 
and, drawing O D, let AC be parallel, and D C perpendicular 
thereto. Since it is indifferent, whether the points X, L, D, of 


the cords be fixed to the plane of the wheel or not, the weights 
e | will 


* 
- 
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31. When: the direction of the power coincides with the perpendicular B P. 
the ratio of the power to the weight becomes that. of the fine of a finite angle,. 
to the ſine of an angle indefinitely diminiſhed. From which it appears, that no. 
finite power is fufficient ro ſupport a weight upon an inclined plane, if that 
power acts in a direction perpendicular to the plane. 

32. A power, acting parallel to the baſe of a ſcrew, is in æquilibrio with a. 
weight to be raiſed perpendicularly by the ſcrew, when the power. is to the 
weight, as the interval between two contiguous ſpirals, to the circumference of 
the circle deſcribed by the power. 3 

While the ſcrew is made to perform one revolution, the weight. V may pla:e I. 
be conlidered,. as raiſed up an inclined plane c, whoſe height cp is the inter- Fig, 10. 
val between two contiguous ſpirals, whoſe baſe p q is the periphery of the cy- 
linder, and whole length cq is the ſpiral line, by a power acting parallel to the 
baſe of the plane: for ſuch an inclined plane, involved. about a cylinder, will 
form the ſpiral line of the ſcrew. A power at p, acting parallel. to the baſe, 
is in æquilibrio with the weight to be raiſed, when the power is to the weight, 
as the height of the inclined plane, to the baſe (30); or, in this caſe as pc, 
the interval between the ſpirals, to the circumference deſcribed by p: but a 
power applied at P, which 1s to that applied at p, as the circumference deſcribed. 
by p to the citcumference deſcribed by P, has the ſame effect (Cor. II.); there- 
fore, compounding theſe ratios, there is an æquilibrium, when the power applied 
at P is to the weight to be raiſed, as pc, the interval between two contigu- 
ous ſpirals, to the circumference defcribed by. the power P. 

33. If a wedge AC is driven into a cleft a c, by a power acting on the. plate I. 
baſe of. the wedge, the power and the two reſiſtances are in æquilibrio, when Fig. 11. 
they are as the three ſides of a triangle parallel to the directions in which they. 
act (16): or, as the three ſides: of a triangle perpendicular to thoſe directions; 
ſuch a triangle being ſimilar to the former. 

34. If the reſiſtances. are ſuppoſed to be perpendicular to the ſides of the cleft, 
and the power perpendicular. to the baſe, there is an æquilibrium, when the 
power is to the two reſiſtances, as the baſe of the cleft a b, to the ſum of its 
ſides nc, c6. | 

35. If the reſiſtances are ſuppoſed to be perpendicular to the ſides. of the. wedge, 
the power is to the two reſiſtances, when there is an æquilibrium, as the baſe of 
the wedge A B, to the ſum of its ſides AC, BC. In like manner the proportion 
may. be found on any other ſuppoſition of the directions. | 

36. A ſimple pulley A B, moveable about the centre C, with a weight ſuſs Plate I: 
pended at a rope from B, and a power acting at 4 by the rope P A, may of Fig. 42. 
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Axioms, or will have the ſame effect, whether they are ſuſpended' from the. 
— 


points K and L. or from D and L. Let the whole force of the 
weight A be repreſented by the line A D; and let it be reſolved. 
into the forces AC, CD; of which the force-AC, drawing the 
radius O D directly from the centre, has no effect to move the 
wheel : but the other force DC, by drawing the radius DO per- 
pendicularly, has the ſame effect, as if it drew perpendicularly 
the radius O L, equal to O D; that is, it has the Tame effect as 
the weight P, if that weight is to the weight 4, as the force 
DC to the force DA; that is, (becauſe of the ſimilar triangles 
ADC, DO R/) as OK to OD, or OL: Therefore the weights 
4 and P, which are reciprocally as the radii O & and OL, placed 


in the ſame right line, will be equipollent, and ſo will remain in 
_ #quilibrio: which is the well known property of the balance, 


the lever, and the axis and wheel. But if either weight is greater 
than in this ratio, irs force to move the wheel will be fo much 
the greater. | | 


But if the weight p, equal to the weight P, is partly ſuſpended 
by the cord Np, partly ſuſtained by the oblique plane p-G ; let 
2 H, NH be drawn, the former perpendicular to the horizon, 
the latter to the plane pG; and, if the force of the weight 
tending downwards is repreſented by the line p H, it may be reſolved 


into 


COMMENTARY. 


conſidered as a lever of the firſt kind, in which there is no mechanical advan- 
tage; AC, the diſtance of the power from the centre of motion, being equal to 
BC, the diſtance of the weight. "EY ay 

The uſe of this fixed pulley is only to change the direction of the power. 

37. If a moveable pulley h is added to the fixed pulley by a rope PABabD, 
which goes under the moveable pulley, and is fixed at a point D, and a weight 
W is ſuſpended from c, the centre of the pulley, drawing the diameter ach, we 
may conſider this pulley as a lever of the ſeeond kind, of which & is the centre of 
motion; and the power, applied at the diſtance @ 6, double. of 5 c, is to the 
weight, when there is an equilibrium, as þc to ba; or as 1 to 2. 

I If any number of pulleys is added; or, in general, if engines are com- 
poſed of ſeveral ſimple machines of any kind, variouſly combined together; 
there is an æquilibrium, when the power is to the weight in the ratio, com- 
pounded of the ſeveral ratios of the power to the weight in each ſimple machine, 


® 
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into the forces pN, HN. If there was any plane p L perpen- . 
dicular to the cord p NM, cutting the other plane pG in a lin 
parallel to the horizon; and the weight p was ſupported only 
by theſe planes pp; it would preſs theſe planes perpendi- 
;cularly with the forces pN, HN; to wit, the plane p & with the 
force pN, and the plane p G with the force AN. And therefore, 
if the plane p Lis taken away, ſo that the weight may ſtretch 
the cord ; becauſe the cord, by ſuſtaining the weight, now ſup- 
plies the place of the plane that is removed, it will be ſtretched 
by the ſame force p N, which preſſed upon the plane before. 
Therefore the tenſion of this oblique cord pN will be to that of 
the other perpendicular cord P N, as N to pH. And therefore, 
if the weight p is to the weight A in a ratio, compounded of 
the reciprocal ratio of the leaſt diſtances of the cords p N, AM. 
from the centre of the wheel, and of the direct ratio of p# to 
2N; the weights will have the ſame effect towards moving the 


wheel; and will therefore ſuſtain each other, as any. one may. 
find by experiment. 


But the weight p, preſſing upon thoſe two oblique planes, 
may be conſidered as a wedge between the two internal ſurfaces 
of a body ſplit by it; and hence the forces of the wedge and the: 
mallet are determined. For the force, with which the weight 
1 p preſles the plane p©, is to the force with which the ſame, 
1 either by its own gravity, or by the ſtroke of a mallet, is im- 

pelled in the direction of the line H towards both the planes, 

as pN to pH; and to the force, with which it preſles the other 
plane pG, as pN to NH. And thus alſo the force of the ſcrew 
3 is deduced from a like reſolution of forces, it being no other 
3 than a wedge impelled with the force of a lever. Therefore 
3 the uſe of this corollary extends far and wide; and, by that 
1 diffuſive extent, evinces its truth: ſince on what has been ſaid 
depends the whole doctrine of mechanics, variouſly demon- 
ſtrated by different authors. For from hence are eaſily deduced: 
the forces of machines, which are compounded of wheels, pul- 


leys, levers, cords, and weights, aſcending directly or obliquely, 
and: 


"x 5 5 Ty . 224 er * 2328 . * 2 
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Axioms,.or and other mechanical powers; as alſo the forces of the ten- 


— 


dons to move the bones of animals. 


N 


The quantity of motion, which is collected by taking the ſum of the motions 


directed towards the ſame part, and the difference of 'thoſe that are 
directed to contrary parts, is not changed by the action of bodies among 
themſelves. | enn = 
For action and its oppoſite reaction are equal, by Law III.; and 
therefore,. by Law II. they produce equal changes in motions 
towards oppoſite parts. Therefore, if motions are directed to- 


wards the ſame part, whatever is added to the motion of the 
preceding body will be ſo ſubducted from the motion of that 
-which follows, that the ſum may remain the ſame as before. 


But if bodies meet each other with contrary motions, there will 
be an equal deduction from the motion of 'each; and there- 


fore the difference of the motions directed towards oppoſite parts 


will remain the ſame. | 
(r.) Thus, if a ſpherical body 4 is triple of a ſpherical body 
B, and has two parts of velocity; and B follows in the ſame 
9 en — right 
: COMMENTARY. | 


(r) 39. In general, let A and B be two ſpherical bodies, moving, with their 
centres in the ſame right line, either in the ſame or contrary directions, with any 
velocities a and 5. The motion of A, before the concourſe, is as A a (Defini- 
tion II.), and that of B as BUD: and the ſum or difference of their motions, ac- 
cording as they move in the ſame or contrary directions, are as Aa +B 5. 

40. If theſe bodies are void of elaſticity, there being no ſpring to ſeparate them, 
they muſt proceed together after the colliſion in one maſs with the ſame velocity. 
And the ſum of their motions in the ſame direction, and the difference in con- 
trary directions, being the ſame after the ſtroke as before (Corollary III.), the 
quantity of motion after the ſtroke is rightly expreſſed by A a + B, and their 


= — (Definition II.). Hence the moment of 4 af. 
* | 5 k FF 

ter the colliſion is £ EEE and that of B is — From 

theſe ex preſſions may be determined the motions of fuch bodies, as are Ren 
y 


common velocity by 
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right line with ten parts of velocity; and therefore the motion, Iaws of 


0:10n, 


of A is to that of B, as 6 to 10: let their motions be ſuppoſed to.. 
| 1 W 5 be 


Gon Ar 


ly herd, vhofe parts are inflexible, and not at all compreſſed i in their colliſions : 
and likewiſe of ſuch as are perfectly ſoft, whoſe parts are compreſſed in their 
colliſions, but do not return to their former poſition, 

41. Perfectly elaſtic bodies, whoſe parts yield in their colliſions, and reſtore 
themſelves with a force, equal to that with which they are compreſſed, recede 
from each other, after the colliſion, with the ſame reſpective velocity, with which 
they approached each other before, Therefore the force, loſt or gained in this, 
caſe, is twice as much as if the bodies had been entirely void of elaſticity. 

AAa+ AB 


To determine their motions then, let — FIT — (the moment of A, after 
the colliſion in the former caſe,) be ſubſtracted from A a, (the moment of A 
ABa AB 


before the colliſion,) and the remainder, — expreſſes the motion loſt 


A+B 4 
by A, ſuppoſing it void of elaſticity. Which motion, being ſubſtracted from 


AqAa+ A + BB 
- = (the moment of Ain the former caſe), and added to {Ba BBb 


A+B I 
| ae of 
(the moment of B), the difference 55. == 2 and the ſum 


2 ABA BBU ABb , expreſs the motions of A and B after the colliſion, ſup- 


A+B 
: Aa 2Bb — Ba 2 Aa BU Ab 
poling them perfectly elaſtic. And TB „ and 4 => wn „ 


expreſs their reſpective velocities. | 

42. Hence may be deduced, 1n all particular caſes, the laws of the motions 
of perfectly elaſtic bodies, after the colliſion. For example. If the bodies 4 
and B are equal, and A ſtrikes upon Bat reft, is at reſt after the impulſe ; and 
B moves on with the ſame velocity that A had before, For, in this caſe, A=B, 
Aa g 23 —Ba _ 2 A B 46 


TOY” =0.,. and TB 
43. And if there is any 5 FM of perfectly elaſtic, equal, and ſpherical "RM 
A, B, C, &c.; whoſe centres are placed in a right line; and the firſt body A. 
ſtrikes upon B. i in the direction of that line, all the bodies reſt after the impulſe, 
except the laſt, which moves off with the velocity of A. | 
44. It A and B are equal, and move either in the ſame, or in contrary 
directions, with unequal velocities, each is reflected back after the impulſe with 


and 6 = o: hence = 4. 


the velocity, which the other had before. For in this caſe a9 = 
is equal to + b, if they move the ſame way, and — 5, if they move contrary 
Vol. I, 1 Ye ways: 
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&xioms, or be of 6 parts, and of 10 parts, and the ſum will be of 16 parts. 
„ Therefore, upon the concourſe of the bodies, if 4 acquires 3, 4. 
or 5 parts of motion, B will loſe as many; and therefore, after 
reflection, 4 will. proceed with 9, 10, or 11 parts, and B with 7, 
6, or 5 parts; the ſum remaining always of 16 parts as before. 
If the body A acquires 9, 10, 11, or 12 parts of motion, and 
5 ; | there- 


COMMENTARY. 
5 Ce 2 = a, in both caſes. The quantity expreſling the 
velocity of A, when they move in contrary directions, being negative, A is in 
this caſe carried in a contrary direction, after the impulſe; 
45. If A and B meet each other with velocities inverſely proportional to their 
> quantities of matter, each body is reflected after the impulſe, with the ſame 
velocity which it had before: for A = BBl, &c. See Morgan's notes on 
Rohault's Phyſicks. | 
46. If A is leſs than B, and ſtrikes upon RB at reſt, A is reflected back after 
the impulſe; and the moment of B, after the impulſe, is greater than that of 4 
before it. ; | | 
47. And if we have a ſeries of bodies 4, x, B, &c. ſpherical, and: perfectly 
elaſtic, whoſe centres are placed in a right line, and A ſtrikes upon x quieſcent, 
in the direction of that line, and x upon B quieſcent, &c. there is the greateſt 
increaſe of motion, when. theſe bodies are in continual geometrical proportion. 
For, if A ſtrikes upon x. at reſt with the velocity a, the moment of & after the 


foe 2 Axa . 2 Axa 
=. * 4 1 — Þ „ . 1 * . 
impulſe is ID (41.). And if x, with the moment 5 ſtrikes upon B at 


reſt, it appears in the ſame manner, that the moment of B, after the impulſe, is 
ABA 8 a a 
8 =. When this quantity is a maximum, it follows, from the: 


method of fluxions, that 
4A4Ba:zXAB+ Ax +Bx +x* —4 ABax+A;+B*+2x5 _ i 
AB+ Ax +Bx+ x FOIA 
Hence AB=xx; and A: x::x:8B. 
48. Hence may be determined the figure of a ſpeaking trumpet, which. 
| produces the greateſt increaſe of ſound. Hb 
- 49. As. the elaſticity of all known bodies is imperfect, to find their true 
motions, the quantities here found muſt be diminiſhed in- the ſame proportion, 
as their elaſticity. is leſs than a perfect elaſticity. In glaſs, this proportion is. 
found to be that of. 15 to 16: that is, the parts of glals reſtore themſelves with.: 
leſs force, than if it was perfectly elaſtic, in the proportion of 15 to 16. There- 
fore, the force loſt or gained, in this caſe, is leſs in the ſame proportion. And. 
ſo of other bodies, according to their imperfect elaſticity, 


ways: and 
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therefore, after the concourſe, proceeds with 15, 16, 17, or 18 
parts; the body B, by loſing as many parts as A gains, will either 
proceed with one part, having loſt 9; or will remain at reſt, 
having loſt its whole progreſſive motion of 10 parts; or it will 
go back with one part, having not only loſt its whole motion, 
but (if I may ſo ſay) one part more; or it will go back with 2 
parts, becauſe a progreſſive motion of 12 parts is taken off. And 
ſo, the ſums of the.conſpiring motions 15 + x, or 16 + o, and the 
differences of the contrary motions 17—1 and 18— will always 
be equal to 16 parts, as they were before the concourſe and re- 
flection. But the motions being known, with which the bodies 
proceed after reflection, the velocity of either will be found, by 
taking the velocity after, to the yelocity before reflection, as the 
motion after 1s to the motion before. As in the laſt caſe, where 
the motion of the body A was of 6 parts before reflection, and of 
18 parts after, and the velocity was of 2 parts before reflection ; 
the velocity thereof after reflection will be found to be of 6 parts, 
by ſaying, as 6 parts of motion before reflection are to 10 parts 
after, ſo are 2 parts of velocity before reflection, to 6 parts 
after, 


But if bodies, either not ſpherical, or moving in different 


right lines, ſtrike obliquely on each other, and their motions 


after reflection are required: the poſition of the plane that 
| touches 


COMMENTAR Y. 


(5) go. If any bodies A and B, moving in the right lines 4 C, BC; ſtrike each 
other obliquely in C, and D EZ is the ſituation of the plane, which touches both 
the bodies in the point of contact C: let the motion AC be reſolved into two, 
AF, AD; and the motion BC into two, BG, BH; of which AD and B H 
are perpendicular, and A F, BG, are parallel to the plane DE. The motions 
AF and BG, parallel to the plane, are not altered by the collifion : from the 
forces A-D, B H, with which they ſtrike each other perpendicularly, find the 
motion of each, after the colliſion (41.): and ſuppoſe CK to be the motion, with 
which A is reflected, in a direction perpendicular to the plane DE; taking CE 

equal and parallel to 4 F, the body A, acted upon by theſe two forces, after the 
collifion moves in the diagonal Ca, with a velocity as Ca. In like manner, let 
Ck, perpendicular to D E, be the force with which Bis reflected, in a direction 
perpendicular to the plane; and take C & in the plane, equal and parallel to B G: 
the body B, after the colliſion, —_ in the diagonal C 5, with a velocity as C#. 
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Axiom, or touches the concurring bodies in the point of concourſe is firſt 
to be determined; then the motion of each body (by Corol. U.) 
is to be reſolved into two, one perpendicular to this plane, the 
other parallel to it. But, becauſe the bodies act upon each other 

in the direction of a line perpendicular to this plane, the parallel 
motions are to be retained the ſame after reflection as before; and 
to the perpendicular motions equal changes are to be aſſigned, 
towards contrary parts, in ſuch manner that the ſum of the con- 
ſpiring, and the difference of the contrary motions, may remain 
the ſame as before. From ſuch kind of reflections alſo circu- 
lar motions. of bodies about their own centres ſometimes ariſe. 
But theſe caſes I do not conſider in what follows; and it would 
be too tedious to demonſtrate every particular that relates to this 
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| ſubject. 
Wy | . = 
8 " . COROLLARY IV. 
| 9 (t) The common centre of gravity of two or more bodies does not alter 
N 1 ita flate of motion ar reft by the actions of the bodies among themſelues; 
Wi. : and therefore the common centre of gravity of all bodies, acting mutu- 


ally upon. each other, (ſetting afide external actions and impediments } 
is either at reſt, or moves uniformly in a right line. 


For if two points proceed with an uniform motion in right 
lines, and their diſtance be divided in a given ratio, the dividing 
| point 
FS COMMENTARY. 
(i) 51. The centre of gravity of a ſingle body is that point, which being 
ſuſtained, the whole body is likewiſe ſuſtained. 
52. The common centre of gravity of two bodies A and B, is a point c which 
divides their diſtance ſo, that Ac is to cB, as B to A; or fo that A x Ac = 
B x Bc. Whence it appears, that if the point c is fupported, the bodies A and 
B are in xquilibrio (Cor. II.). 3 5 4 
Suppoſe a body, equal to the ſum of 4 and B, td be placed in their 
common centre of gravity c, from the point c draw a right line to the centre of 
a third body D; which divide in C, ſo chat C D may be to Ce, as A + Bis to 
D, then is C the common centre of gravity of the three bodies 4, B, D. In the 
ſame manner may be found the common centre of gravity of any number of 
bodies, BS, | 
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Fig. 14, 


g . 53. The 


or NATURAL PHILOSOPHY. 


point is either .at-reft, or proceeds uniformly in a right line. 


This is demonſtrated hereafter in Lemma XXIII. and its Corol- « 


lary, when the motions of the points are made in the ſame 
plane; and, by a like way of arguing, it may be demonſtrated, 
when thoſe motions are not made in the ſame plane. Therefore 
if any number of bodies move uniformly in right lines, the 
common centre of gravity of any two of them is either at reſt, 
or proceeds uniformly in a right line; becauſe the line, which 
connects the centres of theſe two bodies, thus uniformly mov- 
ing, is divided at the common centre in a given ratio. In hke 
manner, the common centre of theſe two, and of a third body, 
is either at reſt, or moves uniformly in a right line; becauſe, 
by that centre, the diſtance between the common centre of the 
two bodies, and the centre of this laſt, is divided in a given 
ratio. In like manner, the common centre of theſe three, and 
of a fourth body, is either at reſt, or moves uniformly forward 
in a right hne ; becauſe the diſtance between the common centre 
of the three bodies, and the centre of the fourth, is there alſo 

| | divided 
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53. The diſtance of the common centre of gravity C of any number of bodies 
A, B, D, E, from a point P, aſſumed in the right line A E produced, fs the 
ſum of the products of each body, multiplied into its reſpective diſtance from 
the point P, divided by the ſum of the bodies. | 

The forces, with which the bodies 4, B, D, E, endeavour to turn an inflex- 
ible line AE round a point C, are (Cor. II.) AX AC, BxXBC, Dx DC, 
E x EC, or AX PC - PA, B NPC - PB, DX PDC, EXPE—PC. 

If C, the common centre of gravity, is ſupported, the whole ſyſtem is at reſt; 
and the forces on each fide of Care equal. Therefore Ax PC— PA+B X 
PC—PB=DxXPD—-PC+ExXPE—PC,anddxPC+BxPC 
+ D * Pp + Ex PC=Ax PA + BX PB +DxXPD + EXPE. 
Whence PC = Ax PA+BXPB+ DXPD+EXPE 

A+SB + DE 

54. When ſome of the bodies are on the oppoſite ſide of the point P, their 
forces muſt be conſidered as negative, and are to be ſubdued. 

55. Since I BF BA EN PC = AXAP + BXBP TD DPA 
E Xx EP; it folows, that the forces of any number of weights, placed at dif- 
ferent diſtances on a lever, are the ſame as the force of a weight, equal to the: 
ſym of all, placed in the common centre of gravity. | 
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Axioms, or Hividled in a given ratio, and fo on indefinitely. Therefore, in 


'Plate I. 
. Fig. 1 6. 


a ſyſtem of bodies, which are entirely free from all mutual ac- 
tions among themſelves, and all other forces impreſſed upon 
them from without, and which conſequently move uniformly 
in right lines, the common centre of gravity of them all is either 
at reſt, or moves uniformly in a right line u). | 

Moreover, 


COMMENTARY. 


(«) 56. If any number of bodies 4, B, D, &c, move uniformly in right 
Jines, whether in the ſame or in different planes, their common centre of gravity 
C is either at reſt, or moves uniformly in a right line, | | 

Let the body 4 move uniformly to a, and the reſt remaining in their places 
B, D, &c. let the common centre of gravity of the whole move, at the ſame 
time, from C toc; which (ſuppoſing & to be the common centre of gravity of 
all the bodies; excluding A) is ſomewhere in the right line $ 4: and becauſe 
SA. Sa are divided proportionally in C and c (52), the line Cc is parallel to 
A a (El. b. VI. p. 2.). * 

From the nature of the centre of gravity SC is to CA, as A to B + D &c, 
and SC is to S A, or Ce to Aa, as A is to A+ B+D &c. Loet the 
body B move to 6, and at the ſame time the common centre of gravity from 
c to g; which (ſuppoſing s the common centre of gravity of all, excluding B,) 
is ſome where in the right line 65: and becauſe 5s B, 56, are divided proportion- 
ally in c and g, cg is parallel to Bb, and is in length to B, as Bis to A + B 
+ D &c. In like manner, let the body D move uniformly from D to d, and 
the common centre of gravity at the ſame time from g to G, which (ſuppoſing 
to be the common centre of gravity of all the bodies, except D) is ſomewhere 
in the right line 4g: and the right line g G is parallel to D d, becauſe 4 D, q 4, 
are divided proportionally in g and G; and g G is alſo in length to Dd, as D 
is to the ſum of the bodies 4 + B + D &c. . bs | 

Let all the bodies be now reſtored to their former places A, B, D &c. and 
there be impelled, at the fame time, with velocities proportional to, and in the 
direction of Aa, B, D d, &c. and the common centre of gravity, which, by 
the forces applied ſeparately, deſcribed Cc, cg, g G, &c. does now, by the 
united forces, deſcribe CG, in the ſame time (17). Since the lines Cc, cg, 
g G, &c. bear always a given ratio to A a, B , D d, &c. if the latter increate 


uniformly, the former muſt likewiſe (increaſe uniformly; but, by the ſuppo- 


ſition, the motions of the bodies through Aa, Bb, D 4, &c. are uniform; 
conſequently, the motion of the centre of gravity, by the forces acting ſepa- 
rately, is likewiſe uniform through Cc, c g, g, &c. and ſo alſo the motion of 
the centre of gravity through CG, which is compounded of the motions C.c, 
g, g G, &c. is uniform, as appears by the compolition of motion. 

57. If the point G coincides with C, it is evident, that the common centre of 
gravity is quieſcent. 


8 e 56. If 
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Moreover, in a fyſtem of two bodies, mutually acting upon 


| | SES on. 
each other, ſince the diſtances between the centres of each, and. 


the common centre of gravity of both, are reciprocally as the 
bodies ; the relative motions of theſe bodies, either of approach- 
ing to, or of receding from that centre, will be equal among 
rhemſelves. Therefore, from the equal changes of motions; 


made to contrary parts, the common centre of theſe bodies, by 
their mutual actions between themſelves, is neither promoted 


nor retarded,. nor ſuffers any change, as to irs ſtate of motion 
or reſt: But, in a ſyſtem of ſeveral bodies, becauſe the com- 
mon centre of gravity of any two, acting mutually upon each: 
other, ſuffers no change in its ſtate by that action; and the 
common centre of gravity of the others, with which that action 
does not intervene, ſuffers no change from thence ; but the 
diſtance between theſe two centres is divided, by the common: 


centre of all the bodies, into parts reciprocally proportional to 
the total ſums of thoſe bodies, whoſe centres they are; and 
therefore, while thoſe two centres retain their ſtate of motion 


O 


COMMENTARY. 


58. If a body P, equal to the ſum of all the bodies A + B + D &c. is 
placed in the common centre of gravity C, and impelled by the force of the body 
A, in a direction parallel to A a, that body will deſcribe Cc, with a velocity, 
which is to that of A, as A to P, or as C to Aa: therefore it deſcribes Cc in 
the ſame time that A deſcribed 4 a. For the ſame reaſon, the moving force of 
B, impreſſed upon P, in a direction parallel to B &, makes it move through cg 
in the ſame time. And the moving force of D, impreſſed upon P, in a direc- 
tion parallel to D d, makes it move through g G in the ſame time. Therefore, 
all the forces, impreſſed at once, cauſe the body P to deſcribe CG, in the ſame 
time that it deſcribed Cc, cg, g G, by the forces acting ſeparately. 

59. Hence any forces, acting on any * of a ſyſtem of bodies, affect the 
motion of the common centre of gravity of that ſyſtem, in the ſame manner, as 
if the ſame forces were ſimilarly applied to a body, equal to the ſum of all the 
bodies, placed in the common centre of gravity. See Scholia at the end of Saun- 
derſon's Fluxions. . | 

60. Therefore equal and contrary forces, acting on a ſyſtem of bodies, at che 
fame time, do not change the ſtate of motion or reſt of the common centre of 
gravity. Neither do the actions of the parts of a ſyſtem among themſelves : reac- 


tion being always equal and contrary to action. 
; 3. 61. Whense- 


MATHEMATICAL: PRINCIPLES 


Axioms; or O reſt; the common centre of all xetains alſo its ſtate of motion 


As arg ata 


or reſt; it is manifeſt, that the common centre of all never 
ſuffers any change in the ſtate, of its motion or reſt, from the 
actions of any two bodies between themſelves. But in ſuch a 
ſyſtem, all the actions of the bodies among themſelves either 
happen between two bodies, or are compoſed of actions inter- 
changed between ſome two bodies; and therefore, they never 
produce any alteration in the common centre of all, as to its 
ſtate of motion or reſt. Wherefore, ſince that centre, when the 
bodies do not act mutually one upon another, is either at reſt, 
or moves uniformly forward in ſome right line; it will, not- 
withſtanding the mutual actions of the bodies among themſelves, 
always perſevere in its ſtate, either of reſt, or of moving uni- 
formly in a right line; unleſs it is forced out of that ſtate by 
actions, impreſſed from without upon the whole ſyſtem: and 
therefore the law of a ſyſtem of any number of bodies is the 
ſame as that of one ſingle body, with regard to their perſevering 
in a ſtate of motion or of reſt. For, the progreſſive motion 
either of one ſingle body, or of a whole ſyſtem of bodies, ought 
always to be eſtimated from the motion of the centre of gravity. 

| FOE a, > | COROL- 


COMMENTAR Y, 


61. It follows, that the law of a ſyſtem of bodies, as to their motion and reſt, is 
the ſame as that of one body; it being rightly eſtimated from the motion of the 
centre of gravity, which perſeveres in its ſtate of reſt or uniform motion in a 
right line, in the ſame manner as a ſingle body perſeveres in its ſtate, agreeably 
to the firſt law of motion: nor does it change that ſtate in conſequence of the 
actions of the parts of the ſyſtem among themſelves, but only in conſequence of 
ſome external influence. 3 | 

62. Hence it is, that the mutual actions of bodies on the earth, or on any of 
the planets, have no effect on the ſtate of their centre of gravity : that the ſtate. 
of the ſmaller ſyſtems of the planets is not affected by the attractions or repulſions, 
or the actions of any bodies within thoſe ſyſtems; and that the centre of gravity 
of the whole ſyſtem remains undifturbed by the motions of all the bodies, and 
tie actions of all the powers, included in that ſyſtem, - - _ | 


OF NATURAL PHILOSOPHY. © _ 


,,COROLLARY.V. ; . 
The motions of bodies, included in a given ſpace, are the ſame among 
themſelves, whether that ſpace is at reft, or moves uniformly forward 
in a right line, without any circular motion. 


For the differences of the motions tending towards the ſame 
part, and the ſums. of thoſe that tend towards contrary parts, 
are the ſame at firſt in both caſes (by the ſuppoſition); and, 
from theſe ſums or differences, the colliſions and impulſes, 
with which the bodies mutually impinge upon each other, ariſe. 
Wherefore, (by Law II.) the effects of the collifions will be 
equal in both caſes; and therefore the motions of the bodies 

among themſelves, in the one caſe, will remain equal to their 
motions among themſelves, in the other. This is proved by a 
plain experiment. All motions are performed in the ſame man- 


ner in a ſhip, whether it is at reſt, or is carried ſteadily and uni- 
formly forward in a right line (v). 


COROLLARY V. 
If bodies are any how moved among themſelves, and are urged in the di- 


rection of parallel lines by equal accelerating forces, they will all con- 


tinue to move among themſelves, in the ſame manner, as if they had not 
been urged by thoſe forces. | 


For thoſe forces, by acting equally, in proportion to the quan- 
tities of the bodies to be moved, and in the direction of parallel 


lines, 


COMMENTARY. 


(v) 63. But if the ſpace is not carried uniformly forward, the motions of 
bodies, in that ſpace, are diſturbed : as appears by the experiment of a ſhip, 
not moving ſteadily and uniformly. If there is any circular motion, the mo- 
tions of bodies among each other are diſturbed by a centrifugal force. For in- 
ſtance; the motions of bodies on the ſurface of the earth, and their actions on 
each other, are undiſturbed by the motion of the earth round its axis, as far as 
it is uniform and rectilineal: but the centrifugal force, ariſing from its circular 
motion, diminiſhes the gravities of bodies in different degrees, at different diſ- 
tances from the equator ; as appears by the vibrations of pendulums, 
Ya. I. | G 
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„ , MATHBMATICAL PRINCIPLES 


mes will (by La, 11.) move all the bodies equally, as to ve- 
— locity; and therefore will never produte any change in their 
poſi s and motions among themſelves... 

% $0 HEY 


e . * 
| Hitherto I have laid down ſuch principles as have been re- 
ceived by ma hematicians, a 1d confirmed” by manifold expe- 
ricfice. By the two Het laws, and the two firſt corollaries, Gali- 
led diſcovered, that the deſcent of Heavy bodies is in the du- 
plieare ratio of the time; and, that the motion of projectiles is 
in the curve of 4 raböla; experience agreeing with both, 
except fo far 48 theſe motions are a litde retarded by the reſiſt- 
ance of the air. T. When a body is falling, its uniform gra- 
#3 9 8 „ 1 ö r | | 
it ns $15 £15 8 0 MM ENT A R V. zaztaires 

DD ˙ ». IE 
c 64. Let the times of the deſtent uf two bodies, falling ftom reft, be 
Fig. 17. Proportional to the lines A B, 4 b, in which take AC to ac, as AB to ab; 
and any ſmall portions, bf the tie © D to 44, in the) ſame ratio. Since the 
gravity is ſuppaſed to be uniform, the velocity, generated in the time AC, is 
to the velocity, generated in the time 4 r; BAC to ae; of ab the whole time: 
AB ͤ to the whole time 4b. But the ſpaces deſcribed in the ſmall portions of 
time C D, cd, übe which the motions may be conſidered as uniform, are 
in the compound ratlo of the velocities and times; that is, in the compound 
ratio of AC to ac, and CD to cd; or as AB* toab*. Let then the whole 
times 4 B, ab, be divided into very ſmall moments, proportional to the 
whole, and conſequently equal in number; and ſince the ſpaces deſcribed in. 
each of theſe moments C D, e d, ſimilarly ſituated, are as the ſquares of the 

times, the whole ſpaces deſcribed in the times A B, a6, are in the ſame ratio: 
Plate IT, 65. If the area 4 D B is deſcribed by the motion of the ordinate PM, parallel 
Vg. 13, to itſelf, and we expreſs the times uf a"body's motion. by the baſes AP, Ap; 
and the velocities 2 the correſponding ordinates PM, pm; the ſpaces de- 
ſcribed with theſe velotities are fighthy impreſſed by the areas deſcribed with 
WES rn I. 3 | 
_'Suppbſe' the area 4 D J to be deſcribed with the uniform motion of the or- 
dinate P M, parallel to itſelf. And let the rectilinear ſpace CQ be deſcribed 
by the point Q, moving with any variable velocity, repreſented always by the 
ordinate P M,. while the time is repreſented by A P. It is evident, that the 
area A P M, and the line C Q, vary continually in the ſame ratio; for, if the 
velocity of & is uniform, and P M is conſtant, this is plain from El. VI. p. Is. 
And, if the velotity of Eis variable, then the line PM is continually increaſed 
— 8 3 92 3 22 Or 
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: OF NATURAL PHILOSOPHY?" 
vity, by acting equally, impreſſes, in equal particles of time, 


43 
Law: of 


equal forces upon that body, and generates equal velocities : Motion. 


and, in the whole time, impreſſes a whole force, and generates 
a whole velocity; proportional to the time. And the ſpaces de- 


- ſcribed 
COMMENTARY. 


or diminiſhed in the ratio of the velocity, with which C is increaſed; and 
therefore A P, the time, yen rany - uniformly, the area AP M is increaſed in 
the ſame ratio with the rectilinear ſpace CY, That is, the velocity, with which 
the area A PM, deſcribed with the flowing of the variable line PM, uniform, 
and parallel to itſelf, is continually increaſed, is always proportional to the velo- 
city, with which the line C & is generated by the flowing of the point Q, with 
a variable velocity, always proportional to the line PM. And the whole area 
ADB being always increaſed in the ſame ratio with the whole rectilinear ſpace 


C 9, the ratios of the ſpaces C & may be always expreſſed by the ratios of the 
areas A P M. | 

66. If the velocity 1s uniformly accelerated, that is, receives equal aug- 
ments in equal times, AP:PM:: Ap:pm; and conſequently the point 
M is always in the right line 4 C; and the ſpace deſcribed is repreſented by a 
triangle, the baſe of which A P repreſents the time, and the ordinate or per- 
pendicular the increaſing velocity. 8 

67. If the velocity increaſes more or leſs than in this proportion, the point 
M Halle without or within the right line 4 C, and the ſpaces deſcribed are mea- 
ſured by the curvilinear areas A D B. 
68, If the velocity D C decreaſes uniformly, till the motion is extinguiſhed, 
the ſpace deſcribed by that motion, uniformly retarded, is meaſured by the tri- 
angle ADC. 3 5 | = * 6 | 

69. If the motion is uniform, the velocity D C continuing the ſame, the ſpace 
is meaſured by the rectangle AD CE. 

70. The ſpace deſcribed by an uniformly accelerated motion is half the ſpace, 
that would be deſcribed in the ſame time by the velocity, acquired at the end of 
that time, continued uniformly. | 


71. Similar triangles being as the ſquares of their homologous fides, the ſpaces 
deſcribed by a motion uniformly accelerated or retarded are as the ſquares of 
the times; or, as the ſquares of the velocities acquired at the end”of the times. 

72. Hence, if a body, acted upon by an uniform force, deſcends through 
the ſpace &, in the time T, and at laſt acquires the velocity / 


1. S is as T T, or as T XV, or as V. 


2. T is as > or as F, or as V. 


| | M4 2 
3. is as 7, or as V, or as 7 


62 73. If 


* 


— 


MATHEMATICAL PRINCIPLES 


Axiomt, or ſcribed in proportional times are as the velocities and the times 


jointly ; that is, in the duplicate ratio of the times. And when 


a body is projected upwards, its uniform : gravity impreſſes 


Plate IT. 
Fig. I 9. 


VC. 


forces, and takes away velocities, proportional to the times: 
- 4 — — - 
35d | | and 


COMMENTARY, , 


73. If the accelerating; force is not given, the velocity acquired is in the com- 
pound ratio of the force and time. Whence, calling the accelerating force E, 
the following proportions may be dedu cen. * 

I, W ty or 83 or 88 = 
3. 7 is as F, or as 77» Or as wy 


4. is as F 7. or s-, or as V X VF. 


74. The accelerating forces, down any inclined planes, are as the elevations 
of the planes directly, and as their lengths inverſely. | 

Let the conſtant force of gravity, whereby a body would deſcend perpendi- 
cularly, be expreſſed by CB; reſolve the force CB into B D, perpendicular to 
CA. and CD in the direction of C A. The force B D being deſtroyed by the 
reaction of the plane, CD is the only part that is employed in accelerating the 
motion in the direction C A; and is to the force of gravity down the perpendi- 


cular, as CD to CB, or as C to C 4, or as <=; to I. 


Therefore, the force of gravity down the r being the ſame in all 
ſuppoſitions of the elevation and length, it follows, that the accelerating forces 


down different inclined planes, are as their elevations directly, and their lengths 


inverſely. | OY $4 h 
35 The accelerating force down an inclined plane, being repreſented by 
c | | | 


A is the ſame in every part of the ſame plane, and the motion is uniformly 


accelerated. Therefore, whatever has been demonſtrated concerning the per- 
pendicular deſcent of bodies, is equally applicable to their deſcent down inclined 


planes: ſuppoſing only the accelerating forces to be different down different 


planes, in the above ratio, 


Ss * 


76. The velocities acquired, being as WTR F (73), are V C4 x ©, or 


3 | | : 77. Theres 


* 
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and the times of aſcending to the greateſt height) are as the 


45 
Laws of 


: | Motion. 
velocities to be taken away ; and thoſe heights are as the velo- cw 


cities and the times jointly ; or in the duplicate ratio of the 
velocities. . And the motion of a body, projected in any direction, 
ariſing from its projection, is compounded with the motion, 
ariſing from its gravity. As if the body 4, by its motion of 
projection alone, could deſcribe in a given time the right line 
AB; and with its motion of falling alone, could deſcribe, in the 
ſame time, the altitude AC; let the parallelogram A BDC be 
completed, and the body, by the compounded motion, will at 
the end of the time be found in the place D; and the curve line 
AED, which that body deſcribes, will be a parabola, to which 


the right line AB is a tangent in 4; and whoſe ordinate BD is 
| | as 


COMMENTARY. 


77. Therefore the velocity, acquired in falling from the ſame point C to the ſame 
horizontal plane B A, is always the ſame, whatever be the inclination of the 


planes; and is the ſame likewiſe, whether the deſcent be made obliquely, or down 
the perpendicular C B. | 


78. The times of deſcent down different inclined planes being 
Ba: 
VCB 


79. Therefore, the elevation CB being the ſame, the times of deſcent are as 
the lengths of the planes, And the time of oblique deſcent down CA is to 
the time down the perpendicular C B, as CA to CB. 


80. The velocity acquired in falling down any number of contiguous planes, 
inclined to each other, is equal to that acquired in falling down the ſame per- 
pendicular height. | 


81. The ſame is true, if we ſuppoſe the number of planes to be multiplied, 
till the deſcent becomes curvilinear. | 


82. The velocities acquired in falling down any number of ſimilar and 
ſimilarly ſituated planes, or ſimilar and ſimilarly fituated curves, as well as the 
times of deſcent, are in the ſubduplicate ratio of the lengths, the heights, or any 
other homologous lines, 

83. Hence, ſuppoſing a body to aſcend or deſcend in a right line, and another 


to aſcend or deſcend obliquely ; if their velocities are equal at any equal altitudes, 
they are equal at all equal altitudes, 


84. The times of deſcent along all the chords of the ſame circle are equal 
(78): and the velocities acquired are as the lengths of thoſe chords. 


8 
| i 7 (73) are 
in this caſe, as 


Plate IF, 
Fig. 20. 
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Plate II. 
Fig. 21. 


MATHEMATICAL ' PRINCIPLES . 


— r 28 AB**. Gn the ſame laws and corollaries depend thoſe things, 


which have been demonſtrated concerning the times of the 
vibrations of pendulums; the daily experiments of pendulum 
clocks confirming them. By the ſame, together with the third 
law, Sir Chriſtopher Wren, John Wallis, 8. T. D. and Mr. 
Huygens, by far the greateſt geometricians of the laſt age, 
feverally determined the rules 'of the congreſs and reflection 


of hard bodies; and much about the ſame time communicated 


their diſcoveries to the Royal Society; exactly agreeing among 
themſelves, as to theſe rules. Dr. Wallis indeed firſt, then Sir 
Chriſtopher Wren, and laſtly Mr. Huygens, publiſhed the diſ- 
covery. But Sir Chriftopher Wren confirmed the truth of the 
thing before the Royal Society, by the experiment of pendulums; 
which the very eminent Mr. Mariotte ſoon after thought fit to 
explain in a treatiſe entirely upon that. ſubject. But to bring 
this-experiment to an accurate agreement with the theory, we 
are to have a due regard, as well to the reſiſtance of the air, as 
to the elaſtic force of the concurring bodies. Let the ſpherical 
bodies AB, be ſuſpended by the parallel and equal ſtrings AC, 
BD, from the centres C, D. With theſe centres, and intervals, 
let the ſemicircles EAF, GB H. be deſcribed, biſected by the 
radii C4, DB. Let the body A be brought to any point R of the 
arc EAF; and, withdrawing the body B, let it fall from thence, 
and after one oſcillation let it return to the point J. R/ is the 
retardation ariſing from the reſiſtance of the air. Of this R/ let 
ST be a fourth part, ſituated in the middle; fo that RS and TV 
may be equal; and let RS be to ST as 3 to 2: then will ST re- 
preſent, very nearly, the retardation in the deſcent from & to A. 
Let the body B be reſtored to its place: and, ſuppoſing the body 
A to, fall from the point &, the velocity thereof in the place of 


reflection A, without ſenſible error, will be the ſame as if it had 


defcended in a void from the point T. Let therefore this velocity 
be NAT * W chord of the arc 74 For, it is a propoſi- 
| | tion 


dee Cotes“ wadhs. - Wala account, B. II. ch. 8. | Margin) not on Rohaul, pblited by 
Clarke, Keil's phy ce, .&c, | 
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tion well known to geometers, that the velocity of a pendulum 


deſeribed in its deſeent. After reflection, let the body A arrive at 
the place s, and the body B at the place 2. Let the body B be 
withdrawn, and the place v be found; from which, if the body 
A be let fall, and after one oſcillation returns to the place r, let 
st be a fourth part of 1 v, ſo placed in the middle thereof, as 


that rs and to may be equal; and let the chord of the are:? 4 


repreſent the velocity; which the body 4 had in the place 4, 
immediately after reflection. For t will be the true and correct 
place, to which the body 4 ſhould have aſcended, if the re- 
ſiſtance of the air had been taken off. In the ſame way the 
place i is to be corrected, to which the body B aſcends, and the 
place / is to be found, to which it ſhould have aſcended in a void. 
Thus every thing may be tried by experiment, in the ſame 
manner as if we were really placed in a void. Theſe things 
being done, we are to take the product (if I may ſo ſay) of the 
body 4 multiplied into the chord of the arc T A, (which repre- 
ſents its velocity) that we may have its motion in the place 4, 
immediately before reflection; and then into the chord of the arc 
A, that we may have its ation in the place A, immediately after 
reflection. And ſo we are to take the product of the body B, 
multiplied into the chord of the arc B that we may have the 
motion of the ſame immediately after reflection. And in like 
manner, when two bodies are let fall together from different 
places, we are to find the motions of each, as well before, as 
after reflection; and then the motions between themſelves are to 
be compared, and the effects of the reflection to be collected. 

Thus, trying the thing with pendulums of ten feet, in unequal, 
as well as equal bodies, and making the bodies to concur after 
a deſcent through large ſpaces, as of 8, 12, or of 16 feet; I found 
always, without an error of 3 inches, that when the bodies con- 
curred directly, equal changes towards the contrary parts were 
produced in their motions; and conſequently that action and 
re- action were always equal. As if the body A impinged upon 
the * B at reſt with 9 parts of motion; and, lofing 7, pro- 


2 ceeded 
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in the loweſt point, is as the chord of the arc, which it has LL 
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Axioms, or eeedet after reflection with 2; the body B was carried backwards 
with thoſe 7 parts. If the bodies concurred with contrary 
motions, 4 with 12 parts of motion, and B with 6, and A receded 
with 2; B receded with 8, with a deduction of 4 parts of motion 
on each ſide. ' From the motion of 4 ſubducting 12 parts, no- 
thing will remain; but, ſubducting 2 parts more, a motion will 
be generated of 2 parts towards the contrary direction; and fo, 
ſubducting 14 parts from the motion of the body B of 6 parts, a 
motion is generated of 8 parts towards the contrary direction. 
But if the bodies moved towards the fame direction; A the 
ſwifter, with 14 parts of motion; B the flower with 5; and, after 
reflection, A went on with 5; B likewiſe went on with 14 parts; 
9 parts being transferred from A to B. And fo in other caſes. 
By the congreſs and collifion of -bodies, the quantity of motion, 
collected from the ſum of the motions directed the ſame way. 
or from the difference of the motions directed contrary Ways, 
was never changed. For, the error of an inch or two in mea- 
ſures, I ſhall aſcribe to the difficulty of executing every thing 
with ſufficient accuracy. It was not eaſy to let go the two pen- 
dulums ſo exactly together, that the bodies ſhould impinge upon 
each other in the loweſt place 4 B; nor to mark the places s and 
k, to which the bodies aſcended after their concourſe. Nay, the 
unequal denſity of the parts of the pendulous bodies themſelves, 


and the irregularity of the texture proceeding from other 
cauſes, occaſioned ſome errors. But that no one may object, that 


the rule, for the proof of which this experiment was made, 
ſuppoſes that the bodies are either abſolutely hard, or at leaſt 
perfectly elaſtic, of which no ſuch are to be found in nature; I 
muſt add, that the experiments already deſcribed, by no means 
depending upon that equality of hardneſs, ſucceed as well in 
ſoft, as in hard bodies. For, if the rule is to be tried in bodies 
not perfectly hard, we are only to diminiſh the reflection in ſuch 
a certain proportion, according to the quantity of the elaſtic 
Force. By the theory of Wren and Huygens, bodies abſolutely 
hard return one from another with the velocity of their congreſs. 
This may be affirmed with more certainty of bodies perfectly 
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elaſtic.” In bodies imperfectly elaſtic, the velocity of the return Laws of 
is to be diminiſhed together with the elaſtic force; becauſe that — 


force (except When the parts of bodies are bruiſed by their con- 
greſs, or ſuffer ſome ſuch extenſion as happens under the ſtrokes 


of a hammer) is, as far as I can perceive, certain and determin- 
ed; and makes the bodies to return one from the other with a 
relative velocity, which is in a given ratio to the relative velocity 
of the concourſe. This I tried in balls of wool, made up tightly, 
and ſtrongly compreſſed. For firſt, by letting go the pendulous 
bodies, and meaſuring their reflection, I determined the quantity 
of their elaſtic force; and then, according to this force, I eſti- 
mated the reflections in other caſes of congreſs; and the experi- 
ments agreed. The balls always receded from each other with 
a relative velocity, which was to the relative velocity with which 
they met, as 5 to 9 nearly. Balls of ſteel returned with almoſt 
the ſame velocity: others of cork, with a velocity ſomething leſs; 
but, in balls of glaſs the proportion was that of 15 to 16 nearly. 
And thus, the third law, ſo far as it regards percuſſions and re- 
flections, is proved by a theory, plainly agreeing with experience, 
In attractions 1 briefly demonſtrate the thing after this manner, 
Suppoſe an obſtacle is interpoſed to hinder the congreſs of any 
two bodies 4, B, mutually attracting each other. If either body as 
Ais more attracted towards the other body B, than that other body 
- B is towards the firſt body 4, the obſtacle will be more ſtrongly 
2 urged by the preſſure of the body A, than by the preſſure of the 
42 body B; and therefore will not remain in æquilibrio. The 
ſtronger preſſure will prevail, and will make the ſyſtem of the 
two bodies, together with the obſtacle, move directly towards 
the parts on which B lies; and go forward indefinitely in free 
ſpaces, with a motion perpetually accelerated. Which is abſurd, 
and contrary to the firſt law. For, by the firſt law, the ſyſtem 
ought to perſevere in its ſtate of reſt, or of moving uniformly in 
a right line: and therefore the bodies muſt equally preſs the 
obſtacle, and be equally attracted towa ds each other. I made 
the experiment on the magnet and-iron. If theſe, placed apart 
in ſeparate veſſels touching each orher, are made to float by one 


Vor. I, | H another 
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ariom, another in ſtanding water; neither of them will propel 


Plate II. 
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the 
other; but, by being equally attracted, they will ſuſtain. each 
other's preſſure, and at laſt will reſt in 2quilibrio. | 

So alſo the gravitation between the earth and its parts is mu- 
tual. Let the earth FI be cut, by any plane EG, into rwo parts 
EGF and EGI. and their weights towards each other will be 
mutually equal. For if, by another plane H&K parallel to the 
former EG, the greater part E G [is cut into two parts, E G R, 
and HKI. whereof HK T is equal to the part EFG, firſt cut off: 
it is evident, that the middle part EC KH will have no propenſion, 
by its proper weight, towards either fide, but will hang as it 
were, and reſt in æquilibrio between both. But the extreme part 
HR will, with its whole weight, bear upon, and preſs the 
middle part towards the other extreme part E GF; and therefore, 
the force, with which EG, the ſum of the parts HRK I and 
E GRE, tends towards the third part EG F, is equal to the 
weight of the part HI; that is, to the weight of the third part 


EF. And erate the weights of the two parts E & I and E GF, 


towards each other, are equal, as I was to prove. And indeed, if 
thoſe weights were not equal, the whole earth, floating in a free 
ether, would give way to the greater weight; and, retiring 
from it, would be carried off indefinitely. | 


As thoſe bodies are equipollent in the, congreſs and reflection, 
whoſe velocities are reciprocally as their innate forces: ſo in the 
uſe of mechanical inſtruments, thoſe agents are equipollent, and 
mutually ſuſtain the contrary. preſſure of each other, whoſe 
velocities, eſtimated according to the determination of the forces, 
are reciprocally as the forces Cl. 


I 6) Thus 
COMMENTARY. 


(*) 85. The general principle, which obtains univerſally in all the mechamical 
powers, and in their various combinations, namely, that when there is an æqui- 
librium, the power and weight are to each other inverſely as the velocities, which, 
they would have, if they were put in motion in the directions in which they act, 
may ſerve to illuſtrate the Jaws, of motion; and ſhews an evident analogy to the 
forces of bodies in motion: which, in their concourſe, are found to balance each 
other, when their velocities, in contrary directions, are inverſely as the bodies. 


5 | But 
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Thus, thoſe weights are of equal force to move the arms 


$1 


Laws of 
Motion. 


of a balance, which, during the oſcillation of the balance, are 


xocally as their velocities yupwards,and dawnwards: that is, 
22 aſcent or deſcent is direct, thoſe weights are of equal force, 
Which are reciprocally as the diſtances of the points at which 


they are ſuſpended from the axis of the balance; but if they are 


turned aſide by the interpoſition of oblique planes, or other 
obſtacles, and are made to aſcend or deſcend obliquely, thoſe 
bodies will be equipollent, which are Nciprocally as the heights 
of their aſcent and deſcent, taken according to the perpendi- 
cular; and that on account of the determination of gravity 
downwards. 


In like manner, in the W or in a combination of . pul- 


| leys, the force of a hand, drawing the rope directly, that is to 


the weights aſcending either directly or obliquely, as the veloci- 
ty of the perpendicular ' aſcent, to the velocity of the hand that 
draws the rope, will ſuſtain the weight. 

In clocks, and ſuch like inftraments, made up of a combina- 
tion of wheels, the contrary forces that promote and impede the 
motion of the wheels, if they are reciprocally as the velocities of 
the parts of the wheel on which they are impreſſed, will mu- 
tually ſuſtain each other. 


The force of the ſcrew tc preſs a body, is to the force of 
the hand that turns round the handle, as the circular velocity of 
the handle, in that part where it is impelled by the hand, to the 
progreſſive velocity of the ſcrew towards the preſſed body. 

The forces, by which the wedge preſſes the two parts of 
the wood cloven, are to the force of the mallet upon the wedge, 
as the progreſs of the wedge in the direction of the force im- 
preſſed upon it by the mallet, to the velocity with which the 
parts of the w yield to the wedge, in the direction of lines 


perpen- 
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But it is not here offered as a proof of the law of the æquilibrium in the 


mechanical powers ; which has already been demonſtrated, in the moſt unexcep- 


H 2 


tionable manner, in Cor, II. 
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— e. perp endicular to the ſides of the maſſe. And the like account 
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is to be given of all machine. 


The power and uſe of machines conſiſt ofily i in i this, har by 
diminiſhing the velocity we may augment the force, and 
the contrary. Whence, in all ſorts of proper machines, we 
have the ſolution of this problem; To move a given weight with a 
given power ; Or with a given force to overcome any other given 
reſiſtance. For, if machines es are ſo formed, that the velocities of 
the agent and reſiſtent are reciprocally as their forces, the agent 
will ſuſtain the reſiſtance: and, with a greater diſparity of velo- 
City, will overcome it. Certainly, if the difparity of velocities 
is ſo great, as to overcome all that reſiſtance, which commonly 
ariſes as well from the attrition of contiguous bodies, as they 
ſlide by one another, as from tlie coheſion of continuous bodies, 
that are to be ſeparated, and from the weights of bodies to be 
raiſed: the exceſs of the force remaining, after all thoſe reſiſt- 
ances are overcome, will produce an acceleration of motion pro- 
portional to itſelf, as well in the parts of the machine, as in the 
reſiſting body. But to treat of mechanics is not my preſent 
bufineſs. I was only willing to ſhow, by theſe examples, the 
great extent and certainty of the third law of motion. For, if 
we eſtimate the action of the agent from its force and velocity 
jointly; and likewiſe the re- action of the impediment jointly 
trom the velocities of its ſeveral parts, and from the force of 
reſiſtance, arifing from attrition, coheſion, weight, and accelera- 
tion of thoſe parts; the action and re- action, in the uſe of all 
ſorts of machines, will be found always equal to each other. 
And, as far as the action is propagated by an inftrument, and is 
at laſt impreſſed upon the reſiſting body, its ultimate determin- 
ation will be always contrary to the determination of the re- 
action, | wm D 
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. SECTION I. — 
Of the method of prime and ultimate ratios, by the help of which the 1. 
TY, following propoſitions are demonſtrated. * 


; LAMA” LI 
Quantities, and the ratios of quantities, which, in any finite time, tend 
" continually to equality; and, before the end of that time, approach 
nearer to each other than by any given difference, become ultimately 
equal (y). | 
F you deny it, let them be ultimately unequal ; and let their 
ultimate difference be D. Therefore they cannot approach 
nearer to equality than by that given difference D. Which is 
againſt the ſuppoſition. 
LEMMA 


COMMENTARY. | 
| (3) 86. This Lemma contains the foundation of the doctrine of prime and 
ultimate ratios ; or of the limits of the ratios of naſcent and evaneſcent quantities. 
It is introduced to avoid the prolixity of the method of exhauſtions, uſed by the 
ancient geometricians z and the inaccuracy of the method of indiviſibles, invented 
by the later ones: and it carries with it all the evidence and accuracy of the 
former, together with the conciſeneſs and brevity of the latter. Magnitudes are 


conſidered 


3 MATHEMATICAL PRINCIPLES 


Of the | L E M M A U. 
Bodies. i in any fieure Aa CE, terminated by the vight lines A a, „Ak, and the 
Plate II. curve a CE, there are inſcribed any number of parallelograms A b, B c, 


is 26. Cd, &yc. contained under equal baſes A B, B C, CD, &c. and the fides, 
Bb, Cc, Dd, &c. parallel ts Aa the fide of the figure; and the 
parallelograms aKbl,bLcm, cMdn, &c. are completed. Then, 

if the breadth of thoſe parallelograms is diminiſhed, and their number is 
augmented continually ; I ſay,” that the ultimate ratios, which the in- 

» fſeribed figure AK bLcMAD, the circumſcribed figure Aalbmc 
ndo . and the curvilinear fgure Aa bed E, have to each other, 


For the difference of the inſcribed and circumſcribed figure is 


the ſum of the parallelograms K Ln, Mn, Do, that is (becauſe 
of 


COMMENTARY. 


conſidered as having na limit, either in their increaſe or decreaſe: there exiſts no 
quantity ſo great, as not to admit of a greater; nor is there any leaſt poſſible, or 
indiviſible extenſion. 

Magnitudes therefore do not conſiſt of indiviſible parts, but are generated 
by motion. Lines, for inſtance, are deſcribed, and in their deſcription are 
generated, not by the appoſition of parts, but by the continual mation of points, 
Jurfeces by "the matiov . lines, ſolids by the mation of ſurfaces, angles by the 
ratation of their Ades, time by 4 continual flowing, and ſo in other things. 
Theſe generations really obtain in the nature of things; and are daily ſeen in the 
motion of bodies. 

The prime or ultimate ratios of n nitudes, thus generated, are inveſtigated 
by obſerving their finite increments or decrements, and thenee finding the limits 

the ratios of thoſe variable magnitudes : not of the ratios to which the magnj- 
tudes ever actually arrive, (for they are never, ftriftly (peaking, either prime or 
ultimate in fact) but thoſe limits, to which the ratios of magnitudes perpetually 
approach; which they can never reach, nor paſs beyond; but to which they ap- 
proach nearer than by any aſſignable difference. 

Theſe obſervations being premiſed, we now proceed to explain this Lemma 
more particularly than — A. might ſeem neceſſary, had it not been much con- 
troverted, miſrepreſented, and miſunderſtood. 


The firſt condition of the propoſition is, that 1amtities, and the ratios of 


ee approach to equality. Quantities, in general, and their ratios, may be 
id to approach to $0470 when their difference, however the quantities them- 


ſelves may vary, bears continually a leſs ratio to thoſe quantities. The ratios of 
quantities are here — as a ſpecies of quantity. If one quantity is n 
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their baſes K, and the ſum of their altitudes Aa; that is, the 
rectangle 
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and the other variable, they may be ſaid to approach to equality, when their 
difference continually decreaſes. But, if the quantities are both. variable, it is 
poſſible, that their difference may decreaſe, while they themſelves do not ap- 
proach to equality, and the contrary. For inſtance, let two variable quantities, 
which are in the ratio of 6 to 12, whoſe difference is as 6, decreaſe till they 
become as 1 and 2, whoſe difference is as 1 ; theſe quantities do not approach 
to equality, though their difference decreaſes; for6:12::1:2. Again, ſup- 
poſe theſe quantities, which are as.6 and 12, to increaſe, till. they are in the- 
ratio of 93 to 100; they, in that caſe, approach to equality, though their differ-- 
ence increaſes, | 

Another condition is, that quantities and the ratios of quantities muſt continually 
tend to equality. The one mult never become equal to, nor paſs beyond the 
other: their difference muſt never either vaniſh to nothing, or become negative. 

Quantities and their ratios muſt likewiſe approach nearer to each other than 
by any given difference : that is, their difference muſt be leſs, in reſpe& of the 
quantities themſelves, or muſt be a leſs part of the quantities themſelves, than 
any part of them, how ſmall ſoever, that can be aſſigned. 

Theſe conditions muſt be performed in a finite time. 

Unleſs quantities are thus related, in all theſe reſpects, it is poſſible, that they 
may continually. tend to equality, and yet never approach nearer than by a given 
difference. | 

For inſtance; let the curve DME, referred to its aſymptote A C, be of ſuch 
a nature, that A P being the abſciſſa, and P M the ordinate, AP + PM ==; 
it is demonſtrable, by the quadrature of curves, that the area APME B, in- 
definitely. produced towards B, can never exceed twice the rectangle 4 M. Take 
a rectangle, greater than twice A M, and let their difference be D. The area 
APME B, perpetually increaſed, approaches. to equality with this rectangle, 
becauſe their difference bears continually a leſs ratio to either of them: but yet 
they never become equal, nor approach nearer to each other than by this 
difference D. 

Whenever quantities and their ratios are found related to each other, in the 
manner here deſcribed ; when they thus continually tend to equality, and before 
the end of a finite time, approach nearer-to. each other than by any difference that- 
can be aſſigned; then they are ſaid to become ultimately equal: or in other words, 
the limit of their varying ratio is that of equality. For, that we may not be 
led, from the expreſſion ultimately equal, to ſuppoſe, that there is an ultimate 
ſtate, in which they are actually equal, we are cautioned in the ſcholium at 
the end of this Section, in theſe words, The ultimate ratios, in which quantities 


vaniſh, are not in reality the ratios of ultimate quantities; but the limits, to which 
the. 


SS 


of the equality of all their baſes,) the rectangle under one of BOOK 


Plate II. 
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„ole, rectangle 4 B I. But this reclangle, becauſe its breadth 4 is 


diminiſhed indefinitely, becomes leſs than any given rectangle. 


— — Therefore (by Lem. I.) the inſcribed and circumſcribed, and 


| much 
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the ratios of quantities continually decreaſing always approach; which they never can 
paſs beyond, nor arrive at, unleſs the quantities are continually and indefinitely 
diminiſhed. | R < w Fi 

87. This doctrine of limits is clearly illuſtrated by the following example. 
(See Saunderſon's Fluxions, p. 245.) Let there be two quantities 4 x x + 3 x, 
and 2 x x + x, variable on account of the variable quantity x; and indefinitely 
increaſed or diminiſhed, according as the value of x is indefinitely great or little: 
J ſay, that while x continually decreaſes, the ratio of 3 to 1 is the limit of all the 
2 ratios of 4X X + 3xto2xx ＋ *: and while x continually increaſes, the 
ratio of 2 to 1 is that limit. Or, as it is commonly expreſſed for the ſake of 
ſhortneſs, the ultimate ratio of 4xx + 3x to2xx ＋ x, is that of 3 to 1, in one 
caſe, and that of 2 to 1 in the other. 44 

For, dividing by x, we find 4xx+gx:2xx+x::4x+3:2x4+1; 
the ratio of which quantities, while x is conſtantly diminiſhed, approaches con- 
ſtantly to the ratio of 3 to 1; which ratio it can never arrive at, nor paſs beyond 
but, ſuppoſing x to be leſs than any quantity that can be aſſigned, it approaches 
nearer to that ratio than by any given difference: therefore the ratio of 3 to 1 1s 
ſaid to be the limit of all the ratios of 4xx + 3xto2xx +x, while x is con- 
tinually diminiſhed. Again, ſince 4x +3:2x+1:: 4+ — 2 + —-> it 1s 
plain, that while the value of x is continually increaſed, the values of the frac- 
tions and — are continually diminiſhed ; and that the ratio of. 4 + 2 to 2 + 
— approaches conſtantly to the ratio of 2 to 1; that it never can arrive at, nor 
paſs beyond that ratio; but, ſuppoſing x to be indefinitely increaſed, it ap- 
Proaches nearer to that ratio than by any aſſignable difference. | 
The ratios therefore of 3 to'1, and 2 to 1, are the limits of all the variable 

ratios of the quantities 4xx + 3x and z xx + x, while they are continually 
increaling or decreaſing : between which theſe variable ratios are confined on 
either ſide. And in this ſenſe the expreſſion is to be underſtood, when it is ſaid, 


that the ultimate ratio of the evaneſcent quantities 4 xx + 3x and 2xx+x1is 


that of 3 to 1, or the ultimate ratio of 4xx +3 x and 2xx + x, increaſed in- 
definitely, is that of 2 t 7. S | pp: eh 

88. This example is made general thus ax » + bx : cx „ dx :: 
ax +,b:cx+4:: b: d (when x is leſs than any aſſignable quantity,) :: 4: c, 
(when x is increaſed indebnitely.) The ratios therefore of & to d, and à to c are 
the limits of all the variable ratios in each caſe, 
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much more the intermediate curvilinear figure become ultimate- 
ly equal /z). Which was to be demonſtrated. 


11 L E M M A III. 

The fame ultimate ratios are alſo ratios of equality, when the breadths 
AB, BC, CD, &c. F the parallelograms are unequal, and are all 
diminiſhed indefinitely (a). 41 

For let 4 F be equal to the greateſt breadth; and let the pa- 

rallelogram FA a f be completed. This will be greater than the 

difference of the inſcribed and circumſcribed figures; but, be- 
cauſe its breadth AF is diminiſhed indefinitely, it will become 
leſs than any given rectangle. Which was to be demonſtrated. 


87 
B * 
3 


Cor. 1. Hence the ultimate ſum of the evaneſcent parallelo- 


grams coincides in every part with the curvilinear figure (J. 


Cor. 2. Much more does the rectilinear figure, which is com- 
prehended under the chords of the evaneſcent arcs ab, bc, cg, 
&c. ultimately coincide with the curvilinear figure (c). 

; . Cor. 
COMMENTARY. 


(z) 89. While the circumſcribed and inſcribed parallelograms are continually 
increaſed in number, and diminiſhed in magnitude, the rectangle 4 B la, their 
difference, bears continually a leſs ratio to the ſum of the inſcribed, or circum- 
ſcribed figures; therefore 1f, The ſums of the inſcribed and circumſcribed 
figures approximate to each other. 2dh, The one ſum never becomes equal to, 
nor exceeds the other, becauſe neither ſum ever arrives at, or paſſes beyond the 
intermediate curve. 3dly, AB la, their difference, may, in a finite time, be taken 
leſs than any aſſigned quantity. Therefore the limit of the varying ratios, which 
the circumſcribed and inſeribed figures have to each other, while they are perpe- 
tually increaſed in number and diminiſhed in magnitude, is the ratio of equality 
86. This is all that is implied, when it is ſaid, that the ultimate ratios of the cir- 
cumfcribed, inſcribed, and curvilinear figures, are the ratios of equality, or that 
they become ultimately equal: for, ſtrictly ſpeaking, the ratio of theſe figures is 
always varying; but the limit of the varying ratio is found to be that of the 
curvilinear figure ; their difference being leſs than any aſſignable part of either of 
them. 

(a) go. Or, the ratio of equality is the limit of the varying ratios of theſe 
figures, whoſe breadths are continually diminiſhed. 


(b) 91. By the ultimate ſum muſt be underſtood the limit of the ſum; in the 
ſame manner as ultimate ratios have been explained to mean the limits of ratios. 


(e) 92, Ultimately coinciding, and ſuch like expreſſions, muſt be underſtood in 
the ſenſe explained under the iſt and 2d Lemmas. 
Vol. I. I 
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MATHEMATICAL PRINCIPLES 


Cor. 3. As alſo the cireumſcribed rectilinear figure, which is 
compriherded under the tangents of the ſame arcs. 
Cor. 4. And therefore, theſe ultimate figures (as to their p peri- 


meters ac E,) are not rectilinear, but curvilinear limits of recti 
linear figures (4). e Rt OI 1 | 


LEMM A IV... 


in Foo ure: AacE, PprT, there art inſeribed , PR before) tavo 
feries of parallelograms, an equal number in each ; and, their breadths 
being diminiſhed indefomtely, if the ultimate ratios of the parallelograms 
in one figure to thoſe in the other, each to each reſpectively, are the 


fame ; : I fay, that thoſe rao figures Aac B, Ppr T, are to each other 
in that Jame ratio. 


For, as the parallelograms in one are ſeyerally to the parallelo- 
grams in the other; ſo, by compoſition, is the ſum of all in one 
to the ſum of all in the other; and ſo is one figure to the other; 
becauſe (by Lem. III.) the former figure is to the former ſum, 


and the latter figure to the latter ſum, in the ratio of . 


Which was to be demonſtrated.” 


Cor. Hence, if two quantities af any kind are any how divided 
into an equal number of parts: and thoſe parts, when their 


number is augmented, and their magnitude diminiſhed inde- 


finitely, have a given ratio to each other, the firſt to the firſt, the 
ſecond to the fecond, and fo on in order; the whole quantities- 
will be, one to the other, in that fame given ratio. For, if in 
the figures of this Lemma, the parallelograms are taken to each 
other in the ratio of the parts, the ſum of the parts will always 
be, as the ſum of the parallelograms ; and therefore, the num- 
ber of the parallelograms and parts being augmented, and their 


5 magnitudes 


COMMENTARY. 


(4) 93. Theſe ultimate figures are not (as to their perimeters) reRilinear ;. 
they do not conſiſt of any number whatever of right lines; but are the 
curvilinear limits of right lined figures, whoſe ſides are perpetually increaſ-- 


ed in number, and diminiſhed in magnitude, and at laſt approach: nearer to. 


the curve line than by any. aſſignable difference. 


r * 
- 


_ reſponde 
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magnitudes diminiſhed indefinitely, thoſe ſums will be in the Bo 2 


ultimate ratio of the parallelogram in one figure, to the cor- 
nt parallelogram in the other; that is, (by the ſup- 
poſition) in the ultimate ratio of any part of the one quantity to 
the correſponding part of the other (2). | 


MMA . 


All. hamalogous fades of. ſimi lar figures, whether curvilinear or recti linear, 
are proportional; | aud the areas are in the duplicate ratio of the 


homologous fides (VJ. 


LEMMA 


COMMENT AR x. 


(e) 94. The method of reaſoning, uſed in theſe four Lemmas, is elegantly 
applica (by Saunderſon in bis Fl. p. 243,) to the quadrature of the parabola ; 
where he finds the limits. of the ratios of the right lined figures, in that caſe, in 
the following manner, which may ſerve to illuſtrate and ſhew the uſe of the 
method of prime and ultitnate ratios in geometrical demonſtrations. 

Let IM be a parabola, whoſe parameter is /, whoſe axis is AP p, and 
ordinates MP, up: let the parallelograms IPM, Ap mg, be completed; 
and let M9, M meet mg, mp reſpectively in R and S. From the nature of 
the parabola A PPM, and ix Ap=pm'; therefore t x Pp = pm'— 


PM. :=PS'—PM*'=P$8+PMx PS—PM'= PS+ PM x MS: 


| hence I Pt Pp = AP, X PS + PM x MS: or PM x Pp = 


PSY PMX APXMS: and the inſcribed rectangle, PM x Pp: APX MS 
(the circumſcribed le) ::PS+ PM:PM. MP and M A remaining 
conſtant, let the breadth of the inſcribed and circumſcribed rectangles be dimi- 
niſhed indefinitely ; and the ultimate ratio of the evaneſcent parallelograms will 
be that of 2 PM to PM, or of 2 to 1: that is, the limits of their varying ratios 
will be as 2 10 1. 

Therefore the limits of the ſums of the inſcribed and circumſcribed rectangles, 
or the curvilinear ſpaces AP M and 4 AM, will be as 2 to 1 : and the internal 
ipace AP M will be to the whole rectangle 4 PM , as 2 to 3. 


(f) 95. The correſponding fides of ſimilar right lined figures are proportional, 
and their areas are in the duplicate ratio of the correſponding ſides (Euc. El. 
B. VI. Def. 1, and Prop. 4, 19, 20. ). Suppoſe every: thing as in Lem. IV, only 
that the inſcribed reRitinear figures are likewiſe ſimilar; then will their limits, the 
curvilinear figures, be alfo ſimilar, and in the ſame proportion; that is, i« the du- 
plicate proportion of their correſponding ſides, 
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Plate II. 
Fig. 26. 


60 


Of the 


— «ed 
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Plate II. 
Fig. 29. 


any aſſignable angle. (See Saunderſon's Fl. p. 248.) 


MATHEMATICAL PRINCIPLES 


en 1 E M M A VI. | 
V n arc AC B, giver in poſition, is ſubtended by its ho A B 
and in any point A, in the middle of a continued rr 2. 
is touched by a right line A D, produced both ways ; tben, if | the 
points A and B approach one another and meet; I ſay that the angle 
BAD, contained between the chord and the tangent, will be diminiſhed 
indefinitely, and will ultimately vaniſh (hb). © 
For, if that angle does not vaniſh, the arc 4 CB will contain 
with the tangent 4 D an angle equal to a rectilinear angle; and 


therefore, the curvature at the point 4 will not be continued. 
Which is againſt the ſuppoſition. | | 


L E M M A VI. 

The fame things being fippoſed, I ſay, thut the ultimate ratio of the arc; 
. the chord, and the tangent, to each other, is the ratio of equality. _. 
For, while the point B approaches towards the point 4, let 

AB, and AD, be confidered as produced to the remote points 5 

and d, and let bd be drawn parallel to the ſecant B D. Let the 

are Ac h be always ſimilar to the are 40 B. Then, ſuppoſing the 

Ne and HD to Ys the angle 44 b will e by the pre- 

| | | N ceding 


COMMENTARY: 


( ) 96. The curvature is here ſuppoſed'to be finite, and ſuch as * mea- 
fured by a circle of a finite diameter: the quantity of curvature being inverſel 
proportional to the diameter of that circle, which touches the curve ſo cloſely, 
that no other circle can be deſcribed through the ſame point of contact, ſo as to 
paſs between the circle and the curve. Suppoſe a circle to paſs always through 
three points B, 4. A, of a curve, while the points B, Q approach continually to 
the point A; the circle, to which the varying circles approach, as a limit, is the 
circle of curvature, and approaches nearer to the curve, than any other circle that 
can be deſcribed. For though innumerable circles may be deſcribed, touching 
the curve, and paſſing through one or two of theſe points, yet (El. III. 10.) only 
one circle can be deſcribed paſſing through the three points B, 4, Q which there- 
fore touches the curve more intimately than any other. 

(Þ) 97. Suppoſe the circle 34 to be the limit of all the varying: 
circles, which paſs through the points B, 4, Q, while they approach continu- 
ally to 4. The angle B AD, between the chord and the tangent, is equal to the 


angle BY A, in the alternate ſegment (El. B. III. p..32.);. which, when B ap- 


proaches to 4, and BA is leſs than any aſſignable quantity, becomes leſs than 
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ceding lemma ; and therefore, the right lines 4b, Ad, which B09 0K 
are always finite, and rhe intermediate arc Ach will coincide, Ao 
and become equal among themſelves. Wherefore, the right lines 

AB, AD, and the intermediate arc AC B, which are always pro- 
portional to the former, will vaniſh ; and will ultimately acquire 

the ratio of equality i). Which was to be demonſtrated. 

Cor. 1. Whence, if through B be drawn BF parallel to the _ od 
tangent, always cutting any rightline AF, paſſing through 4, in & 3 
F; this line B F will ultimately have the ratio of equality to the 

evaneſcent 


COMMENTARY. 


(i) 98. Let AC B and Ac be ſimilar parts of ſimilar figures, having conti- Plate IT. 
nual curvature at 4, and one common tangent. Let the tangent 4 D be pro- Fig. 27- 
duced to d; and let dr be drawn parallel to DB R, meeting the line AR r, 
indefinitely produced, in 79. While the point B approaches to the point A, ima- 

ine D R to turn round on the fixed point R, and d to turn on the fixed point 
4, the point 7 receding contmually from A, fo that dr may be always parallel to 
DR, and the angle DR A equal to the angle dr 4. As the point B approaches. 
to A, the variable ratio of the chord AB to the tangent A D, and the arc A CB, 
is the ſame as that of 45, Ad, and the arc Ac: for the arcs ACB, Acb, be- 
ing always fimilar parts of ſimilar figures, the angle DAB is always equal to- 
the angle 4 4; and therefore the chords 4 B, Ab, coincide, and all homologous 
lines are proportional. | | ; 

But as the point B approaches to the point A, the angle B AD continually 

decreaſes; the arc Ach unbends itſelf, as the point r recedes; and, together 
with the chord Ab, approaches continually: to the finite conſtant line Ad; which 
it never paſſes beyond, but to which it approaches nearer than by any aſſignable 
difference, becauſe the angle B AD may be taken. leſs than any aſſignable angle. 
The ratio of equality then being the limit of the varying ratios of the finite lines 
Ad, Ab, and Ac b, it follows that the ratio of equality is likewiſe the limit of 
the varying ratios of the lines 4 D, A B, and ACB, which are always propor- 
tional to the former. Theſe being indefinitely diminiſhed, we can only reaſon. 
concerning their proportions from ſuch quantities as are finite. 

99. Otherwiſe, thus. Suppoſing as before the curvature to be finite, let pute Il. 
EB A9Y' be the circle of curvature; and drawing the line A/ in that circle, pa- Fs. 29. 
rallel to the ſubtenſe B D, complete. the triangle B. AV: and, from the ſimilarity 
of the triangles BAV, B AD, we have AB: AD :: AV: BY. 

The point B approaching continually to A, let B A become leſs than any 
aſſignable quantity, then the finite lines AY, BV approach nearer to the ratio of 
equality than by any given difference; therefore likewiſe A B, A D, which are 


proportional to AY, B, and much more the intermediate arc, are in the ſame- 
ratio, (See Saunderſon's Fl. p. 248.). 
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Of the evaneſcent arc AC B; becauſe, completing the parallelogram 


Motion of 


Bodies. I FB D, it always has the ratio of equality to AD. _y 
—— Cor. a. And, if through B and 4 more right lines are drawn» 


Plate II. 
Fig. 27. 


as B E, BD, AF, AG, cutting the tangent 4 D, and its parallel 
B F; the ultimate ratio of all the abſciſſas 4 D, AE, BF, BG, 
and of the chord, and arc A B, to each other, will be the ratio 
of equality. 

. Cor. g. And therefore, in all our renfaningh about ultimate ta- 
tios, we may freely uſe any one of theſe lines for any other. 


L E M M A VIII. 


If the right lines A R, BR, with the arc A CB, the chord A B, and the 
tangent AD, conſtitute three triangles RAB, RACB, RAD, and 
then the points A and B approach to each other ; 1 ſay, that the ultimate 
form of the evaneſcent triangles is that of JRun, and the ultimgte 
ratio that of equality. 


For while the point B approaches towards the point 4, con- 
ſider always AB, AD, AR, as produced to the remote points 5, 
4, and; and rh d, as drawn parallel to RD; and let the arc 4 
cb be alwa ys ſimilar to the axc ACB. And, ſuppoſing the points 
A and B to coincide (+), the angle 5 4d will vaniſh ; and there- 
fore, the three triangles r Ab, rA4cb, r Ad, which are always 
finite, will coincide; and, on that account, become both fimilar 
and equal. Therefore the triangles RAB, RACB, RAD, which 
are always fimilar and proportional to theſe, will ulcimately be- 
come both ſimilar and equal among themſelves. Which was to 
be demonſtrated. | | 

Cor. And hence, in all our reaſonings about ultimate ratios, 
we may indifferently uſe any one of theſe triangles for any 
other. 


LEM- 


, COMMENTARY. 


(k) 100. That is, the points A and B approaching continually to each 3 the 
angle & A d may be taken leſs than any aſſignable angle; and the limit of the 
varying ratios of the finite triangles r 46, r Ach, r Ad, is the ratio of equality: 


therefore the limit of the varying ratios of the fimilar and proportional triangles 


RAB, RAC, EAD, indefinitely diminiſhed, is likewiſe the ratio of equality. 


Or NATURAL PHILOSOPHY. 


LEMMA IX. 


* a right line AE, and a curve line ABC, given in poſt ition, cut each 
other in a given angle A; and to that right line, in another given angle, 
BD, CE are ordinately pied, meeting the curve in B, C; and the 

| Points B and C together approach towards the point A: T fay, that the 


areas of the triangles A BD, ACE, will ultimately be, one to the other, 


in the duplicate ratio of the ſides. 


For, while the points B, C approach towards the point 4, ſup- 
poſe always AD to be produced to the remote points d and e, 
ſo that Ad, Ae, may be proportional to AD, AE; and let the 


ordinates db, ec, be erected parallel to the ordinates DB, EC. 


and meeting AB, AC produced in b and c. Let the curve Abe 


be drawn ſimilar to the curve 4 B C; and alſo the right line 4 g,. 


which may touch both curves in A, and cut the ordinates DB, 

EC, db, ec, in F, G, f, g. Then, ſuppoſing the length Ae to re- 
main the ſame, let the points B and C meet in the point 4; and, 
the angle c Ag vaniſhing, the curvilinear areas Ab d, Ac e, will 
coincide (I) with the rectilinear areas Afd, Age; and therefore, 
(by Lem. V.) will be in the duplicate ratio of the ſides Ad, Ae. 
But the areas ABD, ACE, are always proportional to theſe 


areas; and the ſides 4 D, AE to theſe fides. Therefore alſo, the 


areas ABD, ACE are ultimately in the duplicate ratio of the 
des A D, AE. Which was to be demonſtrated. 


L E M M A X. 

The ſpaces, which a body deſcribes by any finite force urging it, whether 
that force 1s determined and immutable, or 1s continually augmented or 
continually diminiſhed, are, in the very beginning of the motion, in the 
duplicate ratio the times. 

Let the times be repreſented by the lines AD, AE; and the: 
velocities generated in. thoſe times by the ordinates D B, EC: and. 
the: 


COMMENTARY: 


( Y) 101. The truth of this Lemma does not depend upon the coincidence of the 
curvilinear and rectilinear triangles z but is demonſtrable by the doctrine of the- 
limits of ſums and ratios, as it is applied in the preceding Lemmas.. 
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Moon of the ſpaces, deſcribed'with theſe velocities, will be as the areas 

Bodies. ABD, ACE, deſcribed by theſe ordinates ; that is, at the very 
2 beginning of the motion (by Lem. IX.) in the duplicate ratio of 
che times AD, AE (m). Which was to be demonſtrated. 

Cor. 1. And hence it is eaſily inferred, that the errours of bo- 
dies, deſcribing Gmilar parts of ſimilar figures in proportional 
times, which are generated by any equal forces, ſimilarly applied 
to the bodies, and are meaſured by the diſtances. of the bodies 
from thoſe places of the fimilar figures, at which, without the 
action of thoſe forces, the bodies would have arrived in thoſe 
proportional times, are nearly in the duplicate ratio of rhe times 
in which they are generated. 


Cor. 2. But the errours, which are generated by proportional 


forces, ſimilarly applied, at ſimilar parts of ſimilar figures, are 
as the forces and the ſquares of the times jointly. 


Cor. 3. The ſame thing is to be underſtood of any ſpaces what- 
ſoever, deſcribed by bodies which are urged with different forces. 
Theſe are, in the very beginning of the motion, as the forces 
and the ſquares of the times jointly. | 

- Cor. 4. And therefore, the forces are as the ſpaces deſcribed 


in the very beginning of the motion directly, and the e of 
the times inverſely. 


Cor. 5. And the ſquares of the times are as the ſ paces deſcribed 
directly, and the forces inverſely. 


SCHOLIUM. | 
If indeterminate quantities of different ſorts are compared 
with acts other, and any one 1s aid be as any other directly, or 


inverſely: 


COMMENTARY. 


ba ) 102. The ſpaces deſcribed with velocities which are as the ordinates D B, 

EC, in times proportional to the abſciſſas 4 D, AE, are in finite times as the 

areas deſcribed by thoſe ordinates (65): the varying ratios of which areas, when 

the point B approaches continually to 4, have for their limit the duplicate ratio 

of the abſciſſas 4 D, A E (Lem. IX.): which ratios likewiſe the limit, if we 

x > B to * its motion from A, and theſe areas to be —— from no- 
* : | 
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inverſely: the meaning is, that the former is augmented, or di- B 1 K 
miniſhed, in the ſame ratio with the latter, or with its recipro- CA. 
cal. And, if any one of them is ſaid to be as any other two or 
more directly, or inverſely: the meaning is, that the firſt is aug- 
mented, or diminiſhed, in the ratio compounded of the ratios, 
in which the others, or the reciprocals of the others, are aug- 
mented, or diminiſhed. As, if A 1s ſaid to be as B directly, and 
C directly, and D inverſely: the meaning is, that A is aug- 


6.4 . . . . I d 
mented, or diminiſhed in the ſame ratio with B x Cx that is to 


ſay, that 4 and IS. are to each other in a given ratio. 


D « 
L E M M A XI. 8 
The evaneſcent ſubtenſa of the angle of contact, in all curves, which at 

the point of contact have u finite cuvature, is ultimately in the duplicate 

ratio of the ſubtenſe of the conterminous arc (n). 

Caſe 1. Let AB be that arc, AD us tangent, BD the ſubtenſe plae 11. 
of the angle of contact perpendicular to the tangent, 4 B the . 32. 
ſubtenſe of the arc. Let AG, BG be erected perpendicular to 
the ſubtenſe 4B and the tangent A D, meeting in G; then let 
the points D, B, G, approach to the points d, b, g; and let I be the 

+ ultimate 


COMMENTARY. 


(n) 103. The curvature of the curve being ſuppoſed finite, let the circle Pte 11. 
B ANY be the limit of all the varying circles, which paſs through the three Fig. 29. 
points B, A, & of the curve, while B and Q approach continually to 4; then 
is the circle 3 1 the circle of curvature. Let the chord A/ be parallel to 
the ſubtenſe B D; and from the. ſimilarity of triangles we have BD: BA:: 


B 4: AV, and BD = 2 which (Lem. VII.) is the ſquare of the arc B A. 


divided by the chord 4 V/. 


; 104. Hence the circle of curvature may be found, as follows. From the points 
A. B draw A, BJ, making the angles ABY, BAY, equal to the 
angles ADB, ABD, and let be the point, to which the interſection of the 
lines AY, BY approaches, as its limit; the circle, whoſe chord is 47, and tan- 
gent A D, ſhall have the fame curvature as the curve at A. | 

I05. The point J, which in Newton's demonſtration is the ultimate interſection 


of the perpendiculars AG, B G, is in the periphery of the circle of curvature, 
Vol. I. | K 
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ultimate interſection of the lines G, 4G; ſuppoſing the points 
D, B, to approach continually to 4. It is evident, that the di- 
{tance G may be leſs than any aſſignable. But, (from the na- 
ture of circles paſſing through the points AB G, Ab AB = 
AGxBD, and A = Ag x bd; and therefore, the ratio of 4 B 
to A is compounded of the ratios of 4G to: Ag and of BD to 
54. But, becauſe 'G 7 may be aſſumed leſs than any aſſignable 
lengih, the ratio of AG io Ag may differ from the ratio of 
equality, leſs than by any aſſignable difference; and therefore, 
the ratio of A B* to 40 may differ from the ratio of BD to b d, leſs 
than by any aſſignable difference. Therefore by Lem. I. the ul- 
timate ratio of A B* to A 1s the ſame with the ultimate ratio 
of BD tod. Which was to be demonſtrated. 


Cale 2. Let B D be inclined to AD in any given angle, and the 
ultimate ratio af BD to bd willalways be the fame as before ; 
and therefore, the' ſame as the ratio of 4 B* to 4b, Which was 
to be demonſtrated. 7 


Caſe 3. And, although the Fr Di 13 not given, but the right 
line BD converges to à given point, or is determined by any 
other condition Whatever; yet the angles D, d, being determined 
by the ſame law, will always converge to equality, and approach 


' nearer to each other than by any aſſigned difference; and 


by Lem. I. will be ultimately equal; and therefore, the lines 
B D, bd are in the ſame ratio to each other as before. Which 
was to be demonſtrated. 


Cor. 1. Therefore, ſince the tangents 4 D, 4 a, the arcs AB, 45, 
and their ſines B C, bc, become ultimately equal to the chords 
AB, Ab; their ſquares alſo hn ultimately be as the fubrenfes 
B D, bd. 

Cor. 2. The ſame ſquares are alſo 8 the verſed ſines 
of the ares, hieb biſect the chords, and gonverge to a given 
point. For thoſe verſed fines are as the ſubtenſes B D, 5 d. 


Cor. 3. And therefore, the verſed ſine is i the duplicate ratio 


of the time, in which a 50 W the are with a given ve- 


locity. * 
% 4 
# * 
* 


. * 
4 
1 


0 F NATURAL PHILOSOPHY. 


67 


Cor. 4. The inc triangles 4 DB, 4Adb are en in B * 1 K 


the triplicate, ratio of the fides AD, Ad; and in the ſeſquiplicate — 
ratio of the fades DB, db; as being in the compound ratio of the 
ſides AD and DB, Ad and db. 80 alſo the triangles A BC, 
Abc are ultimately in the rriplicate ratio of the ſides BC, bc. 
What I call the ſeſquiplicate ratio is the ſubduplicate of the tri- 
plicate, which is compounded of the fimple and ſubduplicate 
ratio. 

Cor. 5, And, becauſe DB, db, are ultimately parallel, and in 
the duplicate ratio of AD, Ad: the ultimate curvilinear areas 
ADB, 446b will be (by the nature of the parabola) two thirds of 
the rectilinear triangles ADB, Adb; and the ſegments AB, 4b 
will be one third of the ſame triangles. And thence theſe areas, 
and theſe ſegments, will be in the triplicate ratio, as well of 
the tangents A D, Ad, as of the chords and arcs A B, A 6. 


SCHOLIUM. 


But, we have all along ſuppoſed the angle of contact to be 
neither indefinitely greater, nor indefinitely leſs, than the angles 
of contact, which circles contain with their tangents ; that is, that 
the curvature at the point A is neither indefinitely ſmall, nor in- 
definitely great; or, that the interval AT is of a finite magni- 
tude. For DB may be taken as A D' in which caſe, no circle 
can be drawn through the point 4, between the tangent A D, and 
the curve 4 B, and therefore the angle of contact will be in- 
definitely leſs than circular angles. And, by a like reaſoning, 
if DB be made ſucceſſively as 4 D*, AD, A D', AD”, &c. we 
ſhall have a ſeries of angles of contact proceeding continually, 
whereof every ſucceeding feries is indefinitely leſs than the pre- 


ceding. And if DB be made ſucceſſively as 4 Di, A D*, 4 DF, 


AD*, 4 Di, AD*, &c. we ſhall have another ſeries of angles of 

contact, the firſt of which is of the ſame kind with thoſe of cir- 

cles, the ſecond indefinitely greater, and. every ſucceeding one 

indefinitely greater than the preceding. But, between any two 

of theſe angles, another ſeries of intermediate angles of contact 
K 2 


may 


_ 


1 
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way peckinier poſed; proceed bei ways indefinitely, - whereof 
every ſucceeding angle ſhall be indefinitely greater, or indefinitely 


6 lefs than the rigs As if, between the terns 4 D*, and 


* 


Plate III. 
Fig. 33. 


* 1 


4 D', there rag ioterpoſed the ſeries 4 D — , 4 <P; D*, A DF L 


#<4 


AD*, AD, 4 D*, 4D * 4D, &c. And again, berween any 
two angles of this ſeries, a new ſeries of ifitermediate angles 


may be interpoſed, differing from one another by intervals Kae 
finitely great. Nor is nature conſined to any limit (0). 


Thoſe things, which have been demonſtrated of (urve lines, 


and the furfaces which they comprehend} are eaſily applied to 
the curve ſurfaces and contents of Wünn (2) Bur T premiſed 


n. Janet theſe 
COMMENTARY. 

(0) 196: If the curves A B. 4 C, and che right-line AD touch each other in 
the point 4, and the line D B C being drawn according to any law, D B is as 
AD", and CD as AD”, m being greater than u, and theſe ratios either obtain- 


ing univerſally, or at leaſt being the limits, to which the ratios of DB and CD 


perpetually approach: I ſay, that the angle of contact BAD. is indefiaitely leſs 


than the angle CA D, an therefore, that no curve line of the ſame kind with 


AC can be drawn between the curve A B and its tangent TI 


D- 4 
For let B D = = — and CD = 2 6 ſuppolingp and f Fir and conſtant: 
22 9 ; 
then BD:CD: 7 4D Ar AD: thee rh Let 


AD and AD, 2 W thi diminiſhed, become leſs than any aſſignable 


quantity ; B D will now be ta C P, as 4 De, a quantity- leſs than any age 
able, to 2, a finite quantity; or as a finite quantity to a quantity indefinitely 


great. Therefore the indefigit tely ſmall ſubtenſe B D is indefinitely leſs than 
"CD; and the angle BAD a the angle CA D. 

(?) 10). The relations of curvilinear figures. not being diſcoverable by an 
immediate compariſon of the figures themſelves, in the ſame direct and ſimple 
method, which the ancient geometers had uſed in comparing right lined figures 
with each other; they, for greater N and evidence, invented a method 
of reaſoning, called the method of exbauſtions ; by which they immediately in- 
ferred the relations of ee figures — _ en and eſtabliſhed pro- | 
perries of right-lined ones, | 

The. magnitudes of right- lined ſpaces were comfiared together by Euclid, 
either by ewing their coincidence in every part, by an immediate application 
Pg, 
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theſe lemmas to avoid the tedioufneſs of deducing long demon- BOOK 
trations to an abſurdity, according to the method of the ancient __.@ 


# 


geometers. For demonſtrations are rendered more conciſe by 
the method of indiviſibles. But, becauſe the hypotheſis of indi- 
viſibles is ſomewhat harſh, and therefore that method is eſteem- 
ed leſs geometrical, I choſe rather to reduce the demonſtrations 


of 
COMMENTARY. 


of one on the other (El. B. I. p. 4.), or elſe by reaſoning from ſuch figures, as 
he had thus ſhewn to be equal. In ſuch caſes the mind could perceive clearly, 
and deduce by a direct reaſoning the neceſſary* agreement or diſagreement of any 
two extreme ideas, compared together by the intervention of other ideas; and, 
when that agreement or diſagreement was perceived to obtain ſo neceſſarily, 
that the contrary ſuppoſition evidently implied an abſurdity, there was in that 
caſe the ſtricteſt mathematical demonſtration. But the ſame direct method of 
reaſoning cannot be applied to curvilinear ſpaces, which can never coincide, in 
any finite part, with a right-lined ſpace. Therefore, the mind not being able 
to find out the intermediate ideas, by which the extremes are connected together, 
or to perceive the neceſſary agreement or diſagreement between them, the an- 
cienis, in ſuch caſes, deſerting this direct and regular deduction, inveſtigated 
the truth or falſc hood of every ſuppoſition that could poſſibly be made contrary 
to the propoſition to be proved; and, by reducing every ſuch ſuppoſition to an 
abſurdity, thence indirectly inferred the truth of. the propoſition itſelf. This 
method of reaſoning, hence called reductio ad abſurdum.. is uſed by Euclid in 
the ſecond propoſition of the twelfth book of the Elements; where he compares 
the areas of circles together, by means of ſimilar polygons inſcribed; and 
ſhowing that ſome abſurdity muſt follow, if we ſuppoſe the circles to be to each 
other, either in a greater, or in a leſs ratio than the ſquares of their diameters, he 
concludes that they muſt be in that very ratio. 

The ſame reaſoning is uſed by Archimedes in his Quadrature of the Circle. 
And by both theſe geometricians in their demonſtrations relating to curvi- 
linear areas, ſurfaces, and ſolids. 

The following theorem, demonſtrated by the method of exbauſtions, may 
both ſerve to exemplify their reaſoning ; and likewiſe may be applied, as. a ge- 
neral propoſition, from which all theorems of this fort may be immediately 


deduced. 


108. If two variable quantities 4 P, 4 2, being to each other in an.inva- plate III. 
riable ratio, approach nearer to the fixed quantities A B, A D, than by any Fig. 34. 
aſſignable difference, the ratio of the limits 4 B, AD, 1s the ſame as the inva- 
riable ratio of the quantities AP, A 2. For, if not, let AP be to A 9, as 
AB to AE, leſs than AD: and let 4 P and AQ become Ap and Ag, ſo that 
D, the difference between A and A D, may be leſs than E D (El. X. 1.) 

Since AP: 42: : AB: AE, by the hypotheſis; and Ap: A:: AP: 48 
: en 
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Fig. 35 


any quantity 
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of the following propoſitions to the prime and ultimate ſums 
and ratios of naſcent and evaneſcent quantities; that is, to the 
- limits of thoſe ſums and ratios: and ſo to premiſe the demon- 

trations of thoſe limits, as briefly as I could. For hereby the 


ſame thing is performed, as by the method of indiviſibles ; 


and thoſe principles being demonſtrated, we may now uſe them 


with 


then is AB: AE:: Ap: Ag. But ſince A P is ſuppoſed always to approach 
to A B, Ap can never rel AB; therefore A q can never exceed A 5 but, 
by the ſuppoſition, q D is leſs than E D, and therefore Aq is greater than A E. 
Since then 44 cannot be both greater than A E, and leſs than AE at the ſame 
time, it follows, that A P cannot be to 4 Q, as 4A B to any quantity leſs than 
AD. And in the ſame manner it follows, that 49 is not to AP, as AD to 
AF, any quantity leſs than A B. Again, AP is not to A9, as ABto Ae, 
reater than AD: for if fo, and we take AFto AB, as A D to 
Ae; it then follows, that AP is to 49 as AF, (which is leſs than A B), to 
AID: which contradicts what has been already demonſtrated. Since then AP 
is not to A , as AB to any quantity leſs or greater than 4 D; it follows, that 
AP and A Lare to each other in the ſame ratio as their limits A B and 4 D. 
109. This kind of demonſtration, though attended with the ſtricteſt mathe- 
matical evidence, is from the nature of it always prolix : as, whenever two quan- 


tities are to be compared together, and the particular relation which they bear 


to each other demonſtrated, the demonſtration. muſt at leaſt be divided into two 
parts; in one of which it muſt be ſhown, that one quantity is not to the other 
in a leſs ratio; and in the other, that it is not in a greater ratio, than the parti- 
cular ratio propoſed. N i | 

For this reaſon Cavalerius introduced a ſhorter kind of demonſtration, called 
the method of indivifibles, According to which points are conſidered, as indi- 
viſible lines of the leaſt poſſible length, lines are ſuppoſed to conſiſt of a number 
of ſuch points, ſurfaces of lines, and ſolids of furfaces : and by computing the 
ſums of ſuch indiviſible elements, the ratios of magnitudes are found. 
110. For inſtance: Every ſphere is two thirds of a circumſcribing cylinder. 

Let the hemiſphere LIM, the circumſcribing cylinder LH XM, and the 
inſcribed cone H CK of the ſame baſe and altitude, be ſuppoſed to conſiſt of 
planes, as A B D E & parallel to the bafe. Since AE = CB* = BE* þ 


CE*'=BE*'+DE*, and ſince the circles, of which AZ, BE, and DE 


are the radii, are as the ſquares of thoſe radii ; the area of the circle in the cy- 
linder, whoſe radius is A E, is equal to the ſum of the areas of the circles in the 
hemiſphere and inſcribed cone, whoſe radii are B E and DE. Therefore the 
ſum of all the circular planes, which, according to the method of indiviſibles, 
are ſuppoſed to compoſe the cylinder, is equal to the ſum of all the circular 
planes, which compoſe the hemiſphere, together with the ſum of thoſe, which 
compoſe the inſcribed cone. | = we: 
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with more ſaßety. Therefore, if hereafter I ſhall happen to BOOK 


conſider quantities, as made up of particles, or ſhall uſe little 


curve lines for riglit ones, I would not be underſtood to mean 
indiviſible, but evaneſcent diviſible quantities; not the ſums 
and ratios of determinate parts, but always the limits of ſums 


and ratios: and, that the force of ſuch demonſtrations always 


depends on the merhod laid down in the preceding lemmas. 
| | It 


| 1 COMMENT AR. 

But the inſcribed cone is one third part of the cylinder, therefore the inſcribed 
kemiſphere is two thirds of the ſame. 

111. This manner of reaſoning, however true the concluſion is in this caſe, 


does not carry with it that accuracy, which is required in mathematical know- 
kdge; as will appear from the following example. 


gon, Whole ſides are increaſed in number, and diminiſhed in length in infini- 
tum; and that the leaſt poſſible arc of a circle coincides accurately with its 
chord, (which is the language of indiviſibles) it follows, that the time of the 
vibration of a pendulum 1n this arc is equal to the time of deſcent down its 


chord (Keil's Phyſ. Lect. XV). But it appears, that, in fact, thoſe times are 


ſo far from being equal, as Keil maintains, that the time of deſcent down the 
arc is leſs than the time of deſcent down the chord, in the ratio of the quadrant 
of a circle to its diameter. And from the method of prime and ultimate ra- 
tios, applied to this caſe, it is evident, that while the arc and chord approxi- 
mate to equality, the times of deſcending along them do not approximate ; for 
by the doetrine of limits, no part of a curve, how ſmall ſoever, can ever be 
taken for a right line: but even when they ſo far approach to each other, 
that their lengths may be taken as equal, the curve ſil remains a curve ; its 
inclination is different from that of the chord ; the accelerating force along the 
curve perpetually varies, and that in proportion to the diſtance of the pendulum 
from the loweft point, while the accelerating force along the chord remains con- 
itant; and conſequently the times of deſcribing theſe ſpaces are unequal, even 
ſuppoſing their lengths the ſame. 

To ſolve this difficulty the advocates for the method of indiviſibles have re- 


courle to 2 infinitely leſs than the former. And thus they are driven. 


to the abſurdity of ſuppoſing an infinite ſeries of infinitely ſmall indiviſible ele- 


ments, every one of which, though ſuppoſed indiviſible, is infinitely greater 
than the ſubſequent one. 


By this doctrine has been introduced into mathematical reaſoning all that ab- 
ſurd jargon concerning quantities infinitely great, and infinitely little, which has 


theorems; yet, in the hands o 
a falſe 


Suppoſing the periphery of a circle to coincide with the periphery of a poly- 


been ſo much objected to mathematicians. And, though it has often been 
elegantly applied by ſome able * to the demonſtration of many noble 
; leſs accurate reaſoners, it has as often led to 
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„eden, It is objefted, that there is no ultimate proportion of eva- 
otion of 2 * | : 22 
Bodies. Neſcent quantities; becauſe the proportion, before the quantities 
WY have vaniſhed, is not ultimate; and, when they have vaniſhed, 
is none. But, by the ſame argument, it might as well be main- 
rained, that there is no ultimate velocity of a body arriving at 
a certain place, when its motion is ended: becauſe the velocity, 
before the body arrives at the place, is not its ultimate velo- 
city; when it has arrived, is none. But the anſwer is eaſy: 
for by the ultimate velocity is meant that, with which the body 
is moved, neither before it arrives at its laſt place, when the 
motion ceaſes, nor after; but at the very inſtant when it arrives; 
that is, that very velocity with which the body arrives at its laſt 
place, when the motion ceaſes. And, in like manner, by the 
ultimate ratio of evaneſcent quantities is to be underſtood the 
ratio of the quantities, not before they vaniſh, nor after, but 
that with which they vaniſh. In like manner, the firſt ratio of 
naſcent quantities is that with which they begin to be: and 
the firſt or laſt ſum is that, with which they begin and ceaſe to 
be, or to be augmented or diminiſhed. There is a limit, which 


the velocity at the end of the motion may attain, but cannot 
exceed. © This 1s the ultimate velocity. And there is a like 


limit in all quantities and proportions that begin and ceaſe to be. 

And fince ſuch limits are certain and definite, to determine the 

, ag | ſame 

| COMMENTARY. 

falſe concluſions. The terms infinite, evaneſcent, and the like, have alſo, when 

rightly defined, been often uſed with propriety and accuracy : yet they have 
likewiſe been ſo much abuſed, that it would contribute much to the accur 

required in mathematical knowledge, if they were totally rejected from all rea- 

ſonings on ſuch ſubjects. | 

From this account of the different kinds of demonſtration, uſed by the an- 

cient geometers, we may perceive the reaſons why Sir Iſaac Newton rejected the 

method of indiviſibles, as ungeometrical; while he, in ſome meaſure, retained 

the method of exbauſtions; or rather abridged, and improved that method, in 

his doctrine of the limits of ſums and ratios. For the full ſenſe of the reaſoning 

of the ancients, in their reductio ad abſurdum, is elegantly and clearly expreſſed 

in a few words, in the firſt Lemma: which is afterwards uſed, as a general 

© theorem, and firſt principle, from which the following Lemmas are briefly de- 

duced, as ſo many particular caſes, by the direct method of demonſtration, 
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ſame is à problem ſtrictly geometrical.” But whatever is gebo- B n 
metrieal we may be allowed to uſe in determining and — — 
ſtrating any other thing that is likewiſe geometri cal. 
It may be alſo argued, that if the ultimate ratios of eva- 

neſcent quantities are given, their ultimate magnitudes will be 
alſo given; and ſo all quantities will conſiſt of indiviſibles, 
which is contrary to what Euclid has demonſtrated concerning 
incommenſurables, in the tenth book of his Elements. But 
this objection i is founded on a falſe ſuppoſition; for thoſe ulti- 
mate ratios with which quantities vaniſh; are not truly the 

ratios of ultimate quantities, but the limits to which the ratios 
of quantities, decreafing without” end, always converge ; and 
to Which they may approach nearer than by any given differ- 
ence, but can never go beyond, nor attain to, unleſs the quan- | 
tities are diminiſhed indefinitely. This will appear more evi- 
dent in quantities indefinitely great. If two quantities, whoſe - 
difference is given, are augmented continuaſly, their ultimate 
ratio will be given, to wit, the ratio of equality; but the ulti- 
mate or greateſt quantities themſelves, of which that is the 
ratio, will not ther efore be given. If then in what follows, for 
the more eaſy apprehenſion of things, I ſhall ever mention 
quantities the leaſt Paſſib ble, or evuneſtent, or ultimate, beware leſt 
you underſtand quantities of a determinate magnitude; but con- 
ceive them to be continually diminiſhed without limit, 


SECTION u. 


waa | 
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PIES PROPOSITION L THEOREM I 


That the areas, which revolving bodies deſcribe by radu, drawn to an 


immoveable centre of force, do both lie in the ſame immoveable planes, 
and are MEER fo the times in which they are deſcribed. 


Let the time be divided into equal parts, and in the firſt Plate nr, 
part of time, let the body, by its power of perſevering in Vis. 30. 


its ſtate of uniform motion in a right line, deſcribe the right 
Vol. I. | L line 


1 MATREMATICAL PRINCIPLES 


,of te line 4 B. In the ſecond. part of time, the ſame would (by 
Bodies, Law L) iff not hindered; proceed. directly to c, deſcribing the 
ine Bc equal to 4 B; ſo that by the rad. i 4 5, B. 45, drawn 
to the centre, the equal areas 48 B, BS c, would be deſcribed. 
But when the body is arrived at B, let a centripetal force act at 
once, with a ſtrong impulſe, and make the body, turn afide from 
the right line Bc, and after wards continue its motion along the 
right line B C. Draw c C parallel, to B S, meeting B Cin C; and, 
at the end of the ſecond part of time, the body (by Cor. I. of 
the laws); will be found in C, in the ſame plane with the tri- 
angle 48 B. join SC; and, becauſe SB and Cc are parallel, 
_ the triangle S 3 C will be equal to the triangle S Bc, and there- 
fore alſo to the tziangle 8 4 B. By a like argument, if the cen- 
triperal force acts ſucceſſively in. C, D, E, &c. making the body, in 
each ſingle particle of time, to deſcribe the ſeveral right lines CD, 
DB. I E &, they will lie in che ſame plane; and the triangle 
SOD will be equal to che triangle & B C, and SDE to SCD, and 
SEF two S DE. Therefore, in equal times, equal areas are de- 
ſcribed in one immoveable plane: and, by compoſition, any 
ſums; 84 DS, $4 FS, of thoſe areas are to each other, as the 
times in which they are deſcribed. Let the number of thoſe 
triangles, be augmented, and their breadth diminiſhed indefi- 
nitely; and (by Cor, IV. Lem. III.) their ultimate perimeter 
AD F will be a curve line: and therefore the centripetal force, 
by which the body is perpetually drawn back from the tangent of 
the curve, will act continually ; and any areas deſcribed SA DS, 
SAFS, which are always proportional to the times of deſcrip- 
tion, will, in this caſe alſo, be proportional to thoſe times. 


Which was te be demonſtrated. () 


Cor. 1. 


| | COMMENT A RY: : 

(4) 112. From this theorem, and the following, which is its converſe; we learn, 
that the force with which the moon is retained in its orbit is directed to the ſame 
centre, to which all heavy bodies near the ſurface of the earth are urged. by their 

gravity. And, that the gravity of the moon, and that of heavy bodies, are 
phenomena exactly ſimilar, in Feen of their direction. For, it appears from 

' ebſeryation, that the motion of the moon is accelerated in its approach to the 
"i, 2 » earth, 


— - 7·˙ðn — —— —üͤꝙ—2ẽ— — — —. 
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en 1. The velocity of a body, attracted towards an immaye- 1 0,0 x 
able cenere in ſpaces void of veſiſtance, is reciprocally as the cu. 


A dicular let fall from that centre on the right line that 
touches the orbit. For the velocities in thoſe places 4, B, C D, E, 
are as the baſes AB, BC, C D, DE, EF, of equal triangles 
and theſe. baſes are reciprocally a as 1 perpendiculars let fall 
upon them. {r/} 

Ger. '2. If the chonds 4 B. BC, of two arcs, ſucceſſively de- 
ſcribed in equal times by the ſame, body in ſpaces void of 
reſiſtance, are completed into a parallelogram 4 B CV, and the 
diagonal BY of this parallelogram, in the poſition which it ulti- 
_ mately acquires, when thoſe arcs are diminiſhed indefinitely, is 
produced both, ways, it will paſs through the centre of force. 


Cor. 3. If che chords 4 B, BG and DE, E F, of arcs, deſcribed 
in equal times in ſpaces void of reſiſtance, are completed into 
| the parallelograms ACV, DEFA; the forces in B and E are to 
each other in the ultimate ratio of the diagonals BY and E, 
when thoſe arcs are diminiſhed indefinitely. For the motions B c 
and E F of the body (by Cor, I. of che laws) are compounded of 
| the 


COMMENTARY. 


earth, and retarded as it recedes from it; in ſuch a manner, as to deſcribe 
equal areas in equal times by radii, drawn to a certain Point nearly in the cen- 
tre of the earth. 

113. The ſecondary planets, which revolve round Jupiter and Saturn, mov- 
ing with velocities nearly uniform in orbits, which do not differ ſenſibly from 
circles, deſcribe equal areas in equal times, and are urged by forces, directed 

nearly to the centres of their reſpective primaries, 
114. Hence likewiſe the primary planets, which are obſerved to be accelerated 
in the perihelion, and vat = in 2h aphelion z and likewiſe the comets, which 
move with immenſe velocities in the neighbourhood of the ſun, ſo as to defcribe 
equal areas in equal times, are all urged with forces directed nearly towards its 
centre, 


(r) 115: The areas of triangles being to each other in the compound ratio 
the and perpendicular heights z and conſequently the baſes as the areas 
79 7 and the perpendicular heights inverſely, it follows, that the velocities 
ies, reveitving 8 round different centres, are univerſally as the areas de- 
ſeribed in the ſame time directly, and as the perpendiculars let fall from the cen- 
we of force to the tangent inverſely. 
L 2 


* — 5 28 . LY XZ . F 
= A ap... — —— — a * —— — — — 


AF» 4 
—ů—ů— 


PERL ES. 


— — — — — hy 
a Om on uu . A ey 


— 


— 


— f auin-. 


MATHEMA TTGA TL. PRINCT PLES 


f. the motions B BV, and BV EE but BV and E Z, equal to 


33 Cc and F in the demonſtration of chis propoft 


tion, were gene- 


— rated by the impulſes of the cemripetal force in B and E. and 


are therefore proportional to oe impulſe ss 
4 


Or. 4. The forces, b by which bodies in 15 paces void of refiſtarice 
are drawn back from 1 0 rectilinear motions,” and turned into 
curvilinear orbits, are to each other, as thoſe verſed fines of arcs 
"deſcribed in equal times, which converge to the centre of force, 
and biſect the chords, When thoſe ares are diminiſhed indefinite- 
Iy. For ſuch verſed Lines" are halt: the n ee in 
Cor. } oi 9 5 


Cr. 5. And hetero, thoſe Adel are to the rde of: gravity, 
as the ſaid verſed lines, to tlie verſed fines pe ndicular to the 
horizon of the parabolic ares which” Nr. re -oirg in the 
ſame me” 5 25; 


Cor. 6. The ſame things bold od (by cor. v. of the dard) 
when the planes in which the bodies are moved, together with 
the centres of force, which are placed in thoſe planes, are not at 
reſt, but move uniformly in a right aa beds + IK bu 


PROPOSITION, II. THEOREM mn. 


* body. that moves in any curve bs deſcribed in a plane, cad a 

radius dratum 1a 4 point, either immo ueable, or moving forward with 
an uniform rectilinear motion, deſcribes about that point areas Proportional 
to the times, is urged by a centripetal force tending to that point. 


Caſe 1. For every body, that moves in a. curve line, is (by 
Law I.) turned aſide from its rectilinear courſe by the action of 
ſome force that impels it. And that force, by whieh the body is 
turned off from its rectilinear courſe, and is made to deſcribe in 
- equal times, the very ſmall equal triangles SA B, SBC, SCD, 
Kc. about the immoveable point $ (by Prop. XL. B. I. Elem, 
and Law II.) acts, in the place B, in the direction of a line pa- 
rallel to c C; that is, in the direction of the line BS; and in the, 
place C, in the direction of a line parallel to d D, that is, in the 
* of the line CS, &c. It acts therefore always in the 


. | | direction 
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direction of lines tending to that able point 8. Which B 0 OK 
was to be demonſtrated. . 


Caſe 2. And (by Cor. V. of ee it is indifferent, whether 
the ſurface in which a body deſcribes a curvilinear figure is 
quieſcent ; or moves, together with the body, with the figure 
deſcribed, and its point 5, uniformly in a right line. 


' Cor. 1. In ſpaces or mediums void of reſiſtance, if the areas are 
not proportional to the times, the forces do not tend to the point 
in which the radii meet; but deviate therefrom in conſequentia, 
or towards the part to which the motion is directed, if the 
deſcription of areas is accelerated; but in * if re- 
tarded Det 774 

„. And, even in reſiſting mediums, if the defeription of 
areas is accelerated, the directions of the forces deviate from the 


"COUCOUTTE of the radi, towards the bre to which the motion 
tends. 


 SCHOLIUM. 


A body may be urged by. A centripetal force compounded of 
rand forces. In this caſe the meaning of the propoſition is, 
that the force, which is compounded of all, tends to the point S. 
But, if any force acts perpetually in the direction of lines per- 
pendicular to the deſcribed ſurface, this force will make the 
body to deviate from, the Pape of its motion : but it will neither 


augment 


COMMENTARY. 


< $ F I 16. If the deſcription of areas is accelerated, and the ray, drawn from Plate III. 
the centre S, deſcribes in the ſecond part of time the triangle $ B, greater than Fige 37. 
the triangle SCB. or its equal & B A, deſcribed in the firſt part of time, complete 
the parallelogram Bc.2q- and it is evident, that the motion of the body in B 
is compounded of the projectile motion B c, equal and in the direction of 4 B, 

and of a force as c 2, acting parallel to Lat the point B that is, the body is 
acted upon by a force at B in the direction 5 4. But, if the triangle SQ B is 
greater than the triangle & CB, on the ſame baſe S B, it is evident, that cis 
directed in cenſeguentia of c C; and therefore that B gs, parallel to c Qs is directed 
in conſequentia of B &, parallel to e C, to a point 5 before &, or towards the 
direction in which the body is moving. If the triangle $2 B is leſs than SC B 
or SBA, and the deſcription of areas is retarded, it appears in the ſame manner, 
that the force at B is — to a point £ behind S. 


750 MATHEMATICAL SRINCIPLES. 
. \ Ore | 2ugment nor diminith the quantity of the geteerte, and 


| "Bol | is therefore to be neglected in the compoſition of — 
n PROPOSITION W.. 'THEOR EM. . 
Bvery body, which, by a radius drawn to eee eee 
ſoever moved, deſcribes areas about that ceutre proportional to the times, 
is unged by a force, compounded of the centripetal farce tending to that 
other body, «nd of all the ocealerating Force, by which that other body 
it anpelled, 
Let L repreſent the 62d, and rhe ether body ; and (by Cor: VI. 
of the Laws) if both bodies are urged in the direction of parallel 
lines by a new force, equal and contrary to that by which the 
ſecond-body 7'is urged; the firſt body I will go on to deſcribe 
about the other body T the ſame areas as before: but the force, 
by which the ſecond body T was urged. will be now deſtroyed by 
an equal and contrary force; and therefore (by Law I) the 
ſecond body T, now left to itſelf, will either reſt, or move uni- 
formly in a right line: and the firſt body L, impelled by the 
difference of the forces, that is, by the force remaining, will 
on to defcribe about the other body F areas proportional to 
4 times. And therefore (by Theor. II.) the difference of the — 
is directed to that other body 7 as its centre. RN was to be 
demonſtrated. 
# Cor. 1. Hence, if the one body L, by a radius POR to the 
other body 7, deſcribes areas proportional to the times; and if 
from the whole force, by which the firſt body L is urged 
(whether that force is le, or according to Cor, II. of the laws 
compounded- of ſeveral forces), we ſubduct (by the ſame Cor.) 
that whole accelerating force, by which the other body is urged ; 
the whole remaining force, by which .the firſt body is urged, 
will tend to the other body T as its centre. 
Gr. 2. And, if thoſe areas are tional to the times nearly, 
rhe remaining force will tend to the other body T nearly. 
Cor, 3. And, on the contrary, if the remaining force tends 
nearly to the other body 7, thoſe areas will be nearly proportional 


to the times. 
5 ö 3 | RE Gor. 
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Cor 4 If the body L., by a radius. drawn to the other body 7, BOOK 


equal: and that other body is either at reft, or moves uniform- 
ly in a right line: the action of the centripetal force, tending to 
that other body 7, is either none at all, or is mixed and com- 
ded with very powerful actions of other forces: and the 
whole force compounded bf them all, if there are more forces 
than one, is directed to another centre, either immoveable or 
moveable. The ſame thing obtains, when the other body is 
moved. by. any motion whatſoever ; provided that centripetal 
force is taken, which remains after ſubducting the whole force 
which acts upon that other body 7. 


Becauſe the equal deſcription of areas indicates the centre, to 
which that force tends, with which the body is moſt affected, and 
by which it is drawn out of its rectilinear motion, and retained 
in its orbit; why may we not be allowed, in what follows, to uſe 
the equal deſcription of areas as the indication of the centre, 
about which all circular motion is performed in free ſpaces ? 


PROPOSITION IV. THEOREM IV. 


That the centripetal forces of bodies, which by an equable motion deſcribe 

different circles, tend to the centres of the ſame circles ; and are to each 

_ ather, at the ſquares of the arcs deſcribed in equal times, applied to the 
radi of the circles. 

Theſe forces tend to the centres of the circles (Prop. II. and 
Cor. 3. Prop. I.), and are to each other as the verſed fines of arcs, 
deſcribed in equal times indefinitely ſmall (by Cor. 4. Prop. I.) 
that is, as the ſquares of the ſame arcs; applied to the diameters 
of the circles, (by Lem. VII.) and therefore, fince theſe arcs are 
as the ares deſeribed in any equal times, and the diameters are as 
the radii; the forces will be as the ſquares of any arcs deſcribed 
in the ſame time, applied to the radii of the circles. Which was 


to be demonſtrated. 
Cor. I. 


deſcribes areas, which compared with the times are very un- . 


NaTE ATI AL PRTNGIPLES 


* G, 1. Since thoſe arcs are as the velocities of the- bodies; the 
e forces are in a ratio compounded of the duplicate 
ratio of che velocities directly, ove of aa fim Pet's ratio of the 
radit inverſely (1). 


"Ger. 2. And, fince the periodical hey” are in a ratio com- 
pounded of the ratio of the radii directly, and the ratio of the 
velocities inverſely ; the centripetal forces are in a ratio com- 
pounded of the ratio of the radii directly, and the 3 ratio 
of the periodical times inverſely (u). 


Cor. 3. Whence it appears, that if the Periodical times are 
equal, and therefore the velocities are as the radii; the centri- 
petal forces will be alſo as the radii; and the contrary v). 

Cor. 4. If the periodical times, and the velocities are both in the 


ſubduplicate ratio of the radii; the centripetal forces will be 
equal, n theraſelves : ay the wa tnary (.). 


* 30 | 7 en s 
COMMENTARY. 


Ay "eh Let F and f be the centripetal forces of bodies deſcribing different 
circles, whoſe radi are as R and r, with velocities which are as and v, in perio- 


7 2 
dical times, as T and 7: then is F: f:: ＋ . * 


(u) 118. Since the times of deſcribing different ſpaces with . velocities 
are as thoſe ſpaces directly, and the velocities inverſely; and, ſince the peripheries 


of circles are as their radii; we have T8242 ok . 8 ; and therefore — _—_— 


F v . 


2 2 R gen g: R Ml nr 
(4) 119. — ©: t * D 1788 8 N and R : 
l 

22% F; v3 hence R r 1 4 
if "pn we have R: 7 Ff. 


On the contrary if Rt F: Wee Nee and T * N 
Likewiſe of R 2 85 chen is 7 : v1 R. *. 


R 
V 


. 
[le 
5 
* 
o 
Ny 
8 


(v) 120. If T. or : R Vr, ien V RV 


2 or WATORAE PHILOSORAY, 


5. IF the periodical. times are as the radii, and therefore. 3 8 0. 0 * 
he e equal; the centripetal forces will be reciprocally as — 


the radii: and the contrary. Tx) 


Cor. 6. If the periodical times are in the ſeſquiplicate ratio of 

the radii, and therefore the velocities reciprocally in the ſubdu- 

 plicare ratio of the radii; the centripetal forces will be inverſely 
in the duplicate ratio of the radii: and the contrary. (y/ 


Cor. 7. 


COMMENTARY. 


gd = e Or, if T: $::VR: 
F =f. 


On the contrary, if F ,, hen =, d. tt: VR: VT, Like: 
wiſe = T „then Y: V:: R: VT, 


( 121. . tor R. r, then = „ r 
1 


— : . . SOS. . A 2 * I 1 N 
3 n 8 


1 
On nn. if F: 2 7 : — then * ö 1 "= n T: $ 2 


3 1 3 
Rr. Likewiſe, if : : ＋ — then V v. 


2 


6012.1 72: R* by; then is T 27 ers- : RI: iI; and /: v 


577 vn 

„. J. 3 PP 

r 7 : 57 F Likewlle, if 7 
Fr 


— r R 1 "i 
R 3; 7 then is -— 7 7 27 NY 22 r: 77: F. : 
1 I YO ; 4 
On the contrary, if F: f :: Kr r, then 1 2570 ©» E , and 
33 3 "i 3 . . » 3 * . VP 
conſequently T ::: R ri, and T: f:: R n Hd 6 
1 1 2 3 2 * * 22 oP 


Vol, I. M 


Plate III. 
Fig. 38. 


, 


22 MATHEMATICAL PRINGIPIES 
1 = And univerſally, if the periodical. time is as any power 
A 2 of Ord radius R, and. therefore the velocity reciprocally as 


ws 8 R=—1 of the radius; che centripetal force will be 


eee er of the Tus Wee 4 the con- 


_trary. (2) 11 Hoh 0451 4% 
Cor. 8. The ſame things all n concerning the times, the ve- 

locities, and forces, by which bodies deſcribe the ſimilar parts af 

any ſimilar figures, that have their centres in a ſimilar poſition 


within theſe figures, by applying the demonſtration of the preced- 


ing caſes to thoſe. And the application is made, by ſubſtituting 
the equable deſcription of areas for equable motion, and gang 


the 3 of the bodies from 2 centres for the radii. (a) © 


| . Cor. g. 
counmnriny,, 
| 020 . If T: :: R.: F., then . 5 :: R. rand V: 15 * 
: = : hence Y *:v* 3: N . e 
if P. . Or, if T 72 Ro: yo, dben is T8 1 25 :: =: — 2 — 
== Pf 
| oh Seca if F Fe: N pn then is F. > == 
. i nd R.. Likewiſe, if 
| — 4 r pred)! and . 
22 K pre 0 Feen 


(a) 124. Let the bodies A and a, revolving in ſimilar orbits, with 8 
tending to the centres &, 3, ſimilarly ſituated, deſcribe the arcs CAB, ca in 
the ſame time; the centripetal force in B is to the centripetal force in y as the 

itta of the ate C A B, which biſects che chord, and paſſes through the centre 
0910 force, to the ſimilar ſagitta of the arc cab; or, (\uppoling A £ and à v the 


chords of curvature * paſting through S ands,) as << C an L : = l But fince 


. | | S and 


VO TIT IN nn Wi d NE OT w AIR 


* 


or NATURAL PHILOSOPHY. 
Cor. 9. From the ſame demonſtration it likewiſe follows, that 


35 


BOOK 
, * . . . I, | 
the arc, which a body, uniformly revolving in a circle with a cw, 


given centripetal force, deſcribes in any time, is a mean pro- 
portional between the diameter of the circle, and the ſpace, 
Which the ſame body, deſcending. by the ſame given force, 
would deſcribe in the ſame given time. /b} 


21. COMMENTARY. | 

$ and s are ſuppoſed to be ſimilarly ſituated, and therefore 48 and a inclined 
to the tangents 4 D, a d, in equal angles $ AD, 5s ad; the chords of curva- 
ture Ay, à v, are lines ſimilar and ſimilarly fituated ; and, from the nature of 
ſimilar figures, are proportional to SA, 5 a, or any other homologous lines in 


SCH 0- 


theſe ſimilar figures. Subſtitute therefore the diſtances S A, 5 a, for the chords | 


of curvature 4 Y, a v, proportional to them; and the centripetal force in A 


a D- y * 
is to the centripetal force in a, as K - - . 
5 #4 6) | as | 
125. Since the velocities in 4 and à are as the arcs CA B, cab, deſcribed 
in the ſame time, the centripetal forces in the ſimilar places A, a, are as the 


ſquares of the velocities in thoſe places directly, and as § A, $a, the diſtances 


from the centres &, 5, inverſely. - 


126, The N forces in all ſimilar places are likewiſe as the diſtances 


S A, $8, directly, as the ſquares of the periodical times inverſely. For, 


ſuppoſing C A B, cab, to be no longer arcs deſcribed in the ſame time, but 
ſimilar parts of ſimilar” figures, the times of deſcribing them are proportional to 


the whole periodical times; for, ſince ſimilar parts of ſimilar areas are to each 


other, as the Whole areas, the times of deſcribing thoſe ſimilar parts are as the 


whole periodical times, But the velocities in A and a are as CAB, ca b, the 


ſpaces deſcribed, directly, and as the times of their deſcription, or the whole 
periodical times, inverſely ; that is, from the nature of ſimilar figures, as the 
diſtances A'S, 45, directly, and as the periodical times inverſely : therefore the 


ſquares of the velocities, divided by the diſtances AS, 4s, or the centripetal 


forces in A and a, are as the diſtances AS, as, directly, and as the ſquares of 


the periodical times inverſely. 


— 


127. And hence it follows univerſally, that if the periodical times in ſimilar 
orbits are as any powers S A, 5 of ſimilarly ſituated radii $4, 54, and 


therefore the velocities in ſimilar places inverſcly as CHAIN , s a\" , the. cen- 


tripetal forces in ſimilar places are inyeglely a 1 Dh. And 


converſely. 


() 128. Let AD be a tangent to a circle. 4 BEF : and, drawing B D per- 


d, fup- 


pendicular to that tangent, complete the parallelogram 4D B C; an 
Rai zr TIOTOND 1! M2 2 


, Plate III. 
Fig. 39. 


Motion 0 af "—_ of the fixth 'corotliry” is) 
— fa our countrymen Sir Chr 


22595 ze elRh; 0 © u’ der r e . 

e to e eli! 
r Wien, Dr. Hocke, 
aud Dr. Halley, have feverally obſerved) and therefore; in 
what follaws, 1 intend to treut more at large of thoſe things 


which relate to a centripetal force decreafing in a duplicate | 
* the diſtances from the centres. , 


(e) Moreover, by means of the preceding propolecion and its 
Cee. we, may diſcover the proportion of a ah a 


COMMENTARY. 


g che are AB to be continually diminiſhed, in the ſame time. in whigh the 
” by an uniform motion in the circle, deſcribes A B, it would deſcend 
through the ſpace 4 C, by the centripetal force in the circle, acting uniformly 
(Prop. I. Cor. 3.). Therefore, ſuppoſing 1 F to be deſpribed by an utiform 
motion in the periphery of the 2 in the ſame time in which 46G would be 
deſcribed by a. body deſcending in ger nad cet Mee 
2 an invaiale force ay aaa which it-would be retained 1 | 


of the citcle 4 B the ſpaces AC and 4 G deſcribed by ar body, 
— with an rmly accelerated vo are as the 1 
abe, Therefore 4C: 40 43. 4 Ie: pb but 4T = 


REL 


ITE 'herefore * z and AG: AF:: AF: 44. 


ehe waren r which a body ought. to be pro- 
given circle, is equal to that which it would ac- 
down. Tal che ro radius of the circle, ſuppoling it acted upon by 
| be retained | 8.106 Pefiphery 


in * 
quire in fall 


fame nts wich th velocity; Ben Fc (79) 4% =446*=46 


x A E (128) 4 therefore, 46 => 
(e) 130. We may c the centri centripetal force of a body We 
periphery of a given circle with the force of gravity, by findin Lig: jodical 


time of a body, projected fo that its centriperal force near the ſurfa the earth 
| may be equal 20.the forte of as the radius of the Pen circle, di- 
vided by the ſquare of the periodical time in that circle, is to the radius of the 
earth, divided by the ſquare of the peniodical time found; ſo.is the centripetal 
foree in the given circle, to the force of gravity (Prop. IV. Cor. 2.). Let R be 

the radius of * 7 circle, D the diameter 


4 of 


p a 4 8; oY 
* V + * ”Y , . „ 
=> Ju 


-”, 4x £ 5 * Aer 
e 22 9 ＋ 68 , 


* 4 * bo, 
OO * , * * 
. 1 6 % 
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"Is * * * N T Fy 4 : 
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I Me. Þ; , . ks . 3 , 4+ 3%: 
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ny RP TIT 
force to any 


_ * * 12 * * 
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centrie to the ea, this gravity is its centripetal force, But, 
from the deſcent of heavy bodies, the time of one entire revo- 
lation, as well as the arc deſcribed in any given time, is given 
(by Cor. 9, of this Prop.). And by ſuch 3 Mr, Huy- 
gens, in his excellent book De Horologio Oſcillatorio, has compared 
the force of gravity with the centrifugal forces of revolving 
| bodies, "val | | | 

. 1 10 Bb The 

c Oo M M E N T AR Y. 


13 Y C.the I UL eg * circle of the earth, S the ff pace de- 
ſcribed in a ſecond of time by a heavy body near the ſurface of the each acted 


upon by the force of gravity: then is 8 likewiſe the ſubtenſe of an arc, de- 


ſcribed in a ſecond of time; which arc is therefore dives ag WANG 
Therefore * Bd iso C, as dis ond of: time, is 


— 


the whole periodical time of a body, revolving in a circle near the ſurface of 


the earth with a'centripetal force equal to the force; bes From TR the 


I ien as — 2 
2 X R | | „ Fr 
According to Picart's een of a degree of à great circle of the earth; 

. 2 126249600 Pariſian feet ; whence D = 39231600 Pariſian 
e nearly : 3 from experiment that $ = 18 Parifian feet, 
nearly; AAS 9 and T being given, we have the proportion in numbers. 
131. Hence it appears, chat / BN = 24326 Pariſian feet ; and therefore if a 
body is projected with foch a velocity, as to deſcribe by an uniform motion 
4,92082 Engliſh miles in a ſecond of time nearly, ſuch a body will revolye round: 
the earth in a circle, in the ſame manner as the moon, or any ſecondary planct. 


And whe whale yridica tim of foch a ocaery r = 5066 
4 - PLNGY of time; or 1 hour 24 minutes 275 ſeconds, nearly. Therefore, 


or as 1 to 


| if 7 hath ſhould perform a revolution round Yo axis in this time, the parts of 


it at the ecjuator would loſe their whole gravity. And if it ſhould revolve 
reund ks axis in any les time, all bodies at the equator would fly off from the 


furface af the earth, and perform reyolutions in ell _— orbits, Fung aue focus: 
placed in the centre of the earth, 


* 


er known force, ſuch as that of gravity. For 100K 
a body, by Wenns of its Sravity, revolves in à circle con- — 


1 


. MATHEWADICAL ISIC 


2 70 ehe preceding propoſition may be like wiſe demonſtrated aft or 
this manner. In any eircle, ſuppoſe a polygon to; be inferth 

— of any number of ſides And if a; body, dy moving With a 

given velocity along che ſidis of ithe polygon, is reflected from 

the Circle at che ſeveral angles, the force, with, Which, at every 

reflection it 'trikes the circle, will. be as its velocity: and there- 

| fore,” the fum of the fortes, in a given time, will, be as that 

velocity, and the number of reflections jointly: that is, (if the 

ſpecies of the polygon is given) as the length deſcribed in that 

given time, increaſed or diminiſhed in the ratio of the ſame 

length to the radius of the circle; that is, as the ſquare of that 

+ length applied to the radius EY therefore, if the polygon, 

by baving, its fides diminiſhed continually, coincides with the 

circle, as the, ſquare, of, the, arc. eres in a given time, ap- 

plied to the radius. This is the centrifugal force, With which 

f the body impels the circle; and to this the contrary. force, 

| wherewith the circle continually repels the body towards the 

centre, is s equal, | 9 wed ko. carr 00 28, 019 oe Np 


G MINUS. 12 


1 : 
{1 £D Nail 


knorosrrrox v. PROBLEM * 


in Feng with whicd c body deferibes a given ; figire, with Farces h 
tending to ſome c common centre, bemg n in by placesy to find" that 
ol eee To e een d * agb a h. „ * | 


Plate Ill. Let the chree Bade las * T, oY Thich the nge de- 
Fig. 4. ſcribed in as many points P, &, R, meeting in 7 and . On the 
tange 5 oy the iculars PA. 2B, RC. be erefted reci- 

proce portional to the velocities of theibody in thoſe points 
oh Be Een they are erected; that is, ſo that PA may 

* 2 2B, as the velocity i in 2 to the velocity in P; and 2 Bo 
RC, as Sr velocity in R to the velocity in & Through the ex- 

tremities 4, B, C of the perpendiculars Jet AD, DBE, EC, be 

drawn at nght angles, meeting in D and BY And the right 

lines 1 D, VE produced, will meet in S, the centre required. 


For the perpendiculars, let fall from the centre & on the tan- 
gents PT, WU, are reciprocally as the velocities of the bodies i in 
r g be 


= 
„ 
WW + 3 
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the poims P and 2 (by Cor. 1. Prop! 10 ; and therefore, by the B 991 K 
conſtruction, as the perpendiculars 4 P. B B © directly; that is, a. 
the perpendiculars let fall from the point Dot thie tangents (d,. 
Wnence it is eaſily inferred that che points 5, D, T are in one 
right line. And, by a like argument the points 8, E, are alſo 
in one right line: and therefore the centre & is in the — 
of the right lines'T D, VE. Which Was to be demonſtrated. 


© iti. PROPOSITION VI. THEOREM V. 


If a dy in a pace void of reſiflance, revolves in any orbit about an im- 
moveable centre and in an indeſinitely mail time deſcribes any naſcent 
are; and the verſed fine F tbat arc is ſuppoſed to be drawn, which 
- may. Niect the chord, and being produced may paſs through the centre of 
Force; the centripetal force, in the middle of the arc, will be as the 
verſed fine directly, and the ſquare of the time inverſely. 


For the verſed ſine, in a given time, is as the force (by Cor. 4. 
Prop. I.), and increaſing the time in any ratio, becauſe the arc 
will be increaſed in. the ſame. ratio, the verſed fine will be in- 
creaſed in the duplicate of that ratio, (by Cor. 2. and 3. Lem. 
XI.); and therefore is as the force, and the ſquare of the time. 
Subduct on both fides the duplicate ratio of the time, and the 
force will be as the verſed ſine directly, and the ſquare of the 
time inverſely. Which was to be demonſtrated 0 e). 


And 


erer 


(4 132. Let S2, Sy, S& be perpendiculars let fall from che centre $ to the 1 
tangents; and D d, D K perpendiculars from the point D. Then ſince S is to * 
Sy inverſely as the velocity in P, to the velocity in Q, we have S7:Sy::AP 

32: D d: DR; and ſince the angle J Sy is equal to the angle 4 D K, the 
figure 15 9 is ſimilar to the figure 4D K: and the angle S ) being equal to 
the angle Dd K, Ty is parallel 4 KX. Hence $7: D 49 4K. 77:4 7. 
There ore the points 7, D, 5, are in one right line. 
q In the fame manner it appears, that the points V, E,S are in one right 

ine. | 

(e) 133. Let the bodies P and p, revolving round the' centres of force S, and Flate IV. 
s, defective the arcs Q P M, gm of different orbits in any times T and 2; the Fig. 41. 
centripetal forces in the middle of the arcs P, p are as QR, qr, the ſagittas of 
thoſe arcs directly, and as the ſquares of the times inverſely. For ſuppoſing the arcs 
NP, Np A co be deſcribed in the ſame time with different forces as Fand , then 
ve . QR: Aa:: F: f (Prop. I. Cor. 4. ) And ſuppoſing the forces 1 in P and 

2 to 


—— ͤ Ä ——— TY -* vat 


k — — — ,, —_— —. — — 


n 
| 1 Plate IV. 


Fig. ++ 


Plate IV. 
F ig. 42. 


Ss » 


E 2 


Leal AF* : qp*: 
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Aud che ume thing is alfo cafily demonſtrated by Cor. wwe. 
X. Oo EY» le 
n 1. If a body P. aw. nnd 6 describes a 
curve line 45 . ande a right line Z P touches chat curve 
in any point P; and, from any other point £ of the curve, LR is 
— parallel to the diſtance & P, meeting the tangent in R; 
and QT is drawn perpendteular to the diſtance & ; the centrir 
petal force will be reciprocally as the folid dete 


lid is taken of that magnitude which it ultinatſtely acquires, 
ſuppoſing the points P and & continually to approach to each 
other g/. For R is equal to the verſed ſine of double the arc 
LP, in whoſe middle is P: and double the triangle — pda 
SPY is proportional to the time, in which that double ar 
is deſcribed; and CTY be Low for the — of the 

1 2 0 bn Vat = Se 
„ COMMENTARY.” | 


to be the ſame, TY equal to A a, deſcribed in. the Gans cles; has or. 
:T*:4*, the motion in the arcs 4 p being uniform: 

ſuppoſing both the times and the forces to a DIC CIOS 
ing theſe ratios, we have R: 1 7: F Fx“: und F: f:: PF =, 
134. It appeags by Lem. X. Cor. 4- that the forces are as the ſpaces deſcribed 

2 : l of the motion directly, and as the. ſquares of the times in- 
R and 297 are the ſpaces deſcribed 


verſely : but 2 the centripetal forces, 


acting ther: 4 tho forces F — 
and toge forces are proporu * 
2R, yr irectly, and to the ſquares of times inverſely. * 


(G) 135: Asthe points P and Qapproach to each other, the quantity 5 EF te * 


eontinjally to equality with a certain finite line, and at laſt approaches nearer 
to that finite line, than by in that can be aſſigned: therefore the 


quantity -K i in chat ſtate, a ſolid of a finite magnitude, being made 


in the ſame time in which the arcs Q M, qp m are 
forces. 


up of a finite area SP? multiplied j into a finite line. 


* 


(b) 136. The ares 8 Þ* x A. being here ſubſtituted for the time, this ex- 
proſion for the centripetal force e be applied to find the Jaw 


centipetal force in different orbits, unleſs it happens that equal areas are de- 
W. in 1 2 times. Nor indeed in the — OY the centripetal cw 
| ten 


4 —— 


— — 
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er. 2. By a like reaſoning the cen 
SY*x 2 P 


the centre of force on P R, the tangent of the orbit. For the 
rectangles S Fx Y and SP x T are equal (i). 


Cor. 3. If the orbit is either a circle, or touches or cuts a cir- 
cle eoncentrically, that is, contains with a circle an indefinitely 
ſmall angle of contact or ſection; having the ſame curvature and 
the ſame radius of curvature at the point P; and if PY is a 
chord of this circle, drawn from the body through the centre of 
forces; the centripetal force will be reciprocally as the ſolid 


hf P* 
SY* x PV. For vr is Fi Y. 


Cor. 4. The ſame things being ſuppoſed, the centripetal force 
is as the ſquare of the velocity directly, and that chord in- 
verſely. For the velocity is reciprocally as the perpendicular SV, 
by Cor. 1. Prop. I. (J. | 


Cor. 5. 
COMMENTARY. 


tends to a point ip the concourſe ef the radii, round which equal areas are de- 
ſcribed in equal times. 
SY: x I P* 


TR does not expreſs the law of centripetal 
force, unlefs equal areas are deſcribed in equal times, | 
(k) 138. If PNF is the circle of curvature, the triangles CRP, APV 


(i) 137. The quantity 


being ſimilar AR: P:: P: P = EF 
From this Cor. it likewiſe follows, that the law of centripetal force is 


reciprocally as the old gg, ſuppoſing PC to be the radius of the cir- 


cle of curvature. - For the triangles PV F, P& being ſimilar, we have S P: 
| SYTx PF . 
— e which 
: : SNN 
is proportional to f - 

(1) 139. The expreſſion for the centripetal force in this corollary is deduced from 
the ſuppoſition that the areas are proportional to the times, and the velocities in- 
verſely as the perpendiculars ; but yet it may be apphed to find the law of force 
in different orbits, though neither of theſe ſuppoſitions rakes place : for it is true 


in general, and may be demonſtrated from general principles, in this manner, 
Vor. I. N The 


89 


tripetal force is reciprocally * 
asthe ſolid f if ST is a perpendicular, let fall from 


Plate IV. 
Fig. 43+ 


Plate IV, 
Fig. 44+ 


acted. upon by an invariable force, equal to the centripetal force with which the 


Plate IV. 
Fig. 45» 


rde 5 which — | in Ner- the expreſſion found for the centripetal force 


| erin directed; - the law of aa forte may be found, 


the. ſuppoſition, equal to that with which, P. &. js. deſ "_ the velocity in 


the | Auxion of 


MATHEMATICAL PRINCIPLES 


Cor. 5; Hence, if any curvilinear figure AP'S is given; and 
therein a point Sis alſo given, to Which a centripetal force is 


gs 101 nds wo ' jr ed 
COMMENTARY. 510 


The centripetal force is univerſally as the ſagitta of the' arc, or as 9K direly, 
and as the ſquare of the time inverſely (Prop VI.) ; and, calling the pd and 
TI V, by reaſon 2 the — N the Arc. 2E. ** is ak 
Q.R QP 2 X. 7 X z i 

S, and EN Apr FFM P * 
9 The AP with which a body.ought to be projected. Nn to | defiribe 
2 given curve APN, wequabro t 5 which it 445 acquire in falling down 
ourth part of that chord J of the circle of curvature at the given point , 
which paſſes through the centre of force 8; ſuppoſing the falling body to be 


cutve is deſeribed at the point P. For ſuppoſe a body, thus deſcending through 
P v, to acquire a velocity in v equal to that with which the are P is deſcribed 
in the curve. Then is 5.8 to P u, as the ſquate of the velocity acquired in 
falling from R to QA, by a body acted upon by the ſame uniform force, to the 
ſquare of the velocity acquired in falling from P td v; which velocity is, by 


falling from R to Q is to the uniform velocity in P 2 R is to P 


therefore 15 have AR: Por! * 72 whence Pom " e 
P2 1 


4 \ 


4 

141. The doctrine of Canes bing now WEN "FRY . it may be pro 
per to add a general form for finding the law of centripetal force, which may be 
applied in demonſtrating the principal propoſitions which follow by our Author's 
own method of Analyſis. 


1 

Let then P be the place of a body, revolving i in the curve AP 9, round the 
centre 8. Let S Px, TP g= 2, SY =, Trg, the radius of curvature 
PC= R, and let the centripetal 88 be called F. [Becauſe the triangle 7 P r 
15 5 to the triangle PC, and likewife QT P to PFS; we have P: 


R: PZ and &: P N:: * * ; and ex æquo ::: R: x; whence R = 


(139-), and we have F as ——— 7 FRE 1. or, ſuppoſing + to be given, F is. ag 


775 . Therefore, to find the law of centripetal forte in any 


particular caſe, find the vo of y in terms vol , from che naturt of the curve ; 
and find the fluxion of — _ N 


1 


9 „ 19 * . ” SF 
1. ** . * 5 * i 
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by which the body P, continually drawn back From a reccili- B 9 OK 
near courſe, will be retained in the perimeter of that figure, and * 
will deſcribe the ſame by a perpetual revolution. That is, we 
are to find by compuration, either the ſolid e — 2 8 or the 


ſolid ST. * P, reciprocally proportional to this force: Examples 
of this we ſhalk-give'in the following problems. | | 


PROPOSITION VI. PROBLEM UI. 


Let a body revolve in the circumferencæ of a circle ; it is required to find 
| : the law of centripetal force tending to any given point. 

let V NP A be the circumference of the circle; S the given fie. 
point, to which the force tends, as to a centre; P the body mov- 8 8 1 
ing in the circumference; 2 the next place into which it is to 
move, and PR the tangent of the circle at the preceding place. 
Through the point S let the chord PV be drawn; and, the dia- 
meter YA of the circle being drawn, let 4 P be joined ; and let 
fall: N perpendicular to. S P, which: produced may meet the 
tangent PR in Z; and laſtly, through the point 2 let LR be 
drawn, which may be parallel to S, and may both meet the 
circle in L, and the tangent P in R. And, becauſe of the ſimi- 
lar triangles 2 N, 27 PB, V P Ar RP,, that is CR L will be to 


, as ar to EF. And therefore, a is. ” equal to 


Tn Let theſe equals be multiplied i into "ET and the points 

ER © 5 | Pand 

en ind r r 

(mn) 142. The angles Z R, ZTP, and Y PA are right angles and 2z PY. 
Between the chord and tangent, is equal to VA in the alternate ſegment. 


Otberwiſe, from the ſimilar triangles P, VP A. S 5 - * 22 and 
8 7 
1 75 * £ which ! is inverſely as the een force (139), is cqual to 

SP'xXPV:xN2 AV SP xPV 

NI 5 e ; Mich, as 2 4 7 is conſtant, is inverſely 
a x PN.. a 
g 41 . . 3 2 0 = . 


J2 , 


Moen * 
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P and N cogtinually approaching, for R L write PV. Thus we 


4 — ; ſhall find £141 £ 44s 3 Therefore (by Cor. 1. and 


Plate IV. 
Fig. 47. 


1 OR 


SP* x P . 
5. Prop. VI.) the centripetal force is reciprocally 2s 


that is (becauſe 4% is given) reciprocally as the ſquare of "ly 


diſtance or altitude S P, and the cube of the chord PV Jointly. 
Which was to be found. 


The ſame otherw ih. 


On the tangent P R produced let fall the- perpendicular SY; 
becauſe of the ſimilar triangles S FP, VPA, we ſhall have 


AV to PP, as SP to SY; and therefore — = = SY, and 
S P 1 X P 4 3 | | | 
7 — SY* x PV. And therefore (by Corol. 3. and 5. Prop. 
VI.) the centripetal force is reciprocally as — 7 that is, 
becauſe AV is given, reciprocally as S P* x Pr. Which was to 
be found. 
Cor. 1. Hence, if che given point 8 to which the centripeta al 
force always tends, is placed in the circumference of this circle, 


ſuppoſe at V, the centripetal force will be reciprocally as the qua- 


drato-cube (or fifth power) of the altitude S P. 

Cor. 2. The force by which the body P, in the circle APTT, 
revolves about the centre of force S, is to the force, by which the 
ſame body P may revolve in the ſame circle, and in the ſame pe- 
riodical time, about any other centre of force R, as RM SP, 
to the cube of the right line SG, which is drawn from the firſt 
centre of force S, to the tangent of the orbit P G, and is parallel 
to the diſtance PR of the body from. the ſecond centre of 
force R. 


71) For, by the conſtruction of this propoſition, the former 


force is to the latter, as RP*x PT" to SP*x Pi; that is, as 


= 
COMMENTARY. | 


( 143. If the areas defcribed in equal times round the points 5, and R are 
equal, then are the- forces inverſely as SP*xPP! to RP x PT * (Prop. TR 
"0 
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Ix 1 OK 
SP x R P* 0 7 or (becaufe of the fimilar triangles PS G, , 4 4088 


——ů— 
TPP) to SG. | 


Cor. 3- The force, by which the body P in any orbit revolves 
about the centre of force 5, is to the force, by which the ſame 
body P may revolve in the ſame orbit, and in the ſame periodi- 
cal time, about any other centre of force R, as the ſolid SP x R P., 
contained under the diſtance of the body from the firſt centre of 
force S, and the ſquare of its diſtance from the ſecond centre of 
force R, to the cube of the right line SG, which is drawn from 
the firſt centre of force S to the tangent P G of the orbit, and is 
parallel to the diſtance R P of the body from the ſecond centre 
of force R. For the forces in this orbit, at any point P, are the 
ſame as in a circle of the ſame curvature. 


s PROPOSITION VII. PROBLEM 1I. 


Let a body move in the ſemi-circumference PQA; it is required to find the © 
law of centripetal force, tending to a point 8, ſo remote, that all the 
tines PS, RS drawn thereto, may be taken for parallel. 


From C, the centre of the ſemi-circle, let the ſemi-diameter CA Plate IV. 
be drawn, cutting thoſe parallels perpendicularly in M and N. ing 
and let C P be joined. Becauſe of the fimilar triangles CPM, 

PZT, and RZ A, CP! is to PM“, as PR“ to T'; and from the 
nature of the circle PR is equal to the rectangle 2 Rx RN+ DON, 
or, the points P and T continually approaching, to the rectangle 
RN 2PM. Therefore CP is to P M', as Rx 2PMto9gT:; 
i 

„% - . Gann -/ 
And therefore (by Cor. 1. and 5. Prop. VI.) the centripetal force 

1S 


therefore 


COMMENTARY. 


and 136.). But the areas deſcribed in any given times are as the whole areas 
directly, and the periodical times inverſely; both which are the fame; for, by 
the ſuppoſition, the whole periodical times are equal, and likewiſe the whole 
areas; the centres &, R being, in the ſame circle. 1 
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Of th t 3 7 
W of 18 reciprotally as- : oe. 2 that 18, (negleQing he given 
— — 


Mate IV. 


Fig. 51. 


Plate IV. 
Fig. 49. 


Plate IV. 
Fig. 50. 


ratio ES) reciprocally as PMI. Which was to be found. 


The ſame thing is likewiſc eaſily collected from the preceding 
RNs. 
8 0 H o LIV M. 


And, by a like reaſoning, a body will be found to move in an 
elli pſis, or even in an hyperbola, or parabola, by a centripetal 
Pires which is reciprocally as the cube of the ordinate, directed 
to a centre of force, at a very great diſtance o). 


"PROPOSITION IX. PROBLEM IV. 


Let a body revolve in a ſpiral PQS cutting all the radii 8 P. SQ, &c. in 
a given angle, it is required to find the law of * force, tendi ng 
to the centre of that  ſprral (Y. | 


Let the indefinitely mall angle PSN be given; and Fecal 
all the angles are given, the ſpecies of the figure SPRYQT will 


= 
COMMENTARY. . 


(o) 144. Let: 4P F be any conic ſe&ion, whoſe axis is 4 B, and let the hw. 
ue a8 according to the parallel lines PS, RS, which are perpendi · 
to the axis A B, and cut it in the points M. N. Let P T be a tangent 

at P; and PK a perpendicular to P, produced till. it meets the axis in X let 
P © be the diameter of the circle of curvature; and P the chord of that circle, 
which paſſes through the centre of force; then drawing QT perpendicular to P S, 
we have from ſimilar triangles &.: P:: PM: PK, therefore JT = 


LY PN 97: SIP*xPM* „ 
e e ene (056): bi, 
from ſimilar triangles, PN: PM:: PO: P 267 © ; Which, if we 


PK 


* 3 
ſubſtitute for PV, we have K == . ſuppoſing L to 


N the principal latus rettum (165 and 172.) | S P may be conſidered as 2 
W 

variable, the centriperl force i inyerſely TE · on 12 which, . 

is a given quantity, is inverſely as PM. 


(p) 145. If the radius S P revolves with an uniform motion round the centre 
es 3 | S; 
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of 0.26 Gall pf rede 
be given. Therefore the ratio Dr given; and DF. as ZT; 1 3 
that is, (becauſe the ſpecies of that figure is given,) as SP. But 


if the angle PS is any way changed, the right line 2 R, ſub- 
tend ing the angle of contact TP R (Lem. XI.) will be changed 


2 a * He | 2:49 T> a 
in the duplicate ratio of PR Or 27. Therefore the ratio = re- 


mains the ſame as before; that is, as S P. Therefore N 
is as S PI, and (by Cor. x. and 5. Prop. VI.) the centripetal force 
| .. / 3þ> 2A 205 16 


AA wp +; QMSEN TART. 
$; while the point P approaches to, or recedes from that centre, with a velocity 
always proportional to & P, the curve generated by the point P is the equiangular 
ſpiral ; whoſe properties are as follow. | 
. Suppoſing the angles ASB, BSC, CS D, DSE, to be equal, the radii 8 4, 
SB, SC, SD, SE, are in continual geometrical proportion. For, if $ A, S B, 
SC, &c. are very near to each other, their increments B &, Cc, &ci are to each 
other as $ 4, SB, &c. by the ſuppoſition, therefore S A: SB: : B: Ce: 8 4 
+ Bb: SBT Ce:: SB: SC. „ | 
146. Suppoſing the angles at & to be equal, ſince SA, S B, SC, &c. are con- 
tinually proportional, the triangles SA B, S B C, &c. are ſimilar (Elem. B. VI. 
Prop. VI.). Likewiſe all ſectors ſubtending equal angles at the centre $ are 
ſimilar figures; and all homologous lines in thoſe figures are to each other in a 
r 1 ö 

The radii S A, S B, SC, &c. making equal angles with the curve, it is thence 
called the equiangular ſpiral. f | 8 

147. Let a circle be deſcribed with the radius & A; then, if the angles at 8 
are equal, S A is to & C in the duplicate ratio of & A to SB; and the arc An is 
double of 40: likewiſe S A is to S D in the triplicate ratio of & A to S B, and 
the arc An is alſo treble of the arc 44: and in general the arcs of this circle are 
the meaſures of the ratios of the radii of the ſpiral; whence it is likewiſe called 
the logarithmic ſpiral. | h 1 

148. The chord of the circle of curvature, which paſſes through the centre Plate IV. 
C, is equal to 2 58 P. For it the points P, Q approach continually to each other, Fig: 5'+ 
the lines PO, 2 O, perpendicular to the curve in the points P, 2; meet ulti- 
mately in the centre of curvature O. From the right angles O 2, OA 
take the equal angles S P, S A. and there remains the angle O C equal 
to the angle O AS; and, the vertical angles at C in the two triangles O C P, SC 
being equal, there remains the angle at O equal to the angle at S. But the 
angle 2 © P, at the Centre of a circle, is double the angle V at the peri- 


57. and therefore the angle QS P is double the angle VP, and PV: 
R R 


Fig · 


— — 
— _ 
\ - 


—— org, ww een ee EEE — — DO 
I ' > P 5 ö * 
- 9 
- : 


— A. ot 


= — ꝛ—p—e — << ER 


1 
| 


26 MATHEMATICAL” PRINCIPLES 


| Morn the F 18 reciprocally as the cube of the diſtance SP. Whach was $ to be 
Bodies, - found T 9). _ 
— | 


The fame etherwiſe. 


OE x dicular SY, let fall upon che tangent, and the 
chord PV of the circle cutting the ſpiral concentrically, are in 
given ratios to the diſtance SP; and therefore S P is as SY* x 


PV, that is (by Cor. 3 and * Prop. VI.) reciprocally as the centri- 
s. force oh r). 


| 7 LE M. 
COMMENTARY. 

(q) 149. If the angle PS Lis equal to the angle p Sq, the figures & PR, 

Sprgt, are ſimilar, and all homologous lines intho 8 E 
T : 

a given ratio (146): therefore 471: 27: Ar: AR, an N dl . 

n 27: 2 S P. wn ao Sai, greater or leſs 


2 65 LN qe 2 
LN tags): hence EN nd 17 Len N 4 SP. 
Bur From gel gures E e L +: Er AP. ii LN: 2. therefore 
D n e f : 8P, as before. Therefore. in b 
TN. N ad up 2: SP, ore. Therefore. in both 
8 8* $P* 1 
— — . — C N :: $p*:8P3; and the forces in p and P are 
inverſely a as ; choke quantities. | "Op 


fr) 150. For p: '$P: :2:1 © (148). . 
151. Otherwiſe. Let SP= x, and ST =y: and from the nature of the 
1 ſpiral, * tog in a given ratio: umme then 


* ee. enn 


be 


XX ke, AA 


cherefore (by 


162. Let 45 be the hyperbolio ſpiral, i in 88 ST, d . 
$2 + * is 2 given quantity; let S T2, SP =x, 27; mes 
| cular on the tangent $7" 225 thowy 7 N ＋ and, from ſimilar 
re | 


_ rings, NA z ; therefore, 7 e 


. 
- oy 


** 
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B O O K 
I, 


That all parallelograms, circumſcribed about any conjugate diameter. of a — 


given elligſis, or Mporbola, are equal among themſelves. 
This is evident from the properties of the conic ſections (5). 
9 COMMENT AR x. 
1 1 


LET FP 1 
— 8 2 whoſe fluxion, ED 1s proportional to the centripetal force 


(141,) which, putting 5 =-1, is as _ ; 


. 153+ Theorem, The veloeity, with which a body deſcribes the equiangular 
ſpiral, is equal to that, with which a circle would be deſcribed at the ſame diſtance 
with the ſame centripetal force. 

For the velocity in the qu ſpiral is equal to that which a body would 
acquire in falling down a fourth part of the chord of curvature PV, equal to 
+ P, ſuppoſing the body to be added upon by an invariable force, equal to the 
centripetal force in P (140:). But the velocity thus acquired in falling down 
PI, or 28 P, is likewiſe 8 to the velocity i in a circle whole radius is & P 
(329:). 


- (5) x54. To this Lans it may be proper to add ſuch other properties of the 
conic ſections, as may be of uſe in illuſtrating the following propoſitions, referring 
the reader to the various writers on that ſubject for their demontirigons, as well 
as for the d monſtration of Lem. XII. 

Whatever line biſects two parallel lines, terminated by the curve of a conic 
ſection, biſects all other lines in that curve, which are parallel to theſe; and is a 
diameter of that conic ſection. 

155. If two parallel lines, terminated by a conic. feftion, are cut by another 
fine, terminated alſo by a conic ſection, the product of the parts of the parallel 
lines are to each other, as the products of the parts of the interfecting line, made 
by the points of interſection with the parallel lines. ch 
- 156. The parallel lines, which are biſected by any diameter, being called 
ordinates to that diameter, the ſquares of the ordinates are to each other, as the 
products of the parts, which they cut off in the diameter. 

157, All the diameters of an elſipſis biſect each other in # point called the 
centre: and, if an ordinate to any diameter paſſes through the centre, chat ordi - 
nate is called its conjugate diameter. 


158. The ſum of the two lines drawn from each focus to any point of the 
ellipſis is equal to its, greater axis. 


© 159. The tangent of an ellipfis makes equal angles with the two lines; drawn 
from the foci to the point of contact. 


160. If from the foci of an hyperbola there are drawitites to any point. ar the 
hyperbola, their difference 1 1s equal to the * axis. 


Vor. I. 


161. The 
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PROPOSITION X. PROBLEM v. 


CY Lt a body revolve in an ellipfis : it is required to find the law of centri- 
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petal force, tending to the centre of the ellipſis. 


Let C4, CB be ſemi-axes of the ellipſis, G P, D K other con- 
jugate diameters; PF, AA perpendiculars to thoſe diameters ; v 


COMMENTARY. 


161 I, The line, which is a tangent to any point of an hyperbola, biſects the 
angle'which is contained between the two lines drawn from. the foci to the point 
of contact. 

162. It follows from 156, and 157, that in an ellipſis and hyperbola, the 
rectangle under the 1 * of a diameter cut by an ordinate, is to the ſquare of 
that ordinate, as the + po of the diameter, to the ſquare of its conjugate; 
or, (a third proportional to the tranverſe diameter and its conjugate being called 
the latus rentum) as the tranſverſe diameter to the latus redtun. 

In an ellipſis the ſum of the ſquares of any two conjugate diameters is equal to 
the ſum of the ſquares of any other two conjugate diameters. In an hyperbola 
the difference. 

163. The areas of different ellipſes are to each other as the rectangles contained 
under the axis; or, as the parallelograms cireumfcribed round any conjugate 
diameters. 

164. In the ellipſis and hyperbola, that line, which is a third proportional ta 
the major and minor axes, is called the principal latus refum ; and is equal 
in length to the whole ordinate of the major axis, which paſſes through the focus, 

, 165. If from the point P of an ellipſis or hyperbola there is drawn a line P K 
perpendicular to a tangent at P, and produced till it meets one axis in X; and 
from the centre C the line C is drawn parallel to P K, and produced till it meets 
the tangent in 2; the product of theſe lines is equal to the ſquare of half the 
other, axis; or PKxXCQ = C.. 

166. If P Mis a tangent to an ellipſis or an hyperbola; and from the vertices 
of the major axis we erect the perpendiculars Ag, LG, produced till they meet 
the tangent, the product Ag x LG is equal to C B., 

167. From the foci 8, I, let there be drawn perpendiculars S 2, Hy to the 
tangent, then is likewiſe ST x Hy = C B*. 

168. If from the focus S there is drawn S P to the point of contact, and from 
the point K there is let fall K E perpendicular to S P, the part P E, cut off from 
the line P'S, is equal to half the principal latus rectum. 

This is alſo true of the parabola. : 

169. Calling the latus rectum L, it follows from 168, that, in , every conic | 
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an ordinate to the diameter GP; and the parallelogram SPR B OO 
is completed, (162. by the properties of the conic ſections) the 
rectangle P vG will be to , PC* to C D'; and (becauſe of the 
ſimilar triangles 2 v7, PCF) Av is to 2, as PC. to PF; and 
by compoſition, the ratio of PvG to 27”* is compounded of the 
ratio of PC* to CD, and of the ratio of PC* to PF*; that is, 


* L CD* x PF. 
v is to F as P C* to 11 Subſtitute 2 R for P v, 


and (by Lem. XII.) B C/ CA for CD&x PF, alſo (the points P and 
2 continually approaching) 2 PC for vG; and multiplying the 


extremes and means together we ſhall have 2 >= E 


. Therefore (by Cor. 5. Prop. VI.) the centripetal force 


k 2 BC: x CA? 
PC 


given) reciprocally as Ry that is, directly as the diſtance PC. 


Which was to be found. 


The ſame ot her vbiſe. 

In the right line P G, on the other ſide of the point 7, take the 
point 2, ſo that Tu may be equal to Tv; then take u/, which 
may be to vG, as DC* to PC*. And becauſe 2v* is to PVG, 
as DC to PC, (by the properties of the conic ſections, 162.) we 
ſhall have 24* = Pw x uV. Add the rectangle » Pw to both 
ſides, and the ſquare of the chord of the arc P 2 will be equal 
to the retangle/ Pw; and therefore a circle, which touches the 
conic ſection in P, and paſſes through the point & will paſs alſo 


through the point J. Let the points P and 2 approach to - 
other, 
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is reciprocally as ; that is (becauſe 2B C* x CA is 


COMMENTARY. 


170. In every conic ſection, whoſe focus is S, the radius of the circle of curva- 
ture, at the point P, | Ut E. N 
, point P, is equal to —+— * 3 FÞ | 7 
The properties of the parabola may be deduced from thoſe of the ellipſis, by 
ſuppoſing the centre of the ellipſis to recede continually, till all the diameters be- 


come parallel to the greater axis. 
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other, and the ratio of 2 7 to v, which is the ſame with the 
ratio of DC? to P C, will become the ratio of PV to PG, or PV 
2 DC* 

7 { | 
the force, by which the body P revolves in the ellipfis, will be 


CD 
reciprocally as 4 FG * PF (by Cor. 3. Prop. VI.); that is (be- 


cauſe 2 DC. x PF* is given) directly as PC/t). Which was to 
be found. 1 


to2PC; and therefore PV will be equal to Therefore 


Cor. 1. 


COMMENTARY. 


(it) 171. PSY v: A:: PCI: CDi; whence PoxvGxCD'=9 * 
„P and, ſubſtituting LK ev e g, we he RNIF 


CX D Ave PC ad- = = 2 Wherefore PVP 
| 20D. x PE. . 5 n oo RS 
„ 8 
And the centripetal force, WEN is inverſely as pP (Cor. 3. Prop. 
VI.), is inverſely as . which, * den is in 


verſely Fs or directly as PC. 


17. Otherwi/e. Let PO be the diameter of the crcle 246 curvature, P r the 
radius, and the chord paſſing through the centre of the ellipſis. 


Fram ſimilar triangles YO. PV. :PC:PF, and PO = . 


N 2CD* .C | 
209. for (by 171 PY = "Fe" Therefore Pr= ger by ſubſtitut- 


ing wah in the expreſſion © 5 Fr. ( 39.) we * the centriperal force 


4 FREE CP 
NN PNP . wCD x PF be i diy us 


CP. 
173. Otherwiſe. LatdC=mCB=mCP=x,PF= y: and by the nature of 


| thofigure; (Lem. XIL) CD: :: M: = but CD = V mm + 1n—ax; 


AX 


Vnmtnn—xx 
and 


for D TAN nn + ** (note 162.) 8 - 
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Cor. 1. And therefore, the force is as the diſtance of the body B rf K 
| from the centre of the ellipſis : and, (u) on the contrary, if the . 
force is as the diſtance, the body will move in an ellipſis, whoſe 
centre coincides with the centre of force ; or perhaps in a circle, 
into which the ellipſis may be changed. 


| Cor. 2. 
COMMENT ART. 


1 — xx 


1 2X x , . 
and — = SPED z whoſe fluxion — is proportional to the 


centripetal force (by note 141.) which putting * = 1, varies as x the diſtance. 


(#) 174- Let a body P be projected in a given direction P, with a given 
velocity; and let the abſolute quantity of centripetal force in P be given; and, 
at different diſtances from the centre C, let the force vary in the direct ratio of the 
diſtance. Since the velocity and force are given, QR and 2 P are given, and 
alſo Pa third proportional to them; which is the chord of curvature paſſing 
through C; let C D be a mean proportional between CP and + PV, and mak- 
ing C D parallel to P, with the conjugate diameters CP, C D deſcribe an el- 
Rpſis ; then P is likewiſe the chord of curvature of this ellipſis, ſince by the 


conſtruction P = —5 = „which is equal to the chord of curvature paſſing 


through the centre of the ellipſis (171.). This ellipſis may be deſcribed with a 
force varying directly as the diſtance from the centre (Prop. X.): and the velo- 
eity, the direction, the force, and the curvature are the ſame in this ellipſis, as 
in the orbit deſcribed by. P: therefore the body P neceſſarily begins to move in 
che very ſame arc, and in the fame manner, in which the body moves in the el- 
lipſis: and, the law of the force being given, the force at the new diſtance C. 
the velocity, and the direction, are the ſame as in the ellipſis at 2; therefore the 
next are is the ſame; and thus every ſucceeding arc may be determined. 
If the tangent at P is perpendicular to the diſtance CP; and the velocity, with 
which the body is projected, is equal to that, which the ſame body would acquire 
in falling down half the diſtance C P, with the force in P acting invariably, in 
that caſe the ellipſis becomes a circle (129.). 
175. The velocity with which a body deſcribes an ellipſis, with a force tending to 
the centre, is to the velocity in a circle at the ſame diſtance C P, as the conjugate 
ſemidiameter C D, to the diſtance C P. For theſe velocities are in the ſubduplicate 


ratio of the chords of curvature PJ, and 2 PC(140.); that is, as 42 _ to 
MC Gn); or as VAC toWiPC:, orasCD: PC. 


176. Hence, the velocity is equal to the velocity in a circle at the ſame diſtance 
in thoſe four points, in which the conjugate diameters are equal. 

177. The velocities with which any bodies P, p deſcribe different ellipſes, 
round the ſame centre C, are proportional to the diameters C D, Cd which are 


5 conjugate 


Plate V. 
Fig. 56. 
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Motte Or. 2. And the periodical times of the revolutions made in all 
Bodies. ellipſes whatſoever about the ſame centre will be equal. For 
S——— thoſe times in ſimilar ellipſes are equal (by Cor. 3. and 8. Prop. 
IV.): but, in ellipſes that have their greater axis common, they 

are to each other, as the whole areas of the ellipſes directly, and 

the parts of the areas deſcribed in the ſame time inverſely ; that 

is, as the leſs axes directly, and the velocities of the bodies in 

the principal vertices inverſely; that is, as thoſe leſs axes directly 

and the ordinates to the ſame point of the common axis inverſe- 

ly; and therefore (becauſe of the equality of the direct and in- 

verſe ratios) in the ratio of equality (v). 

| SCHO- 


COMMENTARY. 


conjugate to C P and Cp. For, let the velocity in the ellipſis at P be called V; 
the velocity in any other ellipſis at p be called v, the velocity in a circle, at the 
diſtance CP, C; and the velocity | in a circle, at the diſtance Cp, c. By 176. 7 
e CP and c: v: 0. Ca; and by Cor. 3. Prop. IV. CG: c:: CP 
: Cp; whence, we have V: v:: CD; Cd. 


£90 V. (v) 178. The periodical times are in general as the whole areas directly, and 
8.55 as the areas deſcribed in a given time inverſely; that is (163. ) as CDN PF di- 


rectly, and P 9 x P F inverſely, or as PD 
the velocity, the velocity is as the conjugate ſemidiameter CD (177.);' 


but P & is proportional to 


and therefor PD is a given quantity. 


179. Hence it follows, that if the centripetal force, tending to any centre, is 
directly as the diſtance from that centre, all bodies whether nearer or more diſtant, 
falling freely from reſt in right lines, will deſcend to that centre in equal times. 
For, if the force is neither a centrifugal force, nor a conſtant centripetal force, 
but varies directly as the diſtance from the centre, theſe bodies, if they deſcended 
obliquely muſt neceſſarily deſcribe an ellipſis or a circle, Let the obliquity of 
their deſcent be continually diminiſhed, and their orbits will approach continually 
to rectilinear orbits; the bodies, at laſt deſcending in right lines, may be conſi- 
dered as deſcribing ellipſes, whoſe latitudes are indefinitely diminiſhed ; and the 
times of deſcent to the centre, being a fourth part of the periodical times in the 
ellipſes, are equal. 

180. lhe forces with which bodies, placed within the ſurface of the earth, 
tend to its centre, being directly as their diſtances from its centre; it follows, 
that bodies, falling freely towards the centre of the earth from different points 
within 1 its ſurface, vill arrive at that centre in the ſame time, 


— 
* 


* 
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If the ellipſis, by having its centre continually removed to an 
unlimited diſtance, is changed into a parabola, the body will 
move in this parabola ; and the force, now tending to a centre 
indefinitely remote, will become equable (w). This is a theo- 
rem of Galileo. And if the parabolic ſection of the cone (by 
changing the inclination of the plane to the cone which is cut) 
is changed into an hyperbola, the body will move in the peri- 


meter of this hyperbola, having its centripetal force changed 


into a centrifugal force *). And as in the circle or in the el- 
lipſis, if the forces are directed to a centre placed in the abſciſſa 


of the figure, theſe forces, by increaſing or diminiſhing the or- 


dinates 


COMMENTARY. 


(w) 181. Let the centfe C recede continually from the vertex 4, till all the 
lines P C become parallel to the axis A C: the orbit AP becomes, in that caſe, 
a parabola : and the diſtance P C being indefinitely greater than its finite vari-- 
ations, the force which is directly as PC is invariable. And converſely, if the 


centripetal force, acting in the direction of the parallel lines P C, is invariable, 
the figure deſcribed is a parabola. 


(x) 182. By conſtructing an hyperbola inſtead of an ellipſis, the ſame demon- 
ſtrations which were applied to the ellipſis are true likewiſe in the hyperbola. 
Only in this caſe the centre C being transferred to c on the other ſide of A, and 
the direction of the force being according to the line P E, the force tends from 
the centre, and this orbit is deſcribed with a force changed from a centripetal to 


a centrifugal force, and varying directly as the diſtance from the centre c. And 


converſely, if a body is ated upon by centrifugal force, varying directly as the 
diſtance from the centre, the body deſcribes an hyperbola. 

183. Or thus; let A P be an hyperbola, whoſe centre is c, let the ſemiaxes 
cAandcB be called m anden; let c P = x, and the perpendicular let fall from 
the centre c to the tangent P R to the conjugate diameter c D, or P F, be called 
5. By proceeding in the ſame manner as in the ellipſis (in note 173.), we find 


| u m I 
from the nature of the hyperbola y = 


and '— — — 
Vmm—1n1n+ Xxx 79 
— M mu — x AM | 


un nnn 


proportional to — x : and this being a negative quantity, it appears that the force 
is centrifugal, and varies as the diſtance. | 


In the ſame manner, finding y from the equation of the parabola, it appears,. 
that the force tending to its centre is conſtant, : I 


3 Whoſe fluxion =, by putting * = 1 (141.) is pro- 


plate 2 


„. 
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v2 te dinates in any given ratio, or even by changing the angle 
Bodies. Of the inclination of the ordinates to the abſcifla, are al- 
————ay augmented or diminiſhed in the ratio of the diſtances 
from the centre, provided the periodical times remain equal; ſo 
alſo, in all figures whatſoever, if the ordinates are augmented 
or diminiſhed in any given ratio, or their inclination is any way 
changed, the periodical time remaining the ſame ; the forces, 
directed to any centre placed in the abſciſſa, are in the. ſeveral 
ordinates augmented or diminiſhed in the ratio of the diſtances 
from the centre 0%. | | 


$415 > SECs 

by hs 3 3 5 2 f | 4.4% ; 
| F COMMENT AR T. | i 
Plate V. (y) 184. Let the nature of the curves APD, A 2D be ſuch, that the com- 
Fig. 58. mon ordinates MP, M mp, mg ſhall always be to each other in a given 
ratio: then it is evident that the whole areas AP D, AQ D; the correſponding 

.- aens'A MP, AM and alſo ACP, 40 Q, are to each other in the fame 

*- 3. £20 7 ratio of M to M. Let two bodies P, Q, projected at the ſame time 
the common verten 4, revolve in the orbits AP D, 42 D, with forces 

tending to a point C, placed in the common abſciſſa I M produced, in ſuch a 
ner chat their whole periodical times may be equal. Upon this ſuppoſition 
| e areas deſcribed in a given time are as the whole areas; that is, from the na- 
. 4 ture of the curves, as the correſponding. areas ACP, AC; and in the ſame 
| | time that the radius C deſcribes the area ACP, the radius CQ deſcribes the 


| j | | area 40 V and the bodies P, © arrive at the common ordinate MP & in the 


ſame time. Therefore the forces of P and Q, which act in directions parallel to 
.AMC, are equal; and the forces acting parallel to WP M, are in the given 
ratio of P M., to 2M. Let then the forces of P, acting in theſe directions be 
repreſented by CM, MP; then will the forces of Q be rightly repreſented by 
CM, M. which, being compounded, make the force of P in the direction PC. 
to the force of Q in the direction QQ, as the diſtance PC to the diſtance QC. 
| If the angle CMP is changed, ſo that the ordinates NP, M 2 may not be, 
* in the ſame right line. Let the lengths of MP, M remain in the ſame given 
| | | ratio; and, by applying the preceding demonſtration to this caſe, it will appear, 
| that the bodies P, Q will arrive in the ſame time at the ordinates H, ; 
and, that the centripetal force in P will be to the centripetal force ia Q, as the 


diſtance C to the diſtance CN. : 


2 . 
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SE CTT1O N' i. 


Of the motion of bodies in eccentric conic ſections. 


PROPOSITION XI. PROBLEM VI. 


Let a body revolve in an ellipfis : it is required to find the law of centri- B 0.8 
petal force tending to the focus of the ellipfis. N , 


4 


ET S be the focus of the ellipſis. Draws P, cutting the dia- —_ 
meter D XK of the ellipſis in E, and the ordinate Av in x; and 

let the parallelogram 2 x P R be completed. It is evident (z) that 

E is equal to the greater ſemi- axis AC: for, drawing H 7 from 

the other focus Hof the ellipſis, parallel to E C, becauſe CS, CH 

are equal, ES, E 7 will be alſo equal; ſo that E is half the ſum 

of PS, P, that is (becauſe of the parallels H, P R, and the 

equal angles IPR, HP Z,) of PS, PH; which taken together 

are equal to the whole axis 2 AC (158.). Let 2 T be perpendicu- 

lar to SP, and * L for the principal latus rectum of the 


ellipſis (or for (164) = 7 7 LE 1 LX XR will be to Lx Pv, as R to 


Pu; that is, as PE, or AC to PC; and Lx PwutoGuP, as I. 
to G; and (162.) GvP to Q, as PC* to CD.; and (by Cor. 
2. Lem. VII.) the points 2 and P continually approaching with- 
out end, Q 1s to Q in the ratio of equality; and A*, or 2 
v, is to Ta, as EP*to PF:; that is, as CA to PF2:; or, (by 
Lem. XII.) as CD* toCB*. And compounding all theſe ratios 


together, 


COMMENTARY. 


(2) 185. If ETis equal to 2 SI; and IP is equal to -_ 5 my it follows 


that ET+IPorEP = EEE RLCA(148.) 
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together, (a) LX XR is to QT, as ACxLxPC*xCD, or 


2CB*xX PC* x CD), to PCxGuxCD xCB, or as 2 PC to 


ub. But, the points 2 and P continually approaching without 


other point Sof the ellipfis, if CZ and PS meet in E, will be / 


end, 2 PCand Gu are equal. Therefore the quantities Lx AR 
and T., proportional to theſe, are alſo equal. Let theſe equals 


be multiplied into LAS and LxSP: will become equal to 


UK. 
: e Therefore (by Cor. 1. and 5. Prop. VI.) the centri- 


petal force is reciprocally as L x SP.; that is, reciprocally in the 
duplicate ratio of the diſtance SP. Which was to be found. 


The ſame otherwiſe. 


Since the force tending to the centre of the ellipfis, by which 
the body P may revolve in that ellipfis, is (by Cor. 1. Prop. X.) 
as CP the diſtance of the body from the centre C of the ellipſis; 
let CE be drawn, parallel to the tangent P R of the ellipfis ; and 
the force, by which the ſame body P may revolve about any 


as 
COMMENTARY. 
(a) 186. Compound the following ratios, 
LxXQR:LxPv::AC:PC 
LxPv:GuxPv::L:Gv 
| G nc PD: Q:: PO: CD (162) 
An: AN:: CD.: C- 
and it follows, that LX AR: H:: ACX LNOPC: GCN. And, be- 
cauſe ACXL = 2CB* (164. ), we have LX AR: A:: 22 C: Gu. There- 
15 ſuppoſing 2 P Cg G v, it follows, that LXx YR AT, and IL 
72 
R 
(b) 187. It is neceſſary in this caſe to make the ſame hypotheſis as in Cor. 3. 
Prop. VII. And therefore we muſt ſuppoſe that the abſolute forces in the cen- 
tres C and S are different; and, that they bear ſuch a proportion ta each other, 
that the periodical times of bodies, revolying round theſe centres, may be equal; 
which can never happen, if the abſolute forces in C and & are equal: for other- 
wiſe it would follow, that as the periodical times of revolutions, performed round 
the ſame centre, are equal in all ellipſes, that the periodical times round the * 
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2 52 (by Cor. 3. Prop. VII.); that is, if the point 8 is che fo- 


cus of the ellipfis, and therefore PE given, as SP: reciprocally. 
Which was to be found. | 


With the ſame brevity with which we applied the fifth pro- 
blem to the parabola and hyperbola, we might do the like here. 
But, becauſe of the dignity of the problem, and its uſe in what 

follows, 


COMMENTARY. 


of all ellipſes are equal alſo ; contrary to what is hereafter demonſtrated in pro- 
poſition XV. Suppoſing then the abſolute forces in C and & to be ſuch, that the 
periodical times may be equal, it follows, from Cor. g. Prop. VII., that the force 
tending to the centre C, which may be expreſſed by CP, is to the force tending 
to any other point &, as CPS Pi is to the cube of a line, drawn from the firſt 
centre C to the tangent, parallel to S P, drawn from the ſecond centre of force $ 
to the point P in the curve; which line is equal PE, or AC: whence, we have 


; Cc PE 3 
the force tending to the focus & as _ 5 = 725 or becauſe P EZ is a 


given quantity, inverſely as S P. 


188. Otherwiſe. Let $ Y be the perpendicular let fall from the focus & to the 
tangent, P O the diameter of curvature at the point P, Pthe chord of curva- 
ture paſſing through the focus S; the centripetal force is inverſely as $7* x PV 
(Cor. 3. Prop. VI.). From the ſimilar triangles PEF, PVO, we have PE: 


ii or F (12.): PV . From the ſimilar triangles, 


PF ZXT SP 


S PZ, EP F, we have PE: PF ::: SPZ: ST 2 = PE: - There- 
fore Sr. PT EXCL and becauſe FR is 


a given quantity (Lem. XII. and note 185.), the centripetal force, is in- 
verſely as S P 2. 
189. Otherwiſe. Let SP =#, SY =y, CA = un, CB=n, and PH = 
2 m— x By the nature of the ellipſis, xx 2 m —x=CD?*; and, ſince SP 
:SY:;:EPor AC:PF:;CD:CB, we have C Dor V 2mx—xx:;n:: 
A * 1 — 2X + Xx — 2 1 


: __— — 2 — — — 
F J 52 nn 4 00 " nnxx anx T 7 


V ,n 28 ͤ— F 
whoſe fluxion EET” = pap proportional to the centripetal force 


{141.), which ſuppoſing # = 1, is as — ; 5 being conſtant. 


& x 
P 2 


* 


Plate VI. 
Fig. 59. 
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MATHEMATICAL PRINCIPLES 


follows, [ ſhall conſirm the other caſes by particular demon- 
ſtrations. 


| PROPOSITION XII. PROBLEM VII. 


Let a body move in an hyperbola : it is required to find the law of centri- 
petal force tending to the focus of that figure. 


Let CA. CB be the ſemi-axes of the hyperbola; P G, K D 
other conjugate diameters; PF a perpendicular to the diameter 
KD; and Q an ordinate to the diameter GP. Let SP be 
drawn cutting the diameter DK in E, and the ordinate 2v in 
x, and let the parallelogram R x be completed. It is evident, 
that E is equal to the ſemi-tranſverſe axis AC; for, drawin 
H from the other focus H of the hyperbola, parallel io E C, 
becauſe CS, CH are equal, ES, E I, will be alſo equal; fo 
that EP is half the difference of PS, P 7; that is (becauſe of 
the parallels TH, P R, and the equal angles /PR, HPZ) of 
PS, PH; thedifference of which is equal to the whole axis 


2 AC (160.). Let 27 be perpendicular to SP. And the prin- 


cipal latus rectum of the hyperbola (that is af 0. Ae 93 being called 


L, we ſhall have LX XR to LX P, as AR to P, or Px to 
Pw; that is (becauſe of the ſimilar triangles Pæ v, PEC), as 
PEtoPC, or 4C to PC. Allo LX will be to GuxPy, 
as L to Gr; and (by the properties of the conic ſections) the 
rectangle G v is to J, as PC* ro CD! (162.); and (by Cor. 
II. Lem. VII.) XV to Ax, the points 2 and P continually ap- 


proaching without end, becomes a ratio of equality ; and Qx* 


or Av is to IT., as EP* to PF]; that is, as C4 toP F*, or 
(by Lem. XII.) as CD* to CB*: and, compounding all theſe 
ratios together, LXõ XR is to T., as ACX LxPC xCD,, 
or 2 CB X PC*x CD to PCX GV CDX CB or as 2 PC 
to G v. But, the points P and & continually approaching with- 
out limit, 2 PC and G are equal. Therefore the quantities 
L x 2 R and 2 T”, proportional to them, are alſo equal. Let theſe 


equals 
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2 nnn SP | 1 | BOOK 
5 equals be multiplied into N and L x SP* will be equal to 1. 


be. . 
— > . Therefore (by Cor. 1. and 5. Prop. VI.) the cen- 
tripetal force is reciprocally as LX SP“; that is, reciprecally 


in the duplicate ratio of the diſtance S P. Which was to be 
found. 


The ſame otherwiſe. 


Let the force be found which tends from the centre C of the 
hyperbola. This will be proportional to the diſtance CP. But 
thence (by Cor. 3. Fe. VII.) the force tending to the focus 


S will be as FY that is, becauſe PE is given, recipro- 


cally as SP*, Which was to be found. 


And in the ſame manner it may be demonſtrated, that the 
body, having its centripetal force changed into a centrifugal 
force, will move in the oppoſite hyperbola (c. 


LE M M A XIII. 


The latus rectum gf a parabola, belonging to any vertex, is quadruple 
the diftauce of that wertex from the focus of the figure. 


This is evident from the properties of the conic ſections. 
L E M- 


COMMENTARY. 


(c) 190. Otherwiſee Let SPA, SY=y, CA =m, CBM, and 
PH =2m + x, By proceeding in the ſame manner as in the ellipſis, we find 
2 K* — XxX 2 m I 


and — — = = — — 


V2mx+ xx YYy nnx* pan ; Is 0 


x I 
v: Proportional to -, is as the force (141.). 


n Ü X 


If the force tends to the other focus H, we have y = — — ; whence. 


3 xx 2 m x 
the force is proportional to , and is therefore a centrifugal force. 


— . —m dv mig = 
_ - 


we — Op — —-—t.? UUÄ0 A ——ñkñ—ñ—ññ PR I —ͤ—o ' — Ü m ĩ 
— 


— ̃¶ »MH⁵ P 44 
— — ho 
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* 
by 
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P'ate V. 
F g. 62. 
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MATHEMATICAL PRINCIPLES 
L E M M A XIV. 


The perpendicular, let fall from the focus of a parabola on its tangent, 
is a mean proportional between the diſtances of the focus from the 
point of contact, and from the principal vertex of the figure. 


For, let AP be a parabola, S its focus, 4 its principal vertex, 
P the point of contact, PO an ordinate to the principal diameter, 
PM a tangent meeting the principal diameter in M, and SN a 
perpendicular from the focus on the tangent. Let AN be joined, 
and becauſe of the equal lines MS and SP, MNand NP, MA 
and 4 O; the right lines 4N, OP will be parallel; and thence 


the triangle SAN will be rectangular at 4, and ſimilar to the 


equal triangles SNM, SNP: therefore PS is to SN, as SN to 
S A. Which was to be demonſtrated. | 

Cor. 1. PS is to SN", as PS to SA. | 

Cor. 2. And becauſe SA is given, S N' is as PS. 

Cor. 3. And the concourſe of any tangent P M with the right 
line SN, drawii from the focus perpendicular on the tangent, 


falls on the right line AN, W touches the parabola in the 
principal vertex. 


PROPOSITION XIII. PROBLEM VIII. 


Let a body move in the perimeter of a parabola ; it is reguired to find 
the law of centripetal force, tending to the focus of that figure. 
Retaining the conſtruction of the preceding lemma, let P be 
the body in the perimeter of the parabola, and from the place 
A, into which the body is moving, draw XR parallel, and QT 
perpendicular to SP; as alſo Qu parallel to the tangent, and 
meeting both the diameter PG in v, * the diſtance SP in x. 
Now, becauſe of the ſimilar triangles P xv, SPM, and the 
equal ſides SP, SM of the one, the fides Pxor R and Po of 
the other are alſo equal. But (by the properties of the conic 
ſections) the ſquare of the ordinate Q is equal to the rectangle 
under the latus rectum, and the ſegment Po of the diameter; 
that is, (by Lem. XIII.) to the rectangle 4 PSx Pw, or 4 PS x 
2 R; and, the points P and Q approaching without limit, the 
| 8 ratio 
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ratio of Qv to 2x (by Cor. 2. Lem. VII.) becomes the ratio of B « I K 
equality. Therefore 2 x*, in this caſe, becomes equal to the ; 


rectangle 4 PSN R. But (becauſe of the ſimilar triangles 
AT. SPN) Nx is to T, as PS*'toSN*; that is, (by Cor. 1. 
Lem. XIV.) as PS to S 4; that is, as 4 PS XR to 4SA x; AR, 
and therefore (by Prop. IX. Lib. V. Elem.) 2 T*, and 4SA x 


Rare equal. Multiply theſe equals into 22 and==. Rn 
will become equal to SPX 4 SA: and therefore (by Cor. 1. and 
5. Prop. VI.) the centripetal force is reeiprocally as S P* x 48 4; 
that is, becauſe 458 4 is given, reciprocally in the duplicate 
ratio of the diſtance SP. Which was to be found. Cd 


Cor. 


COMMENT AR. 
(d) 191. Otberiſe. Let S P x, SN =y, AS= q and (by Lem. XIV.)y = 


vV * Xq, and — = = 3 ; Whoſe fluxion, 8 is proportional to the 
centripetal force; which ſuppoſing + = 1, is as — , 


192, Scholium, From the moſt accurate obſervations that have been made by 
aſtronomers on the orbits of the planets, it appears, that they do not move in 
circles, but that they deſcribe ellipſes of a ſmall eccentricity, whoſe common 
focus is nearly in the centre of the ſun; and, more ſtrictly ſpeaking, that the 
ſun, and the whole planetary ſyſtem revolve round a fixed point, which is the 
common centre of gravity of all the bodies in that ſyſtem : and, that the di- 
ſtance of this point from the centre of the ſun, when the earth and all the planets 
are on the ſame fide, and it is the greateſt, does not amount to one dia- 
meter of the ſun ; and, in other caſes, is within its ſurface, and generally nezr 
its centre. From this propoſition it is evident, that the forces or powers, 
whatever they are, by which theſe bodies are retained in their orbits, and revolve 
round the common centre of gravity of the ſyſtem, as a fixed and immoveable 
point, vary invertely as the ſquares of their diſtances from that centre, It is 
hkewiſe evident from calculations, founded on a variety of obſervations, that 
the comets move round the ſun in eccentric orbits, which approach nearly to 
the form of parabolas ; but which are very eccentric ellipſes, one focus of which 
is nearly in the centre of the ſun. And, from this propoſition it follows, that 
the forces, by which they are retained in their orbits, are inverſely as the ſquares 
of their diſtances from that centre. There are indeed various errors and irre- 

gularities in the motions of all the bodies in the ſyſtem, which in the primary 
_ Planets are inſenſible: but the moon, and the other ſecondary planets ſuffer 
great and various diſturbances in their motions ; all which are explained _ 
k 
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2 MATHEMATICAL PRINCIPLES 


| the ' Cor. 1. From the three laſt propoſitions it follows, that if any 
Bodies, body P goes from a place P, with any velocity, in the direction 


—— of any right line PR, and at the ſame time is urged by the 
action of a centripetal force, which is reciprocally proportional 
to the {ſquare of the diſtance of the places from the centre; this 
| body will move in one of the conic ſections, having its focus 
1 | | in the centre of force; and the contrary. For, the focus, the 
| point of contact, and the poſition of the tangent being given, 
a conic ſection may be deſcribed, which at that point ſhall have 
| aaa given curvature, But the curvature is given from the cen- 
K. - tripetal force and the velocity of the body being given, and two 
| - *qrbits, mutually touching each other, cannot be deſcribed by 

the ſame centripetal force, and the ſame velocity /e). 


i Cor. 2. If the velocity, with which the body goes from its place 
P, is ſuch, that in any indefinitely ſmall moment of time the 
line PR may be thereby deſcribed; and the centripetal force 


18 


1 


COMMENTARY. 


the ſame principle of gravity; and cannot be accounted for, but on the ſup- 
polition, that all bodies in the ſyſtem tend to each other by forces, which vary 
in the inverſe proportion of the ſquares of their diſtances. | 


Plate VI. (e) 193. The abſolute quantity of force, and the velocity of projection at 
' 4 © : g 
Tig. 3. the point P being given, Q and AR are given; as alſo ==, or P the 
chord of curvature paſſing through the centre of force $: the direction of the 
projection, and the angle A PS being alſo given, P / 1s given in poſition : from 
and P ere& “ O perpendicular to PV, and P O perpendicular to R P., 
which being produced till they meet in O, PO will be the diameter of cur- 
vature. Biſect P O in r, from which let fall 1 H perpendicular to PS; from 
I let fall H K perpendicular to Pr; join SK, and from P let PF be drawn, 
making the angle F P y with the tangent equal to the angle S P R: then, if 
P F is parallel to S K, ler a parabola be deſcribed, paſſing through P, whoſe 
focus is S, and whoſe axis is SK: if PF meets S K in F, and the points F and 
$ lie both on the ſame ſide of the point K, then, with the foci S, F, let an hy- 
perbola be deſcribed paſſing through P: but, if the points F and & are on con- 
trary ſides of K, with theſe foci S, F, and this point P in the perimeter, let an 
ellipſis be deſcribed. It is evident (from Prop. XI. XII. XIII.) that, with a 
centripetal force varying inverſely as the ſquares of the diſtances, a body may 
tevolve in a conic ſection thus conſtructed. And the velocity, and direction 
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is ſuch, as in the ſame time to move that body through the 3 O K 
ſpace R; the body will move in one of the conic ſections 
whoſe principal /atus rectum is the limit, to which the quantity 


De approaches, while the lines PR, QR are continually di- 


miniſhed. 


In theſe corollaries I conſider the circle as an ellipfis; and I 


except the caſe, where the body deſcends to the centre in a 
right line, 


PROPOSITION. XIV. THEOREM VI. 
If ſeveral bodies revolve about one common centre, and the centripetal 
farce is reciprocally in the duplicate ratio of the diſtance of places from 


the centre; IT ſay, that the principal latera recta of their orbits are 

in the duplicate ratio of the areas, which the „ by radu drawn 

to the centre, deſcribe in the ſame time. 

For (by Cor. 2. Prop. XIII.) the latus rectum L is equal to the Plate vn. 
. Fig. 64. ; 

* approaches, while the diſtance 

of P and & is continually diminiſhed. But the ſmall line QR, 

in a given time, is as the generating centripetal force; that is, 

(by ſuppoſition) reciprocally as S P'. Therefore . is as Q T* 

x$SP*; that is, the /atus rectum L is in the duplicate ratio of the 

area 27 x SP, Which was to be demonſtrated. 


Cor. Hence the whole area of the ellipſis, and the rectangle 
under the axes, proportional to it, is in the ratio compounded of 
the ſubduplicate ratio of the latus rectum, and the ratio of the 


periodical 
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COMMENTARY. 


of projection, the centripetal force, and curvature being given; it appears from 
note (4174.) that a body can only deſcribe one orbit; and therefore it muſt de- 
ſcribe this conic ſection. But if SP is perpendicular to P R, and the velocity 
of projection is equal to that, which would be acquired in falling through 2 S P, 


with the force in P acting uniformly; in that caſe, the points &, X, PF coin- f | 
cide; and the orbit deſcribed is a circle, which is conſidered as a conic ſection. | 1 
The caſe of aſcending or deſcending in a right line is excepted. 0 
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Of the periodical tirge. For, the whole area is as the area TX SP, 
. — 1s defcribed i in a ** time, multiplied into the perio- 


8 orie XV. THEOREM vn. 


The fame things being ſuppoſed, I ſay, that the - periodical times in el- 
lipſes are in the Jeſqmplicate ratio of their greater axes. 


J For the lefs axis is a mean proportional between the 
greater axis and the latus rectum; and therefore, the rectangle 


under 


COMMENTARY. 
 f) 194+ Les Abe the greater axis, B the leſs L the latus reAum, and T the 
periodical time: ſince 4: B: B: L, B=A* Xx L *, and AxXB=4* 
KL; but Ax B is proportional to the whole area 3 therefore, (by Cor. Prop. 


x1v.) Nek: is proportional to 7 * L* ; and, dividingby Lr, AF i is as T. 


196. On the contrary, if the periodical times in different ellipſes are in the 
ſeſquiplicate ratio of the mean diſtances, the centripetal forces are ry as 


the ſquares. of thoſe mean diſtances, For, if T. or ID is 47, QT 
B . T 2 
* SP is a8, and QT x 8P + L= A esse, the critripe- 


ral force QM is inverſely as & P *, 


196. Scholium. That the periodical times of the five primary ry planets, and of 
the earth about the ſun, are in the ſeſquiplicate ratio of their mean diſtances 
from the fun, was firſt obſerved by Kepler; and is now confirmed by various- 
obſervations, and admitted by all aſtronomers. The periodical. times of the 
planets and of the earth about the ſun, with reſpect to the fixed ſtars, in days 


2 It & 
and decimal parts of a 2 are as follows; 10759, 275. 4332, 514. 686, 9785. 
8 2 
365, 2 565. 224, 6176. 95 9692. The proportions of their mean diſtances, 


N 4 8 2 * 
according to Kepler are 95 * 519650. 152350. 100000. 72400. 38806. 
And theſe differ very little from the proportions of their mean diſtances according 
H U 4 
to their periodical times, which are as follows: 954006.. 520096. 152369. 
8 ?. * | | ; 
100000. 72333. 38710. | 
b 2 It 
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under the axes is in the ratio compounded of the ſubduplicate 3 00 K 


ratio of the latus rectum, and the ſeſquiplicate ratio of the 


greater axis. But this rectangle (by Cor. Prop. XIV.) is in a 
ratio, compounded of the ſubduplicate ratio of the /atus rectum, 
and the ratio of the periodical time. Subduct from both fades the 
ſubduplicate ratio of the /atus refum, and there will remain the 
ſeſquiplicate ratio of the greater axis equal to the ratio of the 
periodical time. Which was to be demonſtrated. 


| Cor, 
COMMENTARY. 


It follows therefore from the converſe of this propoſition, demonſtrated in 
note (195.) that, taking for granted theſe obſervations, the primary planets, and 
the earth are retained in their orbits by forces, which are reciprocally propor- 
tional to the ſquares of their mean diſtances from the ſun. 

The ſame harmony between the periodical times of the ſatellites of Saturn, and 
their mean diſtances from Saturn; and alſo between the periodical times of the 
fatellites of Jupiter, and their mean diſtances from Jupiter, is ſufficiently eſta- 
bliſhed by obſervation, and admitted by all aſtronomers : therefore it follows, 
that the forces, by which theſe ſecondary planets are retained in their orbits, 
are inverſely as the ſquares of their diſtances from their reſpective primaries, 

The periods of the revolutions of the comets, and the dimenſions of their 
orbits, have not yet been ſo ſufficiently determined by obſervation, as to eſt: bliſh 
the like proportion between their periodical times, and their mean diſtances 
from the ſun. This is a part of aſtronomy which can only be brought to per- 
fection by long and accurate obſervations ; and by comparing together the or- 
bits of ſuch comets, as have been often obſerved to return again at certain in- 
tervals of time. For though we cannot expect, even upon the ſuppoſition of 
their revolving in elliptic orbits round the ſun, that theſe erratic bodies ſhould 
return at intervals accurately equal; on account of the many reſiſtances and 
diſturbances which they muſt meet wita ; particularly from the mutual gravi- 
tation of great numbers of them at their aphelion diſtances, where their motions 
are ſloweſt, and moſt liable to be diſturbed; yet it muſt be obſerved, that the 
planes of their orbits are inclined to each other in large angles, ſo very different, 
that they are on that account carried to greater diſtances from each other, and 
ſuffer the leſs diſturbance; and, that in the lower parts of their orbits they move 
with ſuch immenſe velocities, that they are on that account leſs diſturbed by 
the actions of the planets, and the reſiſtance of the ſolar armoſphere. From all 
which we may conclude, that their motions are more regular, and their periodi- 
cal times and orbits leſs diſturbed, than may at firſt view be imagined. And we 
may be led to hope, that, at ſome diſtance time, after a ſufficient number of ob- 
ſervations has been made upon the periods and trajectories of ſuch as return often 
at nearly equal intervals, the theory of comers may be brought to the ſame per- 
fection as that of the planets. And ſurely the importance of the ſubject is uch 
as ought to excite mankind to attend to the phenomena of theſe immenſe bodies, 
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Cor. Therefore, the periodical'times in ellipſes are the ſame as 
in circles, whoſe diameters are equal to the greater axes of the 


w— cllpſs. | 


Plate VII. 
Fig. 64. 


" "PROPOSITION XVI THEOREM VIII. 
The ſame things being ſuppoſed, and right lines being drawn to the Bodies, 
wwhich touch the orbits ; and perpendiculars being let fall on theſe tangents 
from the common focus: I ſay, that the velocities of the bodies are in a 
ratio compounded of the ratio of the perpendiculars mverſely, and the 
ſubduplicate ratio of the principal latera recta directly. 


From the focus & draw S H perpendicular to the rangent PR, 
and the velocity of the body P will be reciprocally in the ſub- 


duplicate ratio of the quantity = For that velocity is as the 
indefinitely ſmall arc P & deſcribed in a given moment of time; 
that is, (by Lem. VII.) as the tangent PR; that is, becauſe of the 


proportionals P R to and 8 P to SY, as L 2 = — , or as SY 


reciprocally and SP x 2 directly; but SPx 2T is as the area 


deſcribed in a given time; that is, (by Prop. XIV.) in the ſub- 
duplicate ratio of the latus rectum. Which was to be demon- 
ſtrated, _ 


Cor. I. 


COMMENTARY. 


whoſe motions may ſo ſenſibly, perhaps ſo fatally, affect our earth; efpecially 
as Sir Iſaac Newton has, in his third book, given the method of computing their 
trajectories; and has confirmed his theory] by ſhowing its exact agreement with 
obſervation in many caſes. He has particularly conſidered: that remarkable 
comet, which was ſeen firſt, ſoon after the death of Julius Ceſar, and was 
obſerved at three different times after, at equal intervals of 575 years; namely, 
in the years of our Lord 531, 1106, and in the latter end of 1680, and begin- 
ning of 1681; and which 1n all probability may be obſerved in the year 2256, 
from which, as well as from all the other caſes to which he has applied his theory, 
it appears, that the places of comets, as deduced from obſervation, agree as 
exactly with thoſe ariſing from his computation of their orbits, as the motions of 
the * do with their theories: and therefore, their orbits being rightly 
defined, nothing is wanting to complete this important part of aſtronomical 
ſcience, but a ſufficient number of obſervations, and a proper application of the 
principles which he has laid down. 


OF NATURAL PHILOSOPH Y/ T7 
Cor, 1. The principal latera recta are in a ratio compounded of p Oo OR 


the duplicate ratio of the perpendiculars, and the duplicate ratio _ 
of the velocities. cx 


Cor. 2. The velocities of the bodies, in their greateſt and leaſt 
diſtances from the common focus, are in the ratio compounded 
of the ratio of the diſtances inverſely, and the ſubduplicate 


ratio of the principal /atera recta A For the perpendi- 
culars are now the diſtances. 


Cor. 3. And therefore the velocity in a conic ſection, at its 
greateſt or leaſt diſtance from the focus, is to the velocity in a 
circle at the ſame diſtance from the centre, in the fubduplicate 
ratio of the principal /atus rectum to double that diſtance. 


Cor. 4. The velocities of bodies revolving in ellipſes, at their 
mean diſtances from the common focus, are the ſame as thoſe of 
bodies revolving in circles, at the ſame diſtances : that is, (by 
Cor. 6. Prop. IV.) reciprocally in the ſubduplicate ratio of the 
diſtances. For the perpendiculars are now the leſs ſemi-axes ; 
and theſe are as mean proportionals between the diſtances and 
the latera rea. Let this ratio inverſely be compounded with the 
ſubduplicate ratio of the latera recta directly, and we ſhall have 
the ſubduplicate ratio of the diſtances inverſely (g). 


Cor. 5. In the ſame figure, or even in different figures, whoſe 
principal latera rea are equal, the velocity of a body is recipro- 
cally as the perpendicular let fall from the focus on the tangent. 

Cor. 6. In a parabola, the velocity is reciprocally in the ſub- 
duplicate ratio of the diſtance of the body from the focus of the 
figure: in the ellipſis it is more varied, and in the hyperbola leſs 
than according to this ratio. For (by Cor. 2. Lem. XIV.) the per- 


pendicular 


COMMENTARY. 
(g) 197. Let V be the velocity i in an ellipſis at the mean diftance B v the 


| 1 
velocity in a circle at the ſame diſtance, whoſe radius is $ B; and L the latus Tr. ye | 
rectum of the ellipſis: (by Prop. XVI.) Ji: v.:: 7 2 I. LXSB: 2032. | 


But SB:CB::2CB: L (164.)z whence, LX SBS 20, Y: = vn, ang 
V2 Yo 3 
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of the pendicular let fall from the focus on the tangent of a parabola 
ade. is in the ſubduplicate ratio of the diſtance. In the hyperbola the 
perpendicular is leſs varied; in the ellipſis, more (5). i 
Cor. 7, In a parabola, the velocity of a body, at any diſtance 
from the focus, is to the velocity of a body revolving in a circle at 
the ſame diſtance from the centre, in the ſubduplicate ratio of 
the number 2 to 1; in the ellipſis it is leſs, and in the hyperbola 
greater, than according to this ratio. For (by Cor. 2. of this 
Prop.) the velocity at the vertex of a parabola is in this ratio, 
and (by Cor, 6. of this Prop. and Prop. IV.) the ſame propor- 
tion is preſerved in all diſtances (7). And hence alſo in a para. 
3, 3 * bola 


9) 198. In the ellipſis, $7 x Hy =C B* (167.): but from the ſimilar 
triangles SPY, H Py, we find SP : ST:: HP: Hy = $7 x gs dere 


H 2 
fore $7 x Hyor CB! =$1* K N and 8 T = C Brix Hy therefore 


P | 
CB being given, S varies as LEY Suppoſing that S P, the numerator of 


this fraction, could be increaſed or diminiſhed, while P H the denominator re- 
mained conſtant, $ N would be increaſed or diminiſhed in the fame ratio with 
SP: but, ſince the ſum of $ P and P H is always the ſame, while $ P is increaſed 
or diminiſhed, P H is equally diminiſhed or increaſed; and 87” is increaſed or 
diminiſhed inverſely as P H, and therefore varies in a aw; ratio than SP. In 
the hyperbola it appears in the ſame manner, that & T = 5 F ha » Which 


varies as LE : and the difference between & P and P H being, from the nature 
of the hyperbola, a given quantity, while S P is increaſed or diminiſhed, PZ is 
equally increaſed or diminiſhed; and $ , which is increaſed or diminiſhed as S P, 
is at the ſame time diminiſhed or increaſed as PH; and therefore varies in a leſs 


ratio than S. : 
(i) 199. Let L be the latus reflum of the parabola, / the velocity in the 


yertex at the diſtance of + L, v the velocity in a circle at the ſame diſtance, C 
the velocity in the parabola, at any other diſtance SP, and c the velocity in a 
circle at the diſtance S P: by Cor. 2. Prop. XVI. /: V:: VA: 
by Cor. 6. C: V:: VL: VV 
by Cor. 6. Prop, IV.— v: c:: SP: VL 


* therefore ex quo —C:ic::V 2:vVT 
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bola the velocity is every where equal to the velocity of a body 3 9.9 K 
revolving in a circle at half the diſtance; in an ellipfis it is leſs -! 
in an hyperbola greater (H. 

Cor. 8. The velocity of a body, revolving in any conic ſection- 
is to the velocity of a body revolving in a circle, at the diftance 
of half the principal /atus rectum of the ſection, as that diſtance 
to the perpendicular let fall from the focus on the tangent of the 
ſection. This appears by Cor. 5. | | 

Cor. 9. Since (by Cor. 6. Prop. IV.) the velocity of a body, re- 
volving in this circle, is to the velocity of a body, revolving in 
any other circle, reciprocally in the ſubduplicate ratio of the 
diftances ; therefore ex equo the velocity of a body, revolving in 
a conic ſection, will be to the velocity of a body revolving in a 
circle at the ſame diſtance, as a mean proportional between that 
common diſtance, and half the principal /atus rectum of the 


ſection, 


COMMENTARY. 


— w_— 


— ——— — — 
1 ** 
2 = — 


(k) 200. In the ellipſis FP + PH x 1 CB (164.0 S2 Hy (16. 


In the ſame manner it appears in the hyperbola and parabola, that the 
velocity is to the velocity in a circle at the ſame diſtance, in the ſubduplicate 
ratio of the diſtance from the further focus, to half the greater axis. In the 
ellipſis, P N the diſtance from the further focus is always to half the greater 
axis in a leſs ratio than that of 2 to i : in the hyperbola P H is to half the greater 
axis always in a greater ratio than 2 to 1; and in the parabola P H is to half the 
greater axis, as 2 to 1: therefore, in the ellipſis, the velocity is to the velocity 
in a circle at the ſame diſtance in a leſs ratio than that of 2 to 1; in the hy- 
perbola it is in a greater ratio; in the parabola it is in that ſame ratio. 


[ 
PH r 3 3 * 
= fr Xx 55> Hy being equal to ——— from the ny of the tri- 1 
angles SPY, HPy. Therefore, 5 5 + PH Xx 55 = —— and the ve- i 
locity in an ellipſis is to the velocity in a circle at the ſame diſtance inverſely in 1 
the ſubduplicate ratio of * . or FP + PH x 5 to FP ＋ FP x 1 
| | | a 4 
- 4 or in the ſubduplicate ratio of 2 S&S P to SP + EHXOI9P , orof2 PH 9 
SP | | P H | 
to SP+ PH, or of P H, the diſtance from the further focus, to half the i 
greater axis. | 1 
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| Moron of ſection, to the perpendicular let fall from the common focus 


Bodies. 1 the tangent of the ſection (9. Ne 0 


' PROPOSITION XVII. PROBLEM IX. 


Suppofing the centripetal force to be reviprocally: Proportional to the ſquares 
of the di ances of places from the centre, and that the abſolute quantity 
- of that force is known; it is required to determine the line, which a 


body deſcribes gomg W a given place, with a given e in the 
direction of a given Tight line. 


Plate vl. Let the centripetal force tending to the point 8 be ſuch, as will 
9 make the body p revolve in a given orbit ? 73 and let its velocity 


in 


COMMENTARY. 


(1) 201, Let be the velocity in a circle at the diſtance of L, C the velocity 
in a conic ſection at the diſtance 8 P, and c the velocity in a circle at the diſtance 
SP: by Cor. 8 — C: V:: IL: SY; 


and by Cor. 6. Prop. IV. nn ATE: A. 


whence, ex eue, C: :: VIX SP: SY; or as a mean proportional between 
IL, and S P, is to S . | 


202, Otherwiſe. Cer; ih L. EX LE 
ſe T4 I (Prop. XVI.): : 
SY; or, as a mean proportional between Land SP is to 8 v: | 
20g. The velocity C, in any point P of an ellipſis, is to the velocity v at the 
mean diſtance, in the ſubduplicate ratio of P H, the _—_ from the further 
focus, to PS the diſtance from the centre of force: For C*:w*;;CB*:8 7 ot 
SY Hs (167.); tHy SF ;;5HP:8P.. 
204. The angular velocities of bodies, revolving round the ſame centre of 
force in different orbits, are as the areas deſcribed in given times directly, and 


| 2E 
wavy, © the ſquares of the diſtances inverſely. For the angle QS P is as Ip? and 


Fig. 64. Q is as the area deſcribed in a given time directly, and & P inverſely : therefore 
the angle LS P is as that area directly, and as S Pa inverſely. 

205. Since the principal latera rea in the conic ſections are in the duplicate 
ratio of the areas deſcribed in a given time (Prop. XIV.); it follows, that the 
angular velocities in the conic ſections in different orbits are in the ſubduplicate 
ratio of the principal ele redta directly, and as the ſquares of the diſtances 
inverſely. 

205, In the ſame orbit. or 1n difterent orbits in which equal areas are deſcribed 
in cqual times, the angular velocities are inverſely as the ſquares of the diſtances : 


and if che angular_velocities are inverſely as the ſquares of the diſtances, equal 
arcas will be deſeribed in equal times. | 
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Ain the place p be doch. From the place P let the body P go B 0.0 K 
with a given velocity, in the direction of the line P; and im 


mediately by the action of a centripetal force, let it be turned 
aſide from that right line into the conic ſection P 2. This the 
right line P R will therefore touch in P. Let like wiſe the right 
line pr touch the orbitpqin ; and, if from S perpeadiculars be 
ſuppoſed to be let fall on thoſe tangents; the principal latus rectum 
of the conic ſection (by Cor. 1. Prop. XVI.) will be to the prin- 
cipal latus rectum of that orbit, in a ratio compounded of the 
duplicate ratio of the perpendiculars, and the duplicate ratio of 

the velocities; and is therefore given. Let L be the latus rectum 

of the conic ſection. The focus & of the conic ſection is alſo 
given. Let the angle R PH be the complement of the angle 

RPS to two right angles and the line PH, in which the other 
focus H is placed, is given in poſition. & & being let fall perpen- 
dicular on PH, let the conjugate ſemi- axis BC be erected; and 
we ſhall have S P. —2KPH+ PH*=SH: =4CH* =4B H* 


—1 BG =SPFPH:'—LxSPFPH=SP: +2SPH+ 
PH: —L x SP + PH. Add on both ſides 2 K P H — $ P* — 

PH* +LxSP+ PH, and we ſhall have Lx$P F PH — 
2 PA +2KPH; or SP+PHto PH, as2SP+ 2g KP to L. 
Whence PH is giyen both in length and poſition. That is, if 
the velocity of the body in P is ſuch, that the /atus rectum L is 
leſs than 2SP+2KP, PA will he on the ſame fide of the tan- 
gent P-R with the line SP; and therefore the figure will be an 


SP + PH, will be given. But if the velocity of the body is fo 
great, that the /atus rectum L ſhall become equal to 2 PS+2KP, 
the length PH will be indefinite; and therefore the figure will 
be a parabola, which has its axis $S H parallel to the line P, 
and will thence be given. But if the body goes from its place P 
with a yet greater velocity, the length PH is to be taken on the 
other ſide. of the tangent; and ſo the tangent paſſing between 
the foci, the figure will be an hyperbola, having its principal axis 
equal to the difference of the lines SP and PH, and thence will 

VoL. I. =. be 


ellipſis, and from the given foci S, H, and the principal axis 


— 
2 | 


of the 
* of 


* " 
. , % ws « = 
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* 4 
- uk given. For if the 'b6dy, in theſe caſes, | e in a conic 
ſection ſo. found, it is demonſtrated in Prop. XI. XII. and XIII. 


— that the centripetal force will be reciprocally as rhe ſquare of the 


diſtance of the body from the centre of force &; and therefore 


the line PS is rightly determined, which: a body: going from a 


Plate VII. 
Fig. 65, 


given point P, with a given velocity, and in the direction of a 
right line PR given by poſition, will deſcr ibe with ſuch.: a force. 


Which was to de done ( m). TT LEE 4.2.60 


COMMENTARY: + 


(m) 207. Dr. Saunderſon gives an elegant ſolution of this 3 of which 
the following i is the ſubſtance. 
the other 


The angle R PS being given, theiline PH, which paſſes through 


focus, is N in poſition, by taking R PH the complement of R P S to two 


right angles; and, by determining the length of P H, the problem is ſolved. 

Let a be to b, as che given velocity in the conic ſection at P, to the velocity in a 

circle at the ſame diſtance 8 P; which is alſo given; becauſe it is equal to that 

which a body would acquire in falling down half the given line S P, if it was 

uniformly acted upon by the given force in PD. Then is 253 — aa to 4 4, as 

SP to PH, or as S to: Hy. For, (by Prop. XVI.) the velocity in a conic 
„ 437 * 


ſection CO reciprocally i in the ſubduplicate ratio of, or r which, in 


L L 
this caſe, is equal to SP+PH x IH (200.); and Wege is to the 


velocity i in the circle at the diſtance 8 P reciprocally in the 2 ratio of 


S P SP ; 
FFF PH x N. t0 SPITP x R therefore 5 :: SP+PHx 
SP SP 
575 W SP PH: eee SP + PH: 
PH; and 2 2 — 4: a*:: SP: PH:: SY: Hy. Whence the greater axis 


Is determined, as bang ae to SP + PH; and alſo the leſs axis, the. half of 
which is a mean proportional between S and H v. 

208. Cor. 1. If a* is Teſs than 2 5, the quantity 2 5. — 43 is poſitive; PH 
ties on the 5 ſide of PY with PS; and the orbit is an ellipfis, whoſe greater 
axis is S P * Js and whoſe leſs axis is 2 82 * 3 

25 — 42 232 — 2 

209. Cor. 2. If a* = 2 32, pH is indefinitely greater than SP; and the orbit 
is a parabola, whoſe axis 8 H is parallel to P H. 

210. Cor. 3. If a. is greater than 2 5, 2 64 — 40 is a negative quantity, and P /7 
is to be taken on the other ſide of the tangent PT; and the orbit is an = 

x I ay 
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DT 7. "Hence, in every conic ſection, from the principal vertex » v9 K 
D, the Jatus rectum IL, and the focus & being given, the other 
""*: 5 22 2 w EL 4 uy ; - : focus 
” — £ " : . 


donn TRT. | 

4 4 Fn © 5 dS , 1 a | 4 | 
2 4 N | * 4 - . þ? 

Ty” bola, whoſe greater axis, or the difference of $ P and P H, $S$P * — Er 


*.- 2 


*. 


"os fn =] Fo 

2211. Cor. 4. If the velocity and centripetal force, at a given diſtance S P, 

gar given, the tranſverſe axis will be the ſame in whatever direction the body is 
projected. But the conjugate axis will be as the line of the angle $ P. 


SCHOLIUM. 


212. It may at firſt appear difficult to conceive, how the planets can be re- 
tained in their orbits by a centripetal force varying according to the law found 
in Propoſition XI. For, ſince that force increaſes continually during their 
approach to the ſun, and is diminiſhed in their receſs; it may ſeem, that if ever 
they begin to-deſcend, they mult continue that deſcent till they fall into the ſun : 
and, if in any caſe they begin to aſcend, they muſt continue to aſcend for ever. 
Their alternate approach and receſs to and from the ſun, in eccentric elliptic 
orbits, may be eaſily explained, either from the variations of the velocity found 
in the preceding propoſitions and their corollaries, or, more generally, from the 
law of the centrifugal force in all orbits, 

213. If a body is projected at A, in a direction A R, perpendicular to S A, Plate VII. 
with a velocity equal to that which would be acquired in falling down 4 4, the Fig. 68. 
force at A acting uniformly, that body will deſcribe a circle, whoſe radius is 8 4, 
with an uniform velocity. If che velocity of projection is increaſed, the force 
requiſite to carry a body in a circle muſt alſo be increaſed, and that in the 
duplicate proportion of the velocity, in the ſame circle; or, in different circles, 
as the ſquares of the velocities directly, and as the radii inverſely. In the ſame 
circle, the force, which acted at A, acts at any other diſtance equal to & 4, and 
in the ſame time draws it through an equal ſpace from the tangent : and, the 
force of gravity being equal to the force ariſing from its rotation, the body neither 
approaches nor recedes from the centre S. If the velocity of projection at A, in 
the direction A R, is leſs than that which is requiſite to retain the body in a circle 
whoſe radius is $ 4, let that velocity be to the velocity in a circle as Ar to 4 R; 
and with the velocity Ar, and the force rq = R 9, the orbit 4 falls within a 
circle whoſe radius is S A. If the force varies inverſely as the ſquare of the 
diſtance, the orbit deſcribed is one of the conic ſections (193.). And, ſince the 
velocity of projection is to that in the circle at the ſame diſtance, in a leſs ratio 
than the ſquare root of 2 to 1, that orbit is an ellipſis (Cor. 7. Prop. XVI.). i 

As the body approaches to the centre, its velocity increaſes more than in the 1 
inyerſe ſubduplicate ratio of the diſtance from the focus & (Cor. 6. Prop. XVI.). 

R 2 | But 


and whoſe leſs axis 18287 x, 12 * 
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= ip WI ft aig MEN 
focus H'is given, by taking DH to DS, as the latus rectum, to 
the difference between the latus rectum and 4 DS. For the pro- 

| ld ned © bon ei 2 , „„ Portion 
- COMMENTARY. 


- tes * 
* 


| C Or | a 6 a * N * 7 
But the velocities in circles, at the ſame diſtance," increaſe only in the inverſe ſub- 
duplicate ratio of the diſtanees (Cor. 6. Prop. IV.). Therefore the velocity in the 


ellipſis approaches continually to the velocity in a circle at the ſame diſtance : and 


at the mean diſtance & B, thole velocities become equal (Cor, 4. Prop. XVI.). If 
at this point the direction of the tangent was perpendicular to SB, the body 
would now proceed in a circle: but, ſince the angle S B is an acute angle, the 
body is carried nearer to the centre, than if it was projected in the perpendicular 
direction, ſo as to revolve in a circle. The body therefore continues to approach 
towards the centre; the velocity, during its approach, increaſes in a greater ratio 
than the velociti:s in circles at the ſame diſtance; and at a, where the direction 
of the tangent @ mz is perpendicular to F a, the velocity is to the velocity in a circle 
at the diſtance & a. in the ſubduplicate ratio of a H to ta A (200). It is evident 
then, that with a velocity as am greater than an, the force mo being equal to 
the force a, the orbit @ o mult fall without the circle 4x. As the body recedes 
from the centre, its velocity is continually diminiſhed in a greater ratio than the 
velocities in circles at the ſame diſtance ; till, at the mean diſtance S, thoſe 
velocities become again equal. But the tangent 5 making with S an obtuſe 


angle 55, the orbit falls without that circular orbit which would be deſcribed, 


Plate VI J. 
Fig. 69. 


if Sby was a right angle. The body therefore continues to recede, till the 


tangent becomes again perpendicular to the diſtance: and, its velocity being 
continually diminiſhed in its receſs, in the ſame degrees in which it was increafed 
in its approach, it returns to the ſame magnitude, when it arrives at A. And 
thus the body revolves for ever between the points A and a. 

214. The approach and. receſs of bodies in eccentric orbits. may be more. 


generally explained thus. Fi 


Every body, whoſe motion is bent into a curve line, is ated upon by two 
forces, a centripetal, and a centrifugal. And its approach, or -receſs, to and 
from the centre of force, is made by the exceſs of one of theſe forces above the 
other. If a body is projected in the right line PR, perpendicular to S P; and, 
being acted upon by no other force, at the end of a given time arrives at R; 
from the centre 5, with the radius S P, deſcribe the circle PB. C; and, the 
centrifugal force, by which the body has receded from the centre &, is, in that 
given time, proportional to R B. But, if in the ſame time the body is acted 
upon by a centripetal force as R B, it is evident, that the body at the end of the 
time will be found in B: and, the centripetal force being equal to the centrifugal, 
the body neither approaches nor recedes from the centre 8. | 

If the centripetal force at P is greater or leſs than the centrifugal force R B, 
in a given time, in the ratio of R to RB, or R to RB, the body at the end 
of the time will be found in Qor q: and the forces, by which the body is made 
to approach or recede, will be rightly expreſſed by BY. = R- RB, an 


B q 


» 0 4 as 4 
* * * 
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the caſe of this Corollary, DS D H to DH, as 4 DS to L, and 
by diviſon DS to DAH, as 4D S— to L. 
. . L ig) Xa 5 4 Cor. 2. 


A Ln, COMMENTARY. 


Bg = RB — Rq: of which, R2— RB. is the exceſs of the centripetal force 
above the centrifugal; and R B — R q is the excels of the centrifugal above the 
centripetal. : | * 
If the direction of projection Pr is oblique to S, it appears in the ſame pie VII. 
manner, that the approach and receſs will be rightly expreſſed by B 2, = R O— Fig. 70, 
R B, (as in fig, 70.) and by BY = Br — Qr, (as in fig. 71.)z of which K 2 and 71: 
— RB is the exceſs of RQ, the whole motion towards the centre, compounded 
of the centripetal force 2 r, and Rr the motion of approach ariſing from the 
obliquity of projection, above the centrifugal force R B; and Br rx is the 
excels of B, the whole motion from the centre, compounded of the centrifugal 
force B R, and Rr the motion of receſs ariſing from the obliquity of projection, 
above the centripetal force © r. | 
215- To judge therefore concerning the approach or receſs in any orbit, from 
the law of centripetal force being given, we muſt find alſo the law of the centri- 
fugal force. And, theſe things being premiſed, | ſay, That in all orbits the 
_ centrifugal force, ariſing from the circular motion, or the force with which a circle is 
deſcribed, with the ſame angular velocity, at the ſame diſtance, is in the duplicate ratio 
of the area deſcribed in a given time direfly, and as the cube of the diſtance inverſely, 
For RB is as the ſquare of the arc PB directly, and as the diſtance S 
inverſely (Lem. VII.): and the arc PB is as the area. P BS directly, and as the 
diſtance S P inverſely; therefore the ſquare of the arc PB, divided by the 
diſtance S P, is in the duplicate ratio of the area directly, and as the cube of S 
inverſely. 


216. Hence, in every orbit, in which equal areas are deſcribed in equal times, 
the centrifugal force is inverſely as the cube of the diſtance. 

217. It follows alſo, that the centrifugal force in any orbit is to the centripetal 
force at the ſame point, as that chord of curvature which paſſes through the 
centre of force, to double the diſtance. For, the centrifugal force is the force 
with which the circle P B is deſcribed with the fame angular velocity: and that 
force is to the force in the orbit, as the ſquare of the velocity in the circle, divided 
by the diameter, to the ſquare of the velocity in the orbit, divided by the chord 
of curvature paſſing through the centre of force (139.); that is, the velocitics. 
being equal, as the chord of curvature of the orbit, to the diameter of the 
circle, | 

218, From the variation of the centrifugal force here found it is evident, 
that, according to the law of the centripetal force, a body may in ſome caſes. 
deſcend, and aſcend alternately, to and from the centre of force; and, in other 
caſes may approach continually, till it falls into the centre; or may recede from 


it for ever. To diſtinguiſh theſe caſes let us firſt ſuppoſe, that the centripetal. 
| 2 | | 


portion SP + PHto P H. as'2SP +2KP to L, becomes, in BO © K 


. 


res 


- $ * N 
p * * —_— 
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2 Cor. 2. Whenee, if the velocity - of a body in the principal 
© Bodies, vertex D is given, the orbit may be readily found; by taking its 
YT latus rectum to twice the diſtance DS, in the duplicate ratio of 
this given velocity, to the velocity of a body revolving in a 
circle at the diſtance DS (by Cor. 3. Prop. XVI.); and then taking 
D Hto DS, as the latus rectum, to the difference between the latus 


* 


6 * 


rectum and 4 DS. _ * 8 Sf 3k 7 Ag 
; 7 6 t r e. 
WW 2 O MME N T. A R 1. * Iv PT IAG 
force varies inverſely as the cube of the diſtance : on which ſuppoſition it is 
plain, that if one force ever exceeds the other in any caſe, ſince they both vary 
in the ſame ratio, it mult exceed the other in all caſes; and the contrary. There- 
fore, if a body ever begins. to approach, it muſt. for the ſame reaſon always 
approach; and, if in any caſe it recedes, it muſt recede for ever.. 5 
Let us ſuppoſe the centripetal force to vary in a greater ratio than the inverſe 
cube of the diſtance. If ever that force exceeds the centrifugal, ſince it varies in 
a greater ratio, it muſt in deſcending towards the centre exceed it continually by 
Fours degrees, and the body muſt approach in leſs time to the centre than if the 
orce had been only inverſely as the cube of the diſtance. On the contrary, if 
the body ever begins to recede, it muſt for the ſame reaſon recede more than if 
the force had been inverſely as the cube of the diſtance. _ "049 
But, if the centripetal force vaties in any inverſe ratio leſs than the cube, 
it is evident, that it may be leſs than the centrifugal force in one part of the 
orbit; and, by the difference of the forces, the body may be made to recede 
from the centre. During its receſs, the centrifugal force being diminiſhed in a 
greater ratio than the centripetal, the centripetal may at laſt get the better of it 
ſo far, as to make the body again approach towards the centre: and, the cen- 
trifugal force then increaſing in a greater ratio than the centripetal, the body, at 
another point, may again be made to recede. The nearer this inverſe ratio of 
the centripetal force approaches to the inverſe cube of the diſtance, which is the 
law of the centrifugal force, the body muſt perform the greater number of re- 
volutions, or the greater part of one revolution, before it arrives at its greateſt or 
leaſt diſtance, in like circumſtances. All which is evident from conſidering the 
law of the centrifugal force: and may likewiſe be deduced from Prop. XLV. and 
its Corollaries, ; | | 
But if the gravity varies inverſely as the fquare of the diſtance, the body, 
departing from its greateſt diſtance, arrives at its leaſt, after performing half a 
revolution; and in like manner, after half a revolution, it recedes again to its 
former diſtance. The gravity, which is greater than the centrifugal forge in 
the higher part of the orbit, makes the body approach to leſs diſtances: the 
centrifugal force, increaſing in a greater ratio than the gravity, 1s greater in the 
lower part of the orbit, and makes the body recede to its former altitude: and 
thus, each of theſe forces prevailing by turns, the body revolves continually in 
an eccentric orbit, approaching and receding alternately to the ſame altitude 1n 


every revolution, 
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r. 3. Hence alſo, if a body moves in any conic ſection, and Þ © 8 K. 
is forced out of its orbit by any impulſe; the orbit, in which it — 


vin afterwards purſue its courſe, may be determined. For by 


compounding the proper motion of the body with that motion, 
© which the impulſe alone would generate, the motion, with which 
the body will go off from a given place of impulſe, in the di- 
rection of a right line given in poſition, will be had. 


Cor. 4. And if that body is continually diſturbed by the action 
of ſome foreign force, its courſe will be known very nearly, by 
collecting the changes, which that force introduces in ſome 
points, and eſtimating, from the analogy of the ſeries, the con- 
tinual changes in the intermediate places. 


SCHOLIU M. 


If a body P, by means of a centripetal force tending to any 
given point R, moves in the perimeter of any given conic ſection, 
whole centre is C; and the law of centripetal force is required; 
let CG be drawn parallel to the radius R, and meeting the 
tangent PG of the orbit in G; and the force required (by Cor. 1. 


and Schol Prop, X. and Cor. 3. Prop. VII.) will be as . 


SECTION 


Plate VII. 


Fig. 67. 


B 


SECTION IV. 


of the invention of elliptic, parabolic, and hyperbolic orbits; from the © 4 


focus given. » . 


2 E M NI A xv. 


Fig. 72. 


equal to the principal axis of the figure, that is, to the axit in ji 
the foci are placed, the other SV is hiſected in T by the perpendicular 
TR let fall upon it; that perpendicular F R will ſomewhere touch the 


"conic ſection: and, on the contrary, "if it does touch it, HV will be 


equal to the principal axis of the figure. , 
F OR, let the perpendicular TR cut the right line K p, wala 

if neceſſary, in R; and let SR be joined. Becauſe 'T'S, 
TV are equal, the right lines & R, VR, and the angles TRS, TRY 
will be alſo equal. Whence, the point R will be in the conic 
ſection, and the perpendicular 7'R will touch the ſame; and the 
contrary (n). Which was to be demonſtrated. 


PROPOSITION XVII. PROBLEM X. 


A focus and the principal axes being given, to deſcribe elliptic and hyper- 
Bolic trajectories, which ſhall paſs Rage given points, and touch 
right lines given in poſition (o). 


PLte VIIL Let $ be the, common focus of the figures; AB the length 


es MATHEMATICAL' PRINCIPLES" - * 


Plate VIII. Tf, fro the two foci. 8, H F any elligſis or hyperbola, tuo right line 
SV, HV are drawn to any third point V, of which one HV i 


U 


"1375 of the principal axis of any trajectory; P a point through which 


the 


R COMMENTARY... 


(n) 219. If SR+RH=HV, the point Ris a point in am ellipſis (158.). 
And if the angle & RT is equal to the angle T RV, the line T K is a tangent to 
the ellipſis in the point R (159.): and the contrary. 

If RH—SR=HV, the point R is in an hyperbola (160.). And if the 
angle S RT is equal to the angle T RV, TR is a tangent at the point R (161.): 
and the contrary. In this caſe the point / 1s between R and H. 


(% 220. In "this, and the two following propoſitions, there are Siven either two 
points, or two tangents, or one point and one tangent. 
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the trajectory ſhould paſs; and TR a right line which it ſhould Þ of K 


touch. With the centre P, and the interval A B—S P, if the orbit is. 


an ellipſis, or A B + SP, if it is an hyperbola, let the circle HG be 
deſcribed. On the tangent TR let fall the perpendicular S7, and 
produce the ſame to V, ſo that TV may be equal to ST; and with 
the centre J, and the interval AB, let the circle F Z be de- 
ſcribed. In this manner, whether two points P, p are given, or 
two tangents TR, tr, or a point P and a tangent J R, two cir- 
cles are to be deſcribed. Let H be their common interſection; 
and, with the foci 8, H, and the given axis, let a trajectory be 
deſcribed. I fay, it is done. For the trajectory deſcribed, (be- 
cauſe SPP Hin the ellipſis, and P H—SP in the hyperbola, 
is equal to the axis) will paſs through the point P; and (by the 
preceding Lemma) will touch the right line TR. And, by the 
ſame argument, it will either paſs through the two points P, p, 
or touch the two right lines TR, tr. Which was to be done. 


PROPOSITION XX. PROBLEM XI. 


Abor.t a given focus to deſcribe a parabolic trajectory, which ſhall paſs: 
| through given points, and touch right lines given in poſition. 


Let & be the focus, P a point, and TR a tangent of the trajec- 


tory to be deſcribed. With the centre P, and the interval PS, 
deſcribe a circle FG. From the focus let fall ST perpendicular 


to the tangent ; and produce the ſame to V, ſo that TV may be 


equal to S T. In the ſame manner another circle fg is to be de- 
icribed, if another point p is given; or another point v is to be 


found, if another tangent r is given; then a right line TF is to 


be drawn, which may touch the two circles F G, fs, if two points 


P, p are given; or may paſs through the two points V, v, if two 


tangents TR, tr, are given; or may touch the circle FG, and 
paſs through the point /, if a point P and a tangent TR are 
given. To F let fall the perpendicular S5 and biſect it in X; 
and with the axis S K, and the principal vertex A, let a parabola 


be deſcribed. I ſay, it is done. For this parabola, becauſe S K 
is equal to IK, and SP to FP, will paſs through the point P: 


and (by Lem. XIV. Cor. 3.) becauſe ST and TY are equal, and 
Vol. I. 8 | the 


— 


Plate VIII. 


Fig. 74. 
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the angle STR is a right angle, it will touch the right line TR. 


Bodies, Which was to be done. 


— — 


Plate VIII. 
Fig. 73 


PROPOSITION XX. PROBLEM XII. 


About a given "focus to deſcribe any trajectery, whoſe | ſpecies is given; 
22255 ſhall paſs through given points, and touch right lines given in 
Poſition, | ox aeltvh RT" | 


Caſe 1. About a given focus S let it be required to deſcribe a 
trajectory 4 BC, through two points B, C. Becauſe the ſpecies 
of the trajectory is given, the ratio of the principal axis to the 
diſtance of the foci will be given (p). In that ratio take KB to 
BS, and LC to CS. With the centre B, C, and the intervals B &, 
CL, deſcribe two circles; and to the right line K L, which touches 
the ſame in X and L, let fall the perpendicular SG; and cut the 
ſame in A and a, ſo that G 4. may be to AS, and Ga to as, as 
KBto BS: and, with the axis Aa, and the vertices 4, a, let a 
trajectory be deſcribed. I ſay, it is done. For, let ¶ be the 


other focus of the figure deſcribed; and ſince G A is to AS, as 
Gato as, by diviſion Ga - G A, or Aa, will be to aS— AS, or 


SH, in the ſame ratio %); and therefore, in the ratio which the 
principal axis of the figure to be deſcribed has to the diſtance of 
its foci; and therefore the figure deſcribed is of the ſame ſpecies 
with the figure which was to be deſcribed. And, fince K is to 
BS, and LC to CS, in the ſame ratio, this figure will paſs through 
the points B, C; as is manifeſt from conic ſections. 


„ 


COMMENTARY. 


(p) 221. The trajectories are ſimilar, or their ſpecies is given, when the two 
axes are in a given ratio: in which caſe, the principal axis is alſo in a given ra- 
tio to the interval between the foci. 


(q) 222. On this ſuppoſition an ellipſis is to be deſcribed. But, if the point 
G falls between & and H, a is to be taken on the other ſide of G L, in the line 8 G 
produced; and Ga+G A, or Aa, is to aS + AS, or SH, in the fame ratio; 


and therefore in the ratio, which the principal axis of the figure to be deſcribed 
has to the interval. between its foci. On which ſuppoſition an hyperbola is to be 


deſcribed. b 


T 


* tO Ate tit ek. 
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- | Caſe 2. About a given focus & let it be required to deſcribe a 5 O, K 
trajectory, which may ſomewhere touch two right lines TR, r.. 
From the focus let fall the perpendiculars ST, St on thoſe tan- Pg. 76 
_ gents, and produce them to V, v, ſo that TV, tv, may be equal 

to TS,#S. Biſect / in O, and erect the indefinite perpendicular 

OH; and cut the right line VS, indefinitely produced, in K and 

k; ſo that K may be to KS, and V/ to KS, as the principal axis 

of the trajectory to be deſcribed is to the diſtance of the foci. 

On the diameter K , let a circle be deſcribed cutting O H in , 

and, with the foci S, H, and the principal axis equal to V E, let 

a trajectory be deſcribed. I ſay, it is done. For biſect X , in X; 
and join HX, HS, H, Hv. Since JK is to KS, as V to S; 

and, by compoſition, as TRI to KS+&S; and, by diviſion, 

as Vk—FVFKtOokS—KS; that is, as 2 /Xto2 K A, and 2 KI to- 
258 I and therefore as / X to HI, and H to SA, the triangles. 

VIH, HAS will be ſimilar; and therefore VH will be to S H, as 

VX to IH, and therefore as T XK to KS. Therefore the princi- 

pal axis /H of the trajectory deſcribed has the ſame ratio to SEH 

the diſtance of its foci, as the principal axis of the trajectory 

which was to be deſcribed has to the diſtance of its foci; and 
therefore is of the ſame ſpecies (r). Moreover, ſince V H, u Hare 
equal to the principal axis; and VS, vs are biſected perpendi- 
cularly by the right lines TR, tr; it is evident (by Lem. 


XV.) that thoſe right lines touch the trajectory deſcribed. Which 
was to be done. 


Caſe 3. About a given focus & let it be required to deſeribe a Plate vir. 
trajectory, which ſhall touch a right line TR in a given point R. *'* 77. 
On the right line TR let fall the perpendicular ST, and produce 
it to V, ſo that TV may be equal to ST. Join FR; and cut the 
right line VS, indefinitely produced, in & and &, ſo that / K may 

| be 


COMMENTARY. 


(r) 223. If the points K and & are ſituated as they are repreſented in this: 
figure, an ellipſis is to be deſcribed. But, if the points K and & are taken in; 
the line SY, produced towards V, ſo that / may be placed between K and k, am 


hyperbola is to be deſcribed: and conſtructing the figure as Newton directs, the 
demonſtration is the ſame, 
8 2 


4 
. IX 
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Of the be to SK, and / k to S l, as the principal axis of the ellipſis to be 


Monn ff deſeribed to the diſtance of the foci; and, with a circle deſcribed 
—— upon the diameter XK, let the right line J R, produced, be cut in 
H; and, with the foci S, H, and a principal axis equal to the right 

line J H, let a trajectory be deſcribed. I ſay, it is done. For, 

that / H is to S H, as K to SK; and therefore, as the principal 

axis of the trajectory to be deſcribed, to the diſtance of its foci, 
appears from what has been demonſtrated in the ſecond caſe (%); 

and therefore, that the trajectory deſcribed is of the ſame ſpecies 

with that, which was to be deſcribed ; but, that the right line 

TR, by which the angle / RS is biſected, touches the trajectory 

in the point N, appears from the properties of the conic ſections 

| (159. and 161.). Which was to be done. 

PlateVInn, Caſe 4. About the focus & let it be required to deſcribe a tra- 
Fig. 78. jectory AP B, which may touch a right line TR, and may paſs 
through any given point P without the tangent; and may be 

ſimilar to the figure ap , deſcribed with the principal axis ab, 

and the foci , h. On the tangent TR let fall the perpendicular 

ST, and produce it to V, ſo that TV may be equal to ST. Make 

the angles hg, s hq equal to the angles V SP, SVP; and with 

the centre 9, and an interval, which may be to.4b, as SP to FS, 
deſcribe a circle, cutting the figure a in p. Join p, and draw 

SH, which may be tog b, as SP is to 5p; and which may make 

the angle PS AH equal tothe angle p s h, and the angle VS H equal 

to the angle ps 9g. Laſtly, with the foci S, H, and the principal 

axis A B, equal to the diſtance JH, let a conic ſection be deſcribed. 

I ſay, it is done. For, if sv is drawn, which may be to sp, as 

sþ to ; and which may make the angle vsp equal to the 

angle þsq, and the angle v equal to the angle p29, the tri- 

angles v b, % will be ſimilar; and therefore, v will be to p g, 

as 35 is to 59; that is, (becauſe of the fimilar triangles JSP, hs 9g) 


as 


COMMENTARY. 


) 224. If the point is placed between K and &k, the figure muſt be con- 
ſtructed for an hyperbola; if not, for an ellipſis. And, & being the centre of 
the circle, and S H, HA being drawn, the demonſtration is the ſame as in the 
laſt caſe. | 
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as VS is to S P; or ab to pg. Therefore vh and ab are equal. B Py K 
But, becauſe of the ſimilar triangles /S H. vH C0, V His to SH, Conv 
as vh is to h; that is, the axis of the conic ſection, now de- 

ſcribed, is to the diſtance of its foci, as the axis ab, to the di- 

ſtance h of the foci: and therefore the figure now deſcribed is 

ſimilar to the figure apb. But this figure paſſes through the 
point P, becauſe the triangle PSZ is ſimilar to the triangle 

ph; and, becauſe JH is equal to its axis, and /S is biſected 
perpendicularly by the right line R, the ſaid figure touches the 

right line TR. Which was to be done. 


n 


From three given points to draw to a fourth, which is not given, three 
right lines, whoſe differences are either given, or are nothing. 


Caſe 1. Let thoſe given points be 4, B, C; and Z the fourth Plate Vill. 
point, which we are to find: becauſe the difference of the lines 
AZ, BZ is given, the point Z will be placed in an hyperbola, 

whoſe foci are A and B, and whoſe principal axis is that given 
difference. Let that axis be MN. Take PM to MA, as MN is 

to AB; and PR being erected perpendicular to AB, and Z R 

being let fall perpendicular to PR; from the nature of this hy- 
perbola, Z R will be to AZ, as MN is to AB. By a like proceſs, 

the point Z will be placed in another hyperbola, whoſe foci are 

A, C, and whoſe principal axis is the difference between 4 and 

CZ; and 2 S may be drawn perpendicular to AC, to which if 

from any point Z of this hyperbola Z & is let fall perpendicular, 


this 


— (cc 


COMMENTARY. 


(t) 225. For, by the ſimilar triangles / S P, h q, we find SV: SP: :4b: 4 
and, by the ſimilar triangles s v, 5pq we find h: 5q::5v:isp; therefore SV : 
SP::5v:5p. Allo, by the ſimilar Rog: S HP, s hp, we find SP:S$SH:: 
SP:5b; therefore SV: S H:: b: 5b. But the angle / SH is equal to the 
angle p54, by the conilruction; and the angle p 5 q is equal to the angle vg: 
therefore, in the triangles / $ H, vs b, the angles Y SH, vg are equal; and 
the ſides SY, S H, and 5 v, b, which contain them, are proportional; therefore 

thoſe triangles are ſimilar (Elem. Book VI. Prop. VI.). 

If, by transferring the foci I and þ to the contrary ſides of A and a, the figures 

me hyperbolas, the conſtruction and demonſtration are the ſame. 
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Bodies. AC. Therefore the ratios of Z R and ZS to 4E are given; and 
- cerefore the ratio of the ſame ZR and ZS to each other is 
given: and conſequently if the right lines R, S meet in 7, 


MATHEMATICAL PRINCIPLES 
this will be to AZ, as the difference between AZ andCZ is to 


and TZ and TA are drawn, the ſpecies of the figure TR Z S 
will be given; and the right line TZ, in which the point Z is 
ſomewhere placed, will be given in poſition. The right line T4 
will alſo be given, and the angle AT Z; and, becauſe the ratios 


of AZ and TZ.to ZS are given, their ratio to each other will 


be given: and thence the triangle AT Z will be given, whoſe 
vertex is the point Z. Which was to be found. 


Caſe 2. If two of the three lines, ſuppoſe 4 Z and B Z, are 
equal, draw the right line T Z fo, as to biſe& the right line 4 B; 
then find the triangle AT Z as above. 

Cafe 3. If all the three lines are equal, the point Z will be placed 
in the centre of a circle, paſſing through the points 4, B, C. 
Which was to be found. 


This problematic Lemma is. ſolved alſo in Apollonius s book of 


tactions, reſtored by Vita. 


Plate VIII. 
Fig. 80. 


PROPOSITION XXI. THEOREM XII. 


To deſcribe a trajectory about a given focus, which ſhall paſs through 
given points, and ſhall touch right lines, given in poſition. 


Let the focus S, the point P, and the tangent TR be given; 


and let it be required to find the other focus H. On the tangent 


let fall the perpendicular $7, and produce it to J, ſo that TY 
may be equal to ST; and HH will be equal to the principal axis. 
Join S P. HP; and SP will be tha difference between ZAP and 
the principal axis. In this manner, if more tangents. FR, or 
more points P are given, we ſhalt atways determine as many 


lines HH, or PH, drawn from the ſaid points I, or P, ta the fo- 


cus E; which are either equal to the axes, or differ from them 


by given lengths S P; and, which are therefore either equal 


among themſelves, or have given differences : and thence, by the 
preceding 
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preceding Lemma, that other focus H is given ( u). But having B 0 0 . 
the foci, together with the length of the axis (which is either 


T; or, if the trajectory is an ellipſis, PHS; but, if it is 
an hyperbola, P H— Sp) the trajectory is determined. Which 
was to be found. | 


SCHOLIUM. 


When the trajectory is an hyperbola, I do not comprehend 
the oppoſite hyperbola under the name of this trajectory. For a 


body, by going on with a continued motion, cannot paſs into the 
oppoſite hyperbola. 


The caſe when three points are given is more readily ſolved 
thus. | 


Let the points B, C, D be given. Join BC, CD, and produce 
them to E, F; ſo that EB may be to EC, as SBtoSC; and FC 
to FD, as SCto SD. TO EF, drawn and produced, let fall the 


perpendiculars SG, B H; and in GS, produced indefinitely, take 


GAto AS, andGatoasS, as HB is to BS; and 4 will be the 
vertex, and A a the principal axis of the trajectory: which, ac- 
cording as G A ſhall be greater than, equal to, or leſs than AS, 
will be an ellipſis, a parabola, or an hyperbola : the point a, in 
the firſt caſe, falling on the ſame ſide of the line GF with the 
point 4; in the ſecond caſe, going off indefinitely ; in the third, 
falling on the contrary fide of the line G F. For, if the perpen- 
diculars CI, D Kare let fall on G F; IC will be to HB, as EC 
to EB; that is, as SC to SB; and, alternately, IC to S C, as 


H B 
COMMENT AR T. 


(u) 226. If, for inſtance, three points P are given, the fourth point H is 
found, by Caſe iſt of Lemma XVI. If two tangents are given, and one point, 
then, by Caſe ad of the ſame Lemma, two equal lines 7 H may be found, drawn 
from two different points Y to the focus , and a third line PH, drawn from 


Plate VIII. 
Fig. 81, 


the given point P: of which, if the orbit is an ellipſis, H —PH=SP, if | 


an hyperbola, PH—Y H= SP: that is, P A differs from JH by the given 


line SP. But, if three tangents are given, the caſe is ſolved by Caſe 3d of the 


ſame Lemma: for there may be found as many points 7, from which, by that 
caſe, three equal lines H may be drawn, meeting in , the centre of that cir- 
cle, which paſſes through the three points. 


MATHEMATICAL PRINCIPLES 


. HB to S or as CA to SA. And, by a like argument it will 
0 proved, that K D is to S D in the fame ratio. Therefore the 


Bodies. be 
points B, C, D are placed in a conic ſection, deſcribed about the 
focus 8, in ſuch a manner, that all the right lines, drawn from 
the focus S to the ſeveral points of the ſection, may be to the 
perpendiculars let fall from the ſame points on the right line 

GF, in that given ratio. 
That moſt excellent geometrician, De la Hire, delivers a ſolu- 


tion of this problem, after a method not very W in Book 
VIII. Prop. XXV. of his Conic Sections. 


£19.77. 
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SECTION V. 


The in vention of orbits, when neither focus ts given. 


CE MB WA AVI 


If, from any point P of a given conic ſection, four right lines P QP R, 

P 8, PT are drawn, in given angles, to as many fides AB, C D, 
AC, BD, indefinitely produced, of any trapezium A B D C, inſcribed 
in that conic ſection, each to each: the reftangle, PQ Xx PR, of the 

| lines drawn to two oppoſite ſides, will be to the rectangle, PS X PT, 
of the lines drawn to the other two oppoſite ſides, in a given ratio. 


Caſe 1. ET us ſuppoſe firſt, that the lines, drawn to the op- 


polite ſides, are parallel to either of the other ſides; 
as PN. and PR, to the ſide AC; and PS, and PI, to the ſide 
AB. And moreover, let two of the oppoſite ſides, as AC and 
B D, be parallel to each other. And the right line, which bi- 
ſects thoſe parallel ſides, will be one of the diameters of the 
conic ſection, and will alſo biſet R 2 /v). Let O be the point, 
in which R 2 is biſected, and PO will be an ordinate to that 
diameter. Produce P O to K, ſo that O K may be equal to PO ; 
and O A will be an ordinate on the oppoſite fide of the diameter. 
Since therefore the points 4, B, P and K are placed in the conic 
tection, and PX cuts A Bina given angle, the rectangle PK 


(by Prop. 17, 19, 21, and 23, Book III. of the Conic Sections of 


Apollonius will be to the rectangle 42 B in a given ratio (155) 
But K and PR are equal, being the differences of the equal 
lines OX, OP, and 02, OR; and thence alſo the rectangles 
POR, and PL» PR are equal: and therefore the rectangle 


Pa 


COMMENTARY. 


(v) 227. This property is the ſame as that, which is mentioned in note (155), 
and is demonſtrated by all the writers on the conic ſections. 


Vol. I. 7 o þ 
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Fig. 82. 
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Plate 4 
Fig. 84. 


MATHEMATICAL PRINCIPLES 


P PR is to the rectangle 4 B, that is, to the rectangle 
PSxPT, in a given ratio. > Which was to be demonitrated. 


Caſe 2. Let us now ſuppoſe, that the oppoſite ſides AC and 
B D of the trapezium are not parallel. Draw Ba, parallel to 
AC, and meeting both the right line ST int, and the conic 
ſection in d. Join Ca, cutting PL in r; and draw D M, paral- 
lel to P Q, cutting Cd in M, and AB in N. Then, becauſe of 
the ſimilar triangles B Tt, DB NM. Btor P is to T, as DN 
to NB. So alſo, Ry is to AQ, or PS, as DM to A N(w). There- 
fore, by multiplying the antecedents into the antecedents, and 
the conſequents into the conſequents, as the rectangle P & into 
Rr is to the rectangle P S into Tr, ſo is the rectangle N DA 
to the rectangle AVB; and, (by Caſe r.) fo is the rectangle P 2 
into Pr, to the rectangle PS into Pt; and, by diviſion, ſo is 
the rectangle PQ PR, to the rectangle PS x PT (x). Which 
was to be demonſtrated. | 


Caſe 3. Let us ſuppoſe laſtly the four lines P 2 R, P 8, 
P T' not to be parallel to the ſides AC, AB, but any way in- 
clined to them. In their place draw P q, Pr parallel to 4 C; 
and Ps, Pt parallel to AB: and becauſe the angles of the tri- 
angles Pg, P Rr, PSs, PT 1, are given, the ratios of P 2 
to P, of PR to Pr, of PS to Ps, and of PT to Pt, will be 
given; and therefore alſo the compound ratios P 2x PRtoPgq x 
Pr, and PSxPT toPsx Pt. But, by what has been demon- 
ſtrated above, the ratio of PAH PY to PS P tis given; there- 
fore alſo the ratio of PQ PR to PSX PI. Which was to be 
demonſtrated. 

LE MMA 


COMMENTARY. | 
| < 
(w) 228. From ſimilar triangles + C R, MCD, we find Der: 


C M:: 42: AN :: PS: AN. Whence Rr: PS:: DM: AN. 


(x) 229. By multiplying the antecedents into each other, and alſo the con- 
ſequents, we find PAN RTT PS:: DNX DM: NBT AN:: 
P9xPr: PSP! (by Cafe 1.) :: PO xPr—=PQxRr: PSxPt 
PSN T:: PAR PT — Rr: PSX P. -T I:: PX PR: PS x 
PT. And, lince BN x DM is to NB x AN in a given ratio, the ratio 
of Y Nx PR to P S PT isallo given. 
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LEM M A XVIII. 


The ſame things being ſuppoſed, if the rectangle, PQ xPR, of the lines, 

. drawn to the two oppoſite fides of the trapezium, is io the rectangle, 
PSxPT, of the lines, drawn to the other two fides, in a given ratio; 
the point P, from which the lines are drawn, will touch the conic 
ſection, deſcribed about the trapezium. 


Conceive a conic ſection to be deſcribed through the points 
A,B, C, D, and ſome one of the indefinite number of points P, 
ſuppoſe Fa I ſay, that the point P always touches this ſection- 
If you deny it, join A P, cutting this conic ſection, if poſlible, 
in ſome other place beſides P, ſuppoſe in b. Therefore, if from 
theſe points p and &, the right lines pg, pr, ps, pt, and bt, bn, 
by, ö d, are drawn, in given angles, to the ſides of the trape- 
zium; as bkx & u is to fx 5 d, ſo (by Lem. XVII.) willpgxpr 
' betops x pt; and ſo (byſthe ſuppoſition) will P2x R be to PS 
PT. {y} Alſo, becauſe the trapezia bk Af, PA are ſimilar, as 
5 E is to 5% ſo is PNto PS. Wherefore, dividing the terms of 
the former proportion by the correſpondent terms of this, b u 
will be to 5 d, as PR to PIT. Therefore, the equiangular tra- 
pezia Du ö d, D R PT are ſimilar; and conſequently, their di- 
agonals D b, D P coincide. Therefore, þ falls upon the inter- 
ſection of the right lines 4 P, DP; and conſequently, coin- 
cides with the point P. Wherefore, the point P, wherever it is 


taken, falls upon the aſſigned conic ſection. Which was to be 
demonſtrated. 


Corol. Hence, if three right lines P. 2, PR, PS are drawn 
from a common point P, in given angles, to as many other right 
lines, AB, CD, AC, given in poſition, each to each; and the 
rectangle, P2 x P R, under any two, multiplied into each 
other, is to the ſquare of the third PS in a given ratio; the 
point P, from which the right lines are drawn, will be placed 


in 
COMMENTARY. 


) 230. By the ſuppoſition p and & are in the diameter of the conic ſection; 
and therefore, the rectangles under the lines drawn from p and þ, accordin 
the hypotkeſis of Lemma X VII. are, by that lemma, in a given ratio. 
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in a conic ſection, which touches the lines AB, CD, in A and 
C; and the contrary. For, let the line BD approach to, and 


— coincide with the line AC, the poſition of the three lines A B, 


CD, AC remaining; then let the line PT alſo coincide with 
the line PS; and the rectangle PS x PT will become PS.; 
and the right lines A B, C D, which before cut the curve in the 
points A and B, C and D, can now no longer cut the curve in 
thoſe points which coincide, but will only touch it“. 


8.04 011M. . 


In this Lemma the name of conic ſection is taken in an ex- 
tenſive ſenfe, ſo as to include, as well the rectilinear ſection, 
paſſing through the vertex of the cone, as the circular one, pa- 
rallel to the baſe. For, if the point p falls upon a right line, 
by which the points 4 and D, or C and B are joined, the conic 
ſection will be changed into two right lines; of which, one is 
that right line, upon which the point p falls; and the other is 
a right line, by which other two of the four points are joined /z). 

If the two oppofite angles of the trapezium, taken together, 
are equal to two right ones, and four lines P2, PR PS, PT 
are drawn to its ſides, either perpendicularly, or in any equal 
angles; and the rectangle P 2 x P R, under two of the lines 
drawn, is equal to the rectangle PS x PT, under the other two 

; lines, 


COMMENTARY. 


(z) 231. For, if P and p are in the line CB, we find by ſimilar triangles, 
pq: PA:: PB: PB: t: PT; and allo pr: PR::Cp:CP::ps: PS. 
Whence Pq xXpr: pixps:: PQ x PR : PT x PS; according to 
the Lemma. And, in like manner, if p is placed in the line 4 D. In theſe 
caſes the plane, which generates the conic ſection, paſſes through the vertex of 
the cone; and its interſection with the ſurface of the cone forms the two ſides 
of a rectilinear triangle; which either coincide with two ſides of the trapezium 
ABDC, or become its diagonals. Therefore P falls upon one of the lines, 
by which two of the four points 4, B, C, D are joined; and which, together 
with the line joining the other two of theſe four points, conſtitutes the conic 


- : ® Sce Lemma VL 
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will happen, if the four lines are drawn in any angles, and the 


% 


rectangle P 2 x P R, under two of the lines drawn, is to the re&- 
angle, P.Sx PT, under the other two lines, as the rectangle 
under the fines of the angles &, 7, in which the two laſt lines P S, 
P T are drawn, to the rectangle under the ſines of the angles 
29, R, in which the two firſt lines P, PR are drawn (6). 


In other caſes, the place of the point P will be one of the three 
figures, which are commonly called the conic ſections. But, in 
the place of the trapezium 4 BCD, a quadrilateral figure may 
be ſubſtituted, whoſe: two oppoſite ſides interſect each other, 
like diagonals /c/. But, of the four points A, B, C, D, one or 
two may recede indefinitely ; and, by that mean, the ſides of 
the figure, which converge to- thoſe points, may become paral- 
Tel: in which caſe, the conic ſection will paſs through the other 


points, and will recede indefinitely, in the direction of the pa- 
rallel lines. 


LEMMA 


COMMENTARY. 


(a) 232. In the triangles PC R, P BT, the angles at R and T being equal, 
by the ſuppoſition, and the angles at C and B, on the ſame arc P D, being alſo 
equal, we find PR: PC:: PT: PB. Allo, the angle D BY being the com- 
plement of D CA to two right ones (Elem. Book III. Prop. 22.) is equal to 
the angle R CS: and, taking away the equal angles DB P, R CP, there re- 
mains the angle P B Qequal to PCS: therefore, ſince in the triangles P B 2, 
PCS, the angles at Q and S are likewiſe equal, by the ſuppoſition ; we find 
PC: PS:: PB: PQ. From theſe ratios it follows, that PR: PS:: PT: 
P ; and that PRxP2Q2 = PSX P, ſuppoſing the point P to be in the 
periphery of a circle. | | 

On the contrary, if PRI PAS PSM P, it follows, that the place of 
the point P is in the periphery of a circle. 


() 232. If the lines PQ, PR, PS, PT are drawn in any angles, their 


lengths, ſuppoſing every thing elſe as before, are varied inverſely as the fines of 


thoſe angles: and, calling thoſe fines, Q, K, S, T, reſpectively; we find P Q: 


:: : RR ng PEXEFR PSxXPT:: SKT: 
Ax R. And, on the contrary, if PNP R: PSX PT: : S Xũ T: Ax R, 
the point P will be in the periphery of a circle. 


(c) 234. The figures being conſtructed to this caſe, the demonſtrations are 


the ſame as in the preceding Lemmas, 


Plate IX. 
Fig. 80. 
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L E M M A, XXX. 


To find @ point P, from which if four right lines PQ, PR, PS, PT 
are drawn, in given angles, to as many other right lines AB, C D, 
AC, BD, given in poſition, each to each, the rectangle PQ x PR, 
wnder two of the lines drawn, may be to the rectangle PSxPT, under 
the other two lines, in à given ratio. 


Let the lines AB, CD, to which two of the right lines P 9, 
PR, containing one of the rectangles, are drawn, meet with 
other two lines, given in poſition, in the points 4, B, C, D. From 
one of them as A, draw any right line 4 Z, in which you would 
have the point P to be found. ket this cut the oppoſite lines 
BD, CD, 1n H, and 7; and, becaule all the angles of the figure 
are given, the ratios of P to P d, and of PA to PS, and there- 
fore the ratio of PQ, to PS will be given. Subducting this from 
the given ratio of PQ x PR to PSN PT, the ratio of P R to. PT 
will be given: and, adding the given ratios of P to P R, and 
PTtoP H, the ratio of PI to FA will be given, and EIN 
the point P (d). Which was to be found. 


Cyrol. 1. Hence alſo a tangent may be drawn to any point D 


of the place of all the indefinite points P. For the chord P D, 


when the points P and D meet, that is, when 4 H is drawn 
through the point D, becomes a tangent. In which caſe, the 
limit of the varying ratios of the lines J and P H, continually 
diminiſhed, will be found as above. Therefore draw CF, pa- 
rallelto A D, meeting BDinF, and cut in E, in the ratio of that 
limit; and D E will be the tangent ; becauſe C F and IH approach 
continually to paralleliſm, and are ſimilarly cut in E and P. 
Corol. 2. Hence alſo the place of all the points P may be de- 
termined. Through any of the Points A, B, C, D, ſuppoſe 4, 
draw 
COMMENTARY. 


(d) 235. This Lemma may alſo be ſolved in the ſame manner as ProblemXX 111- 
of the author's Arithmetica Univerſalis: and the point P may be determined, from 
which, if right lines are drawn to as many other right lines, given in poſition, 
the ſum, the difference, or the rectangle of ſome of them, may either be given, 
or may be made equal to the ſum, the difference, or the rectangle of the reſt ; 
er may have any other aſſigned conditions, 

8 
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draw 4E a tangent of the place; and, through any other point * 
B, draw B F parallel to the tangent, meeting the place in F. 1 
The point F will be found by Lem. XIX. Biſect BF in G, and Fg. vs. 
the indefinite line 4 G will be the poſition of the diameter, to 
which BG and FG are ordinates. Let this AG meet the place 
in H, and AH will be the diameter, or /atus tranſver/un:, to which 

the /atus rectum will be as BG*to AG x GAH (162.), If 46 never 
meets the place, the line AH being indefinitely produced, the 
place will be a e and its latus rectum, belonging to the 


diameter AG, will be =. * But, if it any where meets it, the 


place will be an hyperbola, when the points A and H are placed 
on the ſame ſide of the point G; and an ellipſis, if & is inter- 
mediate; unleſs the angle 46 B happens to be a right angle 


and alſo B G equal to the rectangle 4 6 H., in which caſe, the 
place will be a circle (e). 


And thus, there is exhibited in this Corollary, not an analyti- 
cal calculation, but a geometrical compoſition, ſuch as the an- 
cients required, of that problem of the ancients concerning four 


lines, which was begun by Euclid, and carried on by Apallo— 
M115. 


L E M M A XX. 


If any parallelogram ASP Q touches any conc ſection in the points A Fiz. 5 : 
and P, with the two oppoſite angular points A and P; and. with the 
fides A Q AS, indefinitely produced, of one of thoſs angles, meets the 
fame conic ſection in B and C; and from the points of concourſe B and C, 
to any fifth point D of the conic ſection, two right lines DB, CD are 
drawn, meeting the two other fides PS, PQ of the parallelogram, in- 
definitely produced, in T and R; the parts PR, and PT, cut off from 
the fades, will always be to each other in a given ratio. And, on the 
contrary, if thoſe parts cut off are to each other in a given ratio, the 


point D will touch a conic ſection, which paſſes through the four points 
A, B, © P, | 


Caſe 
COMMENTARY. 


(e) 236. The point P may be ſituated alſo in A E; in which caſe the conic 
Tr is a right line; and B F, parallel to A E, never meets the place of P. 
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Of the Caſe 1. Let BP, CP be joined; and from the point D let two 
Bodies. Tight lines DG, D E be drawn; of which the former DG may 
be parallel to AB, and may meet PB, P, CA in H. 1, G; and 
the other D E may be parallel to AC, and may meet P C, PS, 
AB, in F, RK, E: and, by Lem. XVII. the rectangle DEx DF 
will be to the rectangle DGx D H, ina given ratio. But P is 
to D E (or 12), as P is to HB, and therefore as PT to DH, 
and alternately, P is to PI, as D E is to DH. Likewiſe P R 
is to DF, as RCis to DC; and therefore as (1G or) PS to DG; 
and, alternately, PR is to PS, as DF to DG; and, compounding 
thoſe ratios, the rectangle P 2x P R is to the rectangle PSx PI, 
as the rectangle D Ex D F to the rectangle DG D H; and there- 
fore in a given ratio. But P and PS are given, and therefore 
the ratio of PRtoPTis given. Which was to be demonſtrated. 

Caſe 2. But if P Rand PT are ſuppoſed to be in a given ratio to 
each other; then, by going back with the ſame reaſoning, it will 
follow that the rectangle D Ex D Fis to the rectangle DGxD Z 
in a given ratio; and therefore, that the point D (by Lem. XVIII.) 
touches a conic ſection paſſing through the points 4, B, C P. 
Which was to be demonſtrated. 

Cor. 1. Hence, if BC is drawn, cutting PY9 inr, and in P 7 
the line Pt is taken, in the ſame ratio to Pr, which P T has to 
P R; Bt will be a tangent to the conic ſection in the point B. 
For conceive the point D to approach continually to the point B, 
ſo that the chord B D becoming nothing, B T may be a tangent); 
and CD and BT will coincide with CB and Bt. 

Cor. 2. And, on the contrary, if Bt is a tangent, and B D, and 
D meet in any point D of a conic ſection; PR will be to PT, 
as Pr to Pt. And, on the contrary, if P R is to P, as Pr to Pt, 
the lines B D, CD will meet in ſome point D of a conic ſection. 

Cor. 3. One conic ſection does not cut another conic ſection 
in more than four points. For, if it is poſſible, let two conic 
ſections paſs through five points 4, B, C P, O; and let the right 
line B D cut them in the points D, 4; and let the right line Cd 
cut the line P in . Therefore, PR is to PT, as Pq to PT; 
whence PR and Pg are equal to each other; which is againſt 


the ſuppoſition. 
LE M- 
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| I. 
fu two moveable and indefinite right lines B M, CM, drawn 8 4 
given points B, C, as poles, deſcribe, with their point of concourſe M, Fig. gc, 
a third right line MN, given in poſition ; and other two indefinite right 
lmes BD, C D are drawn, making given angles MBD, M CD, with 
the two former lines, at thoſe given points B, C: I ſay, that theſe two 
lines BD, CD will, by their point of concourſe D, deſcribe a conic ſection 
paſſing through the points B, C. And, on the contrary, if the right 
lines BD, CD deſcribe, by their concourſe D, a come ſection, paſſing 
through the given points B, C, A; und the angle DBM ig always equal 
to the given angle ABC, and the angle DCM is always equal to the 
given angle ACB; the point M will always touch a right line, given 
in poſition (f ). 


For, in the right line MN, let a point N be given; and, when 
the moveable point M falls upon the immoveable point N. let 
the moveable point D fall upon an immoveable point P : join 
CN, BN,CP, BP; and from the point P draw the right lines 
PT, PR, meeting BD, CD, in T and R, and making the angle 

. BPT equal to the given angle BNM, and the angle CP R equal 
to the given angle CNM. Since therefore (by the hypotheſis) 
the angles MBD, NBP are equal, as alſo the angles MCD, 
VC; take away the common angles NBD and NCD, and the 
angles NB M and PBT, NCM and PCR will remain equal: and 
therefore the-triangles N BM, P BT are ſimilar, as alſo the tri- 
angles NCM. PCR. Wherefore PT is to NM, as PB to NB; 
and PR to NM, as PCto NC. But the points B, C N, P are im- 
moveable. Therefore PT, and PR have a given ratio to NM, 
and conſequently a given ratio to each other: and therefore (b 
Lem, XX.) the * D, the perpetual concourſe of the moveable 


-, - 
1 - — S a” — 1 I . 1 
COT — 3 — 


right 


COMMENTARY. 


( 'f) 237. See Problem LVII. of the Arithmetica Untverſalis. 


See alſo Maclaurin's Algebra, Part III. $ 36, 37, 38. And Geometria Or- 
ganica. 
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Plate X. 
Fig. 91. ſection, paſſing through the given points B, C, A; and the angle 


right line NM. which is deſcribed by the point. M. 


MATHEMATICAL PRINCIPLES 


Tight lines BT and CR, touches a conic ſection (g), paſſing 
through the points B, C, P. Which was to be demonſtrated. 


And, on the contrary, if the moveable point D touckes a conic 


DBM is always equal to the given angle 4 BC, and the angle 
DCM is always equal to the given angle 4 CB; and, when the 
point D falls ſucceſſively on any two immoveable points p, P of 
the conic ſection, the moveable point M falls ſucceſſively on two 
immoveable points n, N; through theſe points u, N let the right 
line n Vbe drawn, this line will be the perpetual place of that 
moveable point M. For, if it ĩs poflible, let the point M be placed 
in any curve line. Therefore the point D will touch a conic 
ſection, paſſing through the ſive points B, C A, p, P, when the 

int M is perpetually placed in a curve line. But, from what 
has been already demonſtrated, the point D will be alfo placed 
in a conic ſection, paſſing through the ſame five points B, C. A. 
2, P, when the point M is perpetually placed in a right line. 
Therefore two conic ſections will both paſs through the ſame 
five points; which is contrary to Cor. 3. Lem. XX. Therefore 
it is abſurd to ſuppoſe that the point M is placed in a. curve line. 
Which was to be demonſtrated. 


PRO- 


COMMENTARY. 


(g) 238. The conic ſection, traced out by the point D, may be a right line, a 
circle, an hyperbola, a parabola, or an ellipſis, according to the poſition of the 


If the right line N M coincides with C Mor B M, the point D, which is per- 
petually the concourſe of B D and CD, will deſcribe the right line DB or 
> - | 

239. If the right line N M is indefinitely produced, ſo that B M and CM 
may be parallel to each other, the point D will always be found in the periphery 
of a circle, | 

240. The lines C D, BD being produced both ways, if upon the line CB, 
as a chord, a ſegment of a circle is deſcribed, containing an angle, equal to the 
complement of the given angles at C and B to four right angles, and the circle is 
completed, the right line M N either cuts the circle, or is a tangent, or falls en- 
tirely without the circle: in the firſt caſe, the conic ſection is an hyperbola; in 
the ſecond, a parabola; in the third, an ellipſis. 

For more on this ſubject ſee Maclaurin's treatiſe De linearum geometricarum pra- 
prietatibus generalibus. 
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PROPOSITION XII. PROBLEM XIV. 
To deſeribe a trajectory through five given points. 

Let five points 4, B, C, P, D be given. From any one of them 
A, to any other two B, C, which may be called poles, draw the 
right lines AB, AC; and, parallel to theſe, the lines TPS, QRP, 
through the fourth point P. Then, from the two poles B, C 
draw through the fifth point D two indefinite lines B D 7, CRD. 
meeting with the laſt drawn lines TPS, PR (the former with 
the former, and the latter with the latter) in T and R. Laſtly, 
having drawn the right line fr parallel to TR, cut off from the 
right lines PT, PR the parts Pr, Pr, proportional to PT, PR; 
and, if the right lines Br, Cr, drawn through their extremities 
t,r, and the poles B, C, meet ing, that point 4 will be placed in 
the trajectory required. For that point 4 (by Lem. XX.) is placed 
in a conic ſection, paſling through the four points A, B, C, P; 
and the lines Rr, Tt being indefinitely diminiſhed, the point 4 
coincides with the point D. Therefore the conic ſection will 
paſs through the five points 4, B, C, P, D. Which was to be de- 
monſtrated. 


The ſame otherwiſe, 


Join any three of the given points, as 4, B, C. And making 
the angles ABC, ACB, of a given magnitude, to revolve about 
two of them B, C, as poles, let the legs B A, CA be applied, firſt to 
the point D, then to the point P, and let the points M, N be 
marked, in which the other legs BL, CL interſect each other in 
each caſe. Let the indefinite line M N be drawn: and let thoſe 
moveable angles be revolved: about their poles B, C, in ſuch a 
manner, that the interſection of the legs B IL, CL, or BM, CM, 
which is now ſuppoſed to be n, may always fall in that indefi- 
nite right line MN; and the interſection of the legs B A, C 4, or 
BD, CD, which is now ſuppoſed to be d, will mark out the tra- 
jectory PAD d B, required. For, the point 4 (by Lem. XXI.) 
will be placed in a conic ſection, paſſing through the points B, C: 
and, when the point / approaches to the points L, M. N, the point 
4 (by the conſtruction) will approach to the points A, D, P. 

| U 2 8 Therefore, 
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Therefore, a conic ſection will be deſcribed, paſſin g through the 
five points A, B, C, P, D. Which was to be done /b). 


— — Cor. 1. Hence a right line may be readily drawn, which ſhall 


Plate X. 
Fig. 94. 


touch the trajectory required in any given point B. Let the point 
| 1. d approach 


COMMENTARY. 


() 241. This problem is ſolved algebraically in the author's Arithmetica 
Univerſalis in the manner following. Let the five given points be A, P, B, C, D. 
Join any two of thoſe points, B and D, and. any other two C, P, by the lines B D, 
CP, interſecting each other in F. From the other point A draw A, parallel to 
P C, meeting BD in J; and alſo any other right line K L., — B D in K, 
and the trajectory in L. Suppoling the trajectory to be given, ſo that, K being 
known, L will be known likewiſe, let B K x, and KL =y; then aſſume an 


equation of this ſort, a T + cxx + dy +exy+ yy = 0, expreſſing the rela- 
tion between x and y, in any of the conic ſections. By finding the determinate 


quantities a, 5, c, d, e, the conic ſection will be known. Let us therefore ſu 


P- 
poſe the point L to fall ſucceſſively upon the points B, D, C, P, 4, and ſee what 
will follow. If L coincides with B, x = o, and y o; therefore 4 = o; and the 
equation for the curve becomes & + cxx+dy +exy+yy=0. If L coin- 
cides with D, x = B D, and y =0; therefore, putting f for BD; and ſubſtitut- 
ing the values of x and y, the equation for the curve becomes bf + cff=o, 
whence, þ = — cf; and, ſubſtituting —c f for þ, the equation becomes — c f x 
+cxx+dy+exy+yy=0. If L coincides with C, x g B F, andy CF; 
and, putting B Fg, and CF=b, the equation becomes — c fg +cgg +4 
h+egh+hbh=0. But, if L coincides with P, then x =BF=g, andy = 
FP, for which put -E, becauſe F lies on the contrary ſide of B D, and the 
equation becomes — c fg + cgg —dk—egk+kk=0o Subſtract this 
from the former equation, and there remains 4 h Y eg h + hb + dk +e gh 
—kk=0;,ord+eg +b—kyxhb+k=0o; whence, d eg + bB— k = 
o, and dh +egh + b bh — hb o, which ſubſtrat from — cfg +cgg + 
dh +egh +hbb =o, and there remains —cfg +cgg +kb=0o, and 


A —. If L falls upon 4, then * = BI, andy A; for which ſub- 
1 


ſtitute m and z in the equation — c f * + exx+dy+e xy +33 = e, and 
we find —cfm+cmm+dn+emn+1#un= 0; whence, dividing by u, 
cfm Nen m | 


we find — — —+£d +em+n=o0o; and ſubſtradting d+eg ++ 


cfm Tenn 
1 


— k = 06, there remains — 


+em—eg +n—b+k=0; and — 


cfm + cmm 


"I +n—b+k=e g — em. But, by reaſon of the given points 4, P, 
B, C, D, the lines, expreſſed by 5, gi u, B, &, n, are given; and, by the equation 
8 + 


4 = 


_— 
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d approach to the point B, and the right line Bd will become the 
tangent ſought. | | | 
Cor. 2. Hence alſo, the centres, diameters, and latera rea of 


the trajectories may be found, as in the ſecond Corollary of 
Lem. XIX. 


SCHOLIUM. 


Ihe former conſtruction will become a little more ſimple by 
joining BP, and in it, produced if neceſſary, taking Bp to B, 
as PR is to PI; and drawing through y the indefinite right line 
pe parallel to S PT, and in that taking always pe equal to Pe; 
and drawing the right lines Be, Cr, meeting in d. For, ſince 
Pr to Pt, P R to P, p to PB, pe to Pt are in the ſame ratio, 
pe and Pr will be always equal. By this method the points of 
the trajectory are moſt readily found; unleſs you would rather 
deſcribe the curve mechanically, as in the ſecond conſtruction. 


PROPOSITION XXIII. PROBLEM XV. 


To deſcribe à trajectory, which ſhall paſs through four given points, and 
Hall touch a right line given in pgſition. 

Caſe 1. Let the tangent HB, the point of contact B, and other 
three points C, D, P be given. Join BC, and by drawing P S pa- 
rallel to the right line B H, and PL parallel to the right line 
BC, complete the parallelogram BSP. Draw BD cut- 
ting SP in 7, and CD cutting P in R. Laſtly, by drawing 
any line tr, parallel to TR, from P, PS cut off Pr, Pt pro- 

portional 


COMMENTARY. 


mm —cfm 


6 Fox 72 c is given: and, c being given, from the equation 
+n—b+k=eg—em=exg—m, e is allo given: which being found, the 
equation d eg -K 2 o, or d =k—b—eg, gives 4. All which quan- 
tities being known, the equation cf x=cxx ＋ dye + yy, exprefling the 
trajectory, and alſo the trajectory itſelf will be determined. 

See allo Maclaurin's Algebra, Part III. § 39, 40. 


149 
BOOK 
2 


Plate Xs 
Fig. 92. 


Plate X. 
Fig- 95. 


190 MATHEMATICAL PRINCIPLES 


Of to. portional to P R, PT reſpectively; and the concourſe 4 of 
Bodies, the lines Cr, Bt (by Lem. XX.) will always fall on the trajectory 


co be deſcribed. 
| T, Be ſame otherwiſe. 


plate xl. Let the angle CB H, given in magnitude, be revolved about the 
Fig. 96. pole B; as alſo the rectilinear radius DC, produced both ways, 
about the pole C. Let the points M, N be marked, in which B C 
the leg of the angle cuts that radius, when the other leg B Y 
meets the ſame radius in the points P and D. Then let that 
radius CP, or CD and BE, the leg of the angle, perpetually 
meet in the line MN produced indefinitely ; and the point of 
concourſe of the other leg BH with the radius, will delineate 
the trajectory ſought. n 
For if, in the conſtructions of the precediiig problem, the point 
A approaches to the point B, the lines CA and C will coincide, 
and the line 4B will become the tangent BH; and therefore the 
conſtructions . there laid down will become the fame with the 
conſtructions here deſcribed, Therefore the concourſe of the 
leg BH with the radius will delineate a conic ſection, paſling 
through the points C, D, P, and touching the right line B Hin 
the point B. Which was to be done (i). * 


Caſe 


COMMENTARY. 
ble „, (7) 242. This caſe is ſolved in the Arithmotica Univerſalis as follows: 
ate X. | 


Pig. 94. If there are given the tangent B H, the point of contact B, and three other 
points C, D, P, find as above 475 the equation fx = xx +dy + exy +3), 
hk 


then d= k —b—eg, and c = Let the tangent B H meet the 


2 5 
line FP in H: and, if the point L is ſuppoſed: to approach to B, it is evident, 
that the ratio of LX to K B̃ approaches to the ratio of H F to B F. Therefore, 


making H F =p, when L falls upon B, we find p: :: : * 2 „ Which 


ſubſtitute for x in the equation, and = = * * dy + = 


+ 5 93 


and 


\ 4 


— 
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Caſe 2. Let four points B, C, D, P be given, placed without e 
tangent H.. Join them two and two with the lines BD, CPs wn 


meeting in G, and cutting the tangent in H and Z Let the tan- 
gent be cut in A, ſo that HA may be to TA, as the rectangle 
under a mean proportional between CG and 6 P, and a mean 
proportional between B H. and HD, is to the rectangle under a 
mean proportional between DG and GB, and a mean propor- 
tional between PI and IC; and 4 will be the point of contact. 
For, if HX, parallel to the right line P 7, cuts the trajectory in 
any Paints Tand Y, the point A (from the properties of the conic 
ſections) muſt be ſo placed, that H ſhall be to 4 7* in a ratio, 
compounded of the ratio of the rectangle X ZY to the rectangle 
BHD, or of the rectangle C GP to the rectangle DG B, and of 
the ratio of the rectangle BAD to the rectangle PIC V. But 
the point of contact 4 being found, the trajectory will be de- 
ſcribed as in the firſt caſe. Which was to be done. 


But the point 4 may be taken either between the points H and 
＋ or without them: and therefore a trajectory may be deſcribed: 
in two ways. 


PR O- 
COMMENTARY. 
and AK = => + d+ == + 5: But, when L. falls upon B, „ = o, 


_— PP P 3 e 
4 and we have found c = , and e _ 1 


4 
which being known, the trajectory is determined 1 the equation of cfx = 
exx+dy+exy +3) 


(A) 243. From the nature of a conic ſection paſſing through C, P, B, X, Y, 
D, A, 5 rectangle D is to the rectangle B H D, as the rectangle C6 


BHD Xx 
to the rectangle A H = 5 and HA : AH: : XHY or: 
BHDxXxCGP 


8 


PIC :: BHD Xx CG HP: DGB x PIC, 


Plate XI. 
Fig. 97 » 
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ofthe _ PROPOSITION XXIV. PROBLEM XVI. 
ior ta SL, Co] N Ni nn 01 a N ; 
4 To deferibe a trajectory, which ſhall paſs through three given points, and 


bDhuall touch two right lines, given in pgiition. 


Plate xl. Let the tangents HI, XI., and the points B, C. D be given. 

is. 98. Through any two of theſe points B, D draw the indefinite right 
line B D, meeting the tangents in the points H, K. Then like- 
wiſe through any other two of the points, C, D, draw the inde. 
finite line CD, meeting the tangents in the points J L. Cut the 
lines drawn in R and &, ſo that HR may be to KR, as a mean 
proportional between B H and HD is to a mean proportional 
between B R and K D; and 17S to LS, as a mean proportional 
between C 7and TD is to a mean proportional between CL and 
LD. But cut them at pleaſure either between the points X and 
H, Tand L, or without them: then draw RS, cutting the tan- 
gents in A and P, and A and P will be the points of contact. 
For, if A and P are ſuppoſed to be the points of contact, placed 
any where elſe in the tangents ; and through any of the points 
H, I, K, L, as 1, placed in either of the tangents H a right 
line [Y is drawn, parallel to the other tangent X L, which may 
meet the curve in X and J, and in it JZ is-taken a mean pro- 
portional between 1A and TY, the rectangle X7/Y or /Z* (by the 
properties of the conic ſections) will be to L P*, as the rectangle 
CID is to the rectangle CL D, that is (by conſtruction) as S to 
SL, and therefore IZ is to LP, as SI to SL (1). Therefore the 


Points 
COMMENTARY. 


(I) 244. It is a known property of the conic ſections, that if two parallel 
lines, terminated by a conic ſection, are cut by any other line, terminated allo 

| by a conic ſection, the products of the parts of the parallel lines, taken fram 
the curve to the points of interſection, are to each other, as the products of the 
parts of the interſefting line, made by the points of interſection with the 
parallel lines. In this caſe 7 7 and L P are the parallel lines, and IL the inter- 
ſeing line; of which IZ meets the curve in X and ; and L P, being a 
tangent, meets the curve only in P; and JL meets the curve in C and D. The 
rectangle, made by the product of the parts of 77, taken from X and 7, the 
points of the-curve, and the interſection J, is the rectangle X 1X = 1 Z?, by the 


conſtruction ; 


OF NATURAL PHILOSOPHY. 153 


points S. P., Z are in one right line. Moreover, ſince the tan- B 00K 
gents meet in G, the rectangle ITT. or IZ will (by the proper- 
ties of the conic ſections) be to IA, as P. io GA; and there- 
fore J will be to 7.4, as GP to GA. Wherefore the points 
P, EZ, and A he in one right line; and therefore the points S, P 
and A are in one right line. And by the ſame argument it will 
be proved, that the points R, P and A are in one right line. 
Therefore the points of contact 4 and P lie in the right line RS. 
But, theſe being found, the trajectory will be deſcribed, as in 
the firſt cafe of the preceding problem. Which was to be done (nn). 


In this propoſition, and in the ſecond caſe of the foregoing 
propoſition, the conſtructions are the ſame, whether the right 
line XY cuts the trajectory in J and Y, or not; and they do not 


depend 


COMMENTARY. 


conſtruction: the re&angle, made by the product of the parts of L P, is L Pe, 
becauſe it meets the curve only in one point P: and the products of the parts of 
the interſecting line, made by the points of interſection J, L, and the points of 


the curve C, D, are the rectangles CID and CLD; which, by the conſtruction, 
are to each other, as S to S Z* hence IZ*: LP:: S: SL. 


(m) 245. Otherwiſe. The points B, C, D, and the poſition of two tangents 
BT, DT, meeting in T, being given, find as above (241. ) the equation cf x = 
cxx +dy + exy + yy. Suppoſe the ordinate K L, now parallel to the tan- 
gent BT, to be produced till it meets the trajectory in M: if L M approaches 
to the tangent BT, LK and K M approach to equality: therefore, the affirma- 
tive and negative values of y being equal, the equation becomes c fx = cx x + 
exy + yy. Suppole the point L to approach to D, the ratio of KL to KD 


approaches to that of BT to BD: whence, making BT = g, we find e = 
= and the equation becomes cfx = cx x + =” X xy + y y. From the 


other given point C, through which the trajectory is to paſs, draw CF parallel to 
LK; and, making BF = m, and CF = x, let LX approach to CF, till it 
coincides with it; then 2 = x, and a = y; by ſubſtituting which for x and y, 


the equation becomes c fm = cmm + mn + un, Lets = f—m— 


fn 


1 and there ariſes cs m = , and c = _ which being known, the 


f 


equation c = cx x + 7 xy + yy is determined, and the conic ſection 


may be deſcribed, 
Vol. I. * 
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is. MATHEMATICAL PRINCIPLES 
Of the | depend upon that ſection. But, the conſtructions being de- 


gde. monſtrated where that right line cuts the trajectory, the con- 


—— frytions, where it does not, are alſo known. And therefore, 


for the ſake of brevity I do not perſiſt in ee them 
further. __”— If 


I E M PI 8 
To transform figures into other figures of the ſame kind (n). 


Plate xl. Suppoſe any figure HG is to be transformed. Let two paral- 

Fig. 99. lel lines AO, BL be drawn at pleaſure, cutting any third line 
AB, given in poſition, in A and B; and, from any point G of the 
figure, let any right line GD be drawn to the right line A B, 
parallel to CA. Then, from any given point O, in the line O A, 
let the right line O D be drawn to the point D, meeting BL in d; 
and, from the point of concourſe, let the right line dg be raiſed, 
containing any given angle with the right line BL, and having 
the ſame ratio to O d, which D G has to OD; and g will be a point 
in the new figure hg i, correſponding to the point G. In the ſame 
manner the ſeveral points of the firſt figure will give as many 
points of the new figure. ' Conceive therefore the point G to be 
carried along, by a continual motion,' through al the points of 
the firſt figure, and the point g at the ſame time, by a continual 
motion, will be carried along through all the points of thenew 
figure, and will deſcribe the ſame, For the ſake of diſtinction 
let us call DG the firſt ordinate, 4g the new ordinate; AD the 
firſt abſciſſa, ad the new abſciſſa; O the pole, O D the abſcinding 
radius; OA the firſt ordinate radius, and Oa (by which the 
parallelogram 0 4 Ba is completed) the new ordinate radius. 


I ſay 
COMMENTARY. 


163 246. That * Ggures of the ſame dimenſions ; "TORY are diſtinguiſhed, 
either by the dimenſions of the equation, expreſſing the relation between the 
abſciſſas and their correſponding ordinates; or by the number of points, in 
which they may be cut by a right line. For there will be as many roots of that 


equation, as there are points of interſection, and conſequently the ſame number 
of dimenſions. 
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I ſay then, that if the point G is placed in a right line, given 3 OO K 
in poſition, the point g will alſo be placed in a right line, given e 


in poſition. If the point G is placed in a conic ſection, the point 
g will alſo be placed in a conic ſection. I here reckon the 
circle among the conic ſections. Moreover, if the point 
G is placed in a line of the third analytical order, the point 
g will alſo be placed in a line of the third order; and ſo on in 
curve lines of ſuperior orders. The two lines, in which the 
points G, g are placed, will be always of the ſame analytical 
order. For, as ad is to OA, ſo are Od to OD, dg to DG, and AB 


to AD {o) ; and therefore AD is equal to 2 ED , and DG 


Nov, if the point & is placed in a right 


line ; and therefore, in any equation, by which the relation be- 
_ tween the abſciſſa AD and the ordinate D G is expreſſed, thoſe 
indeterminate lines AD and DG riſe only to one dimenſion, by 
. AD, and 1 
| | a d a d 

D G, a new equation will be produced, in which the new abſciſſa 
a d, and the new ordinate dg, will riſe only to one dimenſion; 
and which therefore denotes a right line (p). But, if AD and 
D G, or either of them, had riſen to two dimenſions in the fir 
equation, ad and dg would likewiſe have riſen to two dimenſions 


In 


OA x dg 
is equal to * 


983 . . * O 
writing in this equation - 


COMMENTARY. 
(o) 247. By the conſtruction, and by the ſimilar triangles AOD, 4 Od. 


(p) 248. If the point G delineates a right line, or a line of the firſt order, the 
point g will alſo delineate a line of the ſame order. For let AD = x, DG = », 


ad = 2, dg = v; then is ax + by +q o, an equation to the line G1 


of one dimenſion, For and y ſubſtitute their values 22 kd and O4Xxv = 1 
and the equation becomes "2 CEE EL + * _ „ 2 o; or a 


OAX AB +bxXOAXv+Zq o, which is a new equation of one di- 
menſion alſo to the line þ g i required. 
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Moe in the ſecond equation (). And fo in three or more dimenſions 

Bodies, (r). The indeterminate lines ad, 4g in the ſecond equation, and 

 —— 4D, DG in the firſt, will always riſe to the ſame number of 

dimenſions; and therefore, the lines, in which the points G, g 

are placed, are of the ſame analytical order. | . 

I fay moreover, that if any right line touches the curve line in 

the firſt figure, this right line, transferred in the ſame manner 

with the curve into a new figure, will touch that curve line in 

the new figure: and on the contrary. For, if any two points of 

the curve, in the firſt figure, approach to each other, and coin - 

cide, the ſame points, transferred, will approach to each other 

and coincide in the new figure: and therefore the right lines, 

with which theſe points are joined, will become tangents of the 

| curves together in both figures. | 

| Demonſtrations of theſe aſſertions might be drawn up in a 
more geometrical form. But I conſult brevity, 

Therefore, if one rectilinear figure is to be transformed into 

another, we need only transfer the interſections of the right 

lines, of which it conſiſts, and draw right lines in the new figure 

through the transferred interſections. But, if it is required to 

transform a curvilinear figure, the points, the tangents, and 

| * right 


COMMENTARY. 


(4) 249. If HG1 is one of the conic ſections, or a line of the ſecond order, 
1 whoſe equation axx + byy c * td x K y +4 = 0 is of two 
| dimenſions, let the values of x and y be ſubſtituted as before; and, the terms 


being reduced to a common denominator, there will ariſe a new equation, in 
terms of z and v, of two dimenſions. 


(r) 250. In like manner, if H is a cubical parabola, the ciſſoid, or any 
other curve, whoſe equation is of three dimenſions, ſubſtituting for x and y and 
their powers, we find an equation of three dimenſions for the curve bg i. Or, 


in general, if Ay TAT +e+4x T er 4 „ X&c: S o is 
an equation of ; dimenſions of the curve HG I to be transformed, ſubſtitute 
the values of x and y in terms of z and v, the abſciſſa and ordinate of the curve 
bg i required; and the new equation, expreſſing the relation between z and v, 
will be of # dimenſions. See Lib. II. Prob. V. of Miſcellanea Analytica, de 
equationibus Algebraicis, et curvarum proprietatibus, by Edward Waring, M. D. 
Lucaſian Profeſſor of Mathematics in the Univerſity of Cambridge. 
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right lines, by means of which the curve line is defined, are to © © O 
be transferred. Wn, 
But this Lemma is alſo of uſe in the ſolution of more difficult 
problems, by transforming the propoſed figures into more ſimple 
ones. For any converging right lines are transformed into pa- 
rallels, by applying. for the firſt ordinate radius any right line, 
which paſſes through the concourſe of the converging lines; 
and that, becauſe their concourle by this means recedes inde- 
finitely ; but parallel lines are ſuch as never meet (Y). 


But, after the problem is ſolved in the new figure, if, by in- 
verting the operations, this figure is transformed into the firſt 
figure, we ſhall have the ſolution required (t). 


u) This Lemma is alſo of uſe in the ſolution of ſolid pro- 
blems. For as often as two conic ſections occur, by the inter. 
ſection of which a problem may be folved, either of them may 
be transformed, if it is an hyperbola, or a parabola, into an 
ellipſis; and then the ellipſis is eafily changed into a circle. 
Alſo a right line and a conic ſection, in the conſtruction of 

plane 


COMMENTARY. 


(s) 251. Let the converging lines G F, C meet in F, a point in AO, the firſt Plate xl. 
ordinate radius. Let the points G, C be transferred to g, c, by taking O D: Od: Fig. 100. 
6 D: g d:: CD: cd: and let any other points M, N be transferred to mn, u, by 
taking OP : O:: MP: :: MNP: It is evident, if the points 1, N 
approach to F, and MP, NP, F A approach to equality, that 2, n QA likewife 
approach to equality; and that g, uc, into which FG, F C are transformed, con- 
verge to a point at a diſtance greater than any aſſignable, and therefore may be 
taken as parallel. 


(t) 252. By taking DG parallel to OA, and, in length, to O D, as dg, in rage XI. 
the figure þ g 7 already found, to O d. ig: 99. 


(u) 253. For, by this Lemma, theſe conic ſections may be transformed into 
more ſimple ones; and then, one of them being transformed into a circle, from 
the interſection of this with the other transformed line, draw a new ordinate, 
perpendicular to Ba, and meeting. Ba in d: join Og, which produce till it 
meets AB in D; and from D ere& D G parallel to O A, and produced till DG: 
OD :: gd : Od: then it is manifeſt (252.), that the interſection of the circle ö 
and the transformed line is rightly transformed into the interſection of the two 
given conic ſections; which, at the point of interſection G, muſt have a common 
ordinate DG. | 
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: Of the. plane problems, * be transformed into a MO line and a 


Bodies. circle. 


| 
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| PROPOSITION XXV. ' PROBLEM XVII. 


To ard. a trajectory, which ſhall paſs through two given points, and 

_ ſhall touch three right lines, given in poſition *. 
Ls too Through the concourſe of any two'of the tangents with each 
„ "other, and the concourſe of the third tangent with that right 
line, which paſſes through the two given points, draw an in- 
definite right line; and this being applied for the firſt ordinate 
radius, let the figure be transformed, by the preceding Lemma, 
into a new figure. In this figure thoſe two tangents will be- 
come parallel to each other; and the third tangent will be pa- 
rallel to the right line, which paſtes through the two given 
points. Let hz, I be thoſe two parallel tangents, i the third 
tangent, and þ/ a right line parallel to it, paſſing through thoſe 
points a, b, through which the conic ſection ought to paſs in 
this new figure, and completing the parallelogram HI. Let 
the right lines h i, 14, ( be cut in c, d, e, ſo that hc may be to 
the ſquare root of the rectangle a h b, ic to 7d, and ke to kd, 
as the ſum of the right lines, Bi and k 1, is to the ſum of three 
lines, of which the firſt is the right line 74, and the other two 
are the ſquare roots of the rectangles ah h and alb; and c, d, e, 
will be the points of contact. For, from the properties of the 
conic ſections, + c is to the rectangle à hb, and i c“ is to i &, and 
ke to k dt, and e Þ to the rectangle a/6, in the ſame ratio; and 
therefore hc is to the ſquare root of a hb, ic to i d, keto kd, and 
el to the ſquare root of 41 b, in the ſubduplicate of that ratio: 


| and, by compoſition, in the given ratio of the ſum of all the 
. antecedents hz and , to the ſum of all the conſequents, which 
| 
| 


| and the ſquare root of the rectangle a/b. Therefore, from that 
given ratio, the points of contact c, d, e in the new figure, are 


[1 | ws | | found. 


See Maclaurin, De linearum Geometricarum proprietalibus generalibus. 
$ 36. 42. Kc. 


are the ſquare root of the rectangle ah b, and the right line ik, 
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found. By the inverted- operations of the laſt Lemma, let theſe BOOK 
ints be transferred into the firſt figure, and there (by Problem Ms | 
X1V.) the trajectory will be deſcribed. Which was to be done. 
But, according as the points a, 5 fall between, or without the 
points 5, /, the points c, d, e muſt be taken, either between, or 
without the points 5, i, &, I. If one of the points a, b falls between 
the points h, J, and the other without the points , ,, the problem 


is impoſſible (v/. 
PROPOSITION XXVI. PROBLEM XVII. 


To deſcribe a trajeftory, which ſhall paſs through a given point, and ſhall 
4. touch four right lines, given in poſition. 

From the common interſection of any two tangents, to the 
common interſection of the other two, let an indefinite right 
line be drawn, and applying this for the firft ordinate radius, let 
the figure be transformed (by Lemma XXII.) into a new figure; 
and the two pairs of tangents, which mer in the firſt ordinate 
radius, will each become parallel. Let them be hz and x, :k 
and h, containing the parallelogram Hi. And let p be a point 
in this new figure, correſponding to the given point in the firſt 
figure. Through O, the centre of the figure, let pg be drawn; 
and, Og being equal to Op, 4 will be the other point, through 
which the conic ſection muſt paſs in this new figure. By the 
inverſe operation of Lemma XXII. let this point be transferred 
into the firſt figure; and there the two points will be found, 
through which the trajectory is to be deſcribed. But that tra- 


jectory may be deſcribed through thoſe points, by Problem XVII. 
Which was to be done. 8 2th 


LEM- 
COMMENTARY. 


(v) 254. An ellipſis or a circle falls entirely within two parallel {tangents 
and the points a, + muſt be both placed between h and J. Two oppoſite hyper- 
bolas fall entirely without the parallel tangents, and à and 3 are, in that caſe, 
both placed without þ and J. Neither a fingle hyperbola, nor a parabola, can 
have two parallel tangents. Therefore, if one of the points a and ô falls between, 


and the other without + and i, the parallel lines cannot be tangents to any conic 
on. | | | 
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L E M M A XXII. 


If two right lines AC BD, given in pofition, are terminated in given 
Points A,B, and have a given ratia to each other ; and the right line 
CD, by which the indeterminate paints C, D are joined, is cut in a 
given ratio in K; I jay, that the a K will be placed in a right 
line given in poſition. 


For, let the right lines AC, BD1 meet in E; and in BE, lei 
BG be taken to AE, as BD is to AC; and let FD be always 
equal to the given line EG; and, by the conſtruction, E C will 
be to G D, that is, to EF, as 4 C to BD, and conſequently in a 
given ratio; and there fore, the ſpecies of the triangle E F C will 
be given. Let C be cat in L, ſo that CI. may be to CF, in the 
ratio of CR to CD; and, becauſe that ratio is given, the ſpecies 


of the triangle E F L will be given; and therefore, the point / 
will be placed in the right 


line E L, given in poſition. Join L I, 
and the triangles CLX CFD will be ſimilar; and, becauſe the 
line FD is given, and the ratio of LX to F D is given, L X will 
be given. Let E H be taken equal to this, and ELKA will be 


always a parallelogram. Therefore the point & is placed in the 


ſide HK of that paralelogram, given in poſition. Which was to 
be demonſtrated. 


Corol. Becauſe the ſpecies of the figure BFLC is given, the 


three right lines EF, EL and EC, that is 6 D, AK, and EC 


have given ratios to each other. 


L E M NM A XXIV. 


If rhive right lines touch any conic ſection, of which two are parallel 
and given in poſition; I ſay, that the ſemidiameter of the ſen, 
parallel to theſe two, is a mean proportional between their ſegments, 
mtercepted between the points of contact and the third tangent. 


Let AF, GB, be two parallel lines, touching the conic ſection 
ADB in 4 and B; EF the third line, touching the conic 
ſection in I, and meeting the former tangents in Fand G; and 


let C D be a ſemidiameter of the figure, parallel to the tangents: 


I ſay, mat AF, CD, BG are continually proportional. 1 
ek | or, 
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For, if the conjugate diameters AB, D M meet the tangent Þ ** R 


F in E and H, and interſect each other in C, and the paral- — 


lelogram IX CL is completed; from the nature of the conic 
ſections, as EC is to CA, ſo will CA be to CL; and fo, by 
diviſion, will EC- CA be to CA—CL, or EA to AL; and, 
by compoſition, E A will be to EAT AL, or EL, as EC is to 
EC+CA, or EB; and therefore, becauſe of the ſimilitude of 
the triangles EA F, ELI. EC H, EBG, AF will be to LI. as 
CH to BG. Likewiſe, from the nature of the conic ſections, L I 
or CK is to CD, as CD is to CH; and therefore, ex equo pertur- 


bate ®, AF is to CD, as CD to BG. Which was to be de- 
monſtrated. 


Corol. 1. Hence, if two tangents FG, P meet the parallel 
tangents AF, BG, in Fand 6, P and V and cut each other in 


O, AF will be (ex quo perturbate) to BY, as APto BG; and, by 
diviſion, as FP to G2; and therefore as FO to 0 G. 


Corol. 2. Whence alſo the two right lines PG, F, drawn 
through the points P and 6, F and Q, will meet in the right 


line ACB, paſhng through the centre of the figure, and the 
points of contact A, B. 


TE M M.A AXVv. 


Tf four | des of a mille gran, indefinitely produced, touch any conic 
ſection, and are cut by any fifth tangent ; and the ſegments of any two 
conterminous ſides, terminated by * p. te angles of the parallelo- 
gram, are taken ; I ſay, that either ſegment is to that ſide, from which 
it is cut-off, as the part of the other contermmous fide, which is inter- 
cepted between the point of contact and the third fide, is to the other 
ſegment. 


Let the four ſides ML, I x. K IL, M of the parallelogram 
M LI K touch a conic ſection in 4, B, C, D; and let a fifth 


tangent F cut theſe ſides in F, & Hand E; but let the ſeg- 


ments ME, K Lof the ſides M1, KI; or the ſegments K H, M F 


* Elements, Book V. Prop. XXIII. 


| | of 
Vol. I. Y 
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Fig. 104. 
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of the ſides K-L, ML he taken; I ſay, that ME is to MI, as Br 


to K and XH to K L, as AM to MF, For, by the firſt corol- 


—— lary of che preceding Lemma, ME is to EI, as AM, or BK to 


Plate XII. 
Fig. 10g, 


B2Q; and, by compoſition, ME is to MI, as B R to K. Which 
was to be demonſtrated, Alſo KH is to HL, as BK, or AM to. 
AF; and, by divifion, KH is to KL, as A M is to MF. Which 
was to be demonſtrated. 

Corol. 1. Hence, if a parallelogram IX LM is given, deſcribed 
about a given conic ſection, the rectangle K ME will be 
given, as alſo the rectangle R x MF, equal to it. For thoſe 
rectangles are equal, by reaſon of the ſimilar * K2 H, 
MFE. 

Corol. 2. And, if a fixth tangent eq is drawn, meeting the 
tangents KI, M in 9 and e; the rectangle £2x ME will be 
equal to the rectangle Kqx Me; and KA will be to Me, as Kq to 
ME; and, by diviſion, as 2 to Ee. 

Corol. 3. Hence alſo, if E q, e Lare joined and biſected, and a 


right line is drawn through the points of biſection, this will paſs 


through the centre of the conic ſection. For, ſince 2g is to Ee, 
as K Zis to Me, the ſame right line will paſs through the middle 
of all the lines Eq, e2, MK (by Lem. XXIII.); and the middle 
point of the right line M is the centre of the ſection. 


PROPOSITION XXVII. PROBLEM XIX. 


To deſcribe a . which ſhall touch five * lines, given in 
Poſition. 

Let the tangents A BG, BCF, GCD, F DE, EA be given in 
poſition, Biſect the diagonals AF, BE of the quadrilateral 
figure ABFE, contained under any four of them, in M and. 
N; and (by Cor. 3. Lem. XXV.) the right line MN, drawn 
through the points of biſection, will paſs through the centre of 
the trajectory. Again, biſect B D, G F, the diagonals (if I may 
fo call them) of the quadrilateral figure B G D, contained un- 
der any other four tangents, in P and 2; and the right line P 


drawn through the points of biſection, will paſs through the 
centre 
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centre of the trajectory, Therefore the centre will be given in 3 00 K 
the concourſe of the biſecting lines. Let it be O. Draw KL wow 
parallel to any tangent BC, at ſuch a diſtance, that the centre 0 

may be placed in the middle between the parallel lines; and 

the line XL will touch the trajectory to be deſcribed. Let this 

cut any other two tangents C D, FDE in Land K. Through 

Cand K, F and L, the points of concourſe of theſe tangents CL, 

FK, which are not parallel, with the parallel tangents CF, KI. 

draw CN, FI, meeting in R; and the right line O R, drawn and 
produced, will cut the parallel tangents CF, K L, in the points 

of contact. This is evident by Corol. 2. Lem. XXIV. By the ſame 
method, the other points of contact may be found, and then the 
trajectory may be defcribed by the conſtruction of Problem XIV. 

Which was to be done. 


SCHOLIUM. 


Under the preceding propoſitions are comprehended thoſe 
problems, in which either the centres or the aſymptotes of the 
trajectories are given. For, points and tangents being given, 
together with the centre, as many other points, and other tan- 
gents are given, equally diſtant from the centre on the other 
fide. But an aſymptote is to be conſidered as a tangent; and 
its extremity indefinitely remote (if we may ſo ſay) as the point 
of contact. Conceive the point of contact of any tangent to 
recede continually, and the tangent will be changed into an 
aſymptote; and the conſtructions of the preceding problems 
will be changed into the conſtructions of thoſe problems, 
wherein the aſymptote 1s given. 


After the trajectory is deſcribed, we may find the axes and foci 

by this method. In the conſtruction and figure of Lemma XXI. Plate XII. 

make the legs BP, CP of-the moveable angles PBN, PCN, FE. 105. 
by the concourſe of which the trajectory was deſcribed, to be 
parallel to each other; and, retaining that poſition, to revolve 
about their poles B, C in that figure. But, in the mean time, 
let the other legs CN, B Nof thoſe angles, by their concourſe K 
Av | or 
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\2f.the or I, deſcribe the circle BG XC. Let © be the centre of this 
Bodies. Circle. From this centre upon the ruler MN, at which thoſe 

» other legs CN, BN met, while the trajectory was deſcribed, let 
fall the perpendicular O H, meeting the circle in X and L. And: 
when thoſe other legs CK, B K meet in that point K, which is. 
neareſt to the ruler, the firſt legs CP, BP will be parallel to the. 
greater axis, and perpendicular to the leſs ;. and the contrary 
will happen, if theſe legs meet in the more remote point L. 
Hence, if the centre of the trajectory is given, the axes will be 
given. And, theſe being given, the foci will be readily found. 
But the ſquares of the axes are to each other, as KH to LH; and. 
thence it is eaſy to deſcribe a trajectory, whoſe ſpecies is given, 
through four given points. For, it two of the given points are 
made the poles Cand B, the third will give the moveable angles. 
P CR. PBK; and, theſe being given, the circle BGXC may 
be deſcribed. Then, becauſe the ſpecies of the trajectory is 
given, the ratio of O H to O K will be given, and therefore O H 
itſelf. With the centre O, and the interval 0 H deſcribe another 
circle, and the right line, which touches this circle, and paſſes 
through the concourſe of the legs CK, BK, when the firſt legs 
CP, BP meet in the fourth given point, is that ruler MN, by 

- means of which the trajectory will be deſcribed. Whence alſo, 
on the other hand, a trapezium, whoſe ſpecies is given (if cer- 
tain impoſſible caſes are excepted) may be inſcribed in any given 
conic ſection. 


There are alſo other Lemmas, by the help. of which tra- 
jectories, whoſe ſpecies is given, may be deſcribed, through 
given points, touching given lines. Of ſuch ſort is this, that if 
a right line is drawn through any point, given in poſition, 
which may cut a given conic ſection in two points, and the in- 
terval of the interſections is biſected, the point of biſection will 
touch another conic ſection of the ſame ſpecies with the former, 
and having its axes parallel to the axes of the former. But I 
* haſten to things of greater uſe. 
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To place the three angles of a triangle, whoſe ſpecies and magnitude are 
given, to as many right lines, given in poſition. which are not all 
parallel, ſo that the ſeveral angles may touch the ſeveral lines re- 
ſpectively. 


Three indefinite right lines 4 B, AC, BC are given in poſition 3 5 
and it is required ſo to place the triangle DEV, that its angle 
D may touch the line A B, its angle E the line AC, and its: 
angle F the line BC. Upon DE, DF and EF deſcribe three 
ſegments of circles DRE, DGF, EMF, which may contain. 
angles reſpectively equal to the angles BAC, ABC, ACB. But 
let theſe ſegments be deſcribed towards ſuch {ſides of the lines: 
DE, DF, EF, that the letters DREZD may turn round in the 
ſame order with the letters BA CB, the letters DGF D in the 
ſame order with the letters A BCA, and the letters EMFE.in 
the ſame order with the letters ACB A; then let theſe ſegments. 
be completed into entire circles. Let the two former circles cut 
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Plate XII. 


each other in G; and let their centres be P and 2. GP, 22 


being joined, take Ga to AB, as GPisto P and, with the 
centre G, at the interval Ga, deſcribe a circle, which may cut 
the firſt circle DG E in a. Then let 4 D be joined, cutting the 
ſecond circle DFG in b; and alſo à E, cutting the third circle 
EMF in c. And now the figure 4B C Ade may be completed, 


ſimilar and equal to the figure abc DEF. Which being done 


the problem is perfected. 


For, let Fc be drawn, meeting aD'in n; and let aG, 56, AG, 
9D, PD be joined. From the conſtruction, the angle Ea D 
is equal to the angle CAB; and the angle 4 F equal to the 


angle ACB; and therefore the triangle anc equiangular to the- 


triangle ABC. Therefore the angle anc, or Fu O is equal to 
the angle ABC, and conſequently to the angle FV D; and there- 


fore the point n falls on the point b. Moreover the angle GP 9,. 


which is half the angle 6 at the centre, is equal to the 


angle Ga D at the circumference; and the angle G 2 P, which 1s: 


half * angle G Dat the centre, is __ to the complement of 
: the 
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Plate XII. 
Fig. 1c8, 


_ deſcribe a trajectory, ſimilar and equal to the curve DEF. 


MATHEMATICAL PRINCIPLES 


the angle G4D at the circumference to two right ones; and 
therefore is equal to the angle Gba: the triangles G P, Gal 
are therefore ſimilar; and Ga is to ab, as GP to P; that i; 
(from the conſtruction) as GA to A B. Therefore ab and AB are 
equal; and conſequently the triangles 4235 c, 4 BC, which we 
have now proved to be ſimilar, are alſo equal. Since therefore 
the angles D, E, F, of the triangle DEF, alſo touch the ſides 
ab, ac, bc of the triangle abc reſpectively, the figure ABC4e 
may be completed, fimilar and equal to the figure abcDEF, 
and, by completing it, the problem will be folved. Which was 
to be done. 


Corel. Hence a right line may be drawn, whoſe parts, given 
in length, may be intercepted between three right lines, given 
in poſition. Conceive the triangle DE F, the point D approach- 
ing to the fide EF, and the fides DE, DF being placed in the 
ſame direction, to be changed into a right line; whoſe given 
part D E is to be placed between the right lines 4 B, AC, given 
in poſition; and the given part DF to be placed between the 
right lines A B, BC, given in poſition: and, by applying the 
preceding conſtruction to this cafe, the problem will be ſolved. 


PROPOSITION XXVIII. PROBLEM XX. 


To deſcribe a trajectory, whoſe ſpecies and magnitude are given, of which 
given parts ſhall be intercepted between three right lines, A in 
Poſit ion. 


Suppoſe a trajectory i is to be deſcribed, which may be ſimilar 
and equal. to the curve line DEF, and which ſhall be cut, by 
three right lines AB, AC, BC, given in poſition, into parts, 
ſimilar and equal to the given parts DE and EF of this curve. 

Draw the right lines DE, EF, DF; and place the angles D, 
E, F of this triangle DET, ſo as to touch thoſe right lines 
given in poſition (by Lemma XXVI.). Then about the triangle 


Which was to be done. 
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To deſcribe a trapezium, whoſe ſpecies i given, and whoſe ſeveral angles 
may reſpectively touch fur right lines, given in poſition, which are 
neither all parallel, nor converge to one common point. 


Let the four right lines ABC, AD, BD, CE, be given in Plate x11, 
poſition, of which the firſt may cut the ſecond in 4, the third in — 
B, and the fourth in C: and ſuppoſe a trapezium /g hi is to be 
deſcribed, which may be ſimilar to the trapezium FGHT; and 
whoſe angle /, equal to the given angle F, may touch the right 
line ABC; and the other angles g, B, i, equal to the other given 
angles G, H, 1, may touch the other lines AD, BUD, CE, re- 
ſpectively. Let FH be joined; and upon FG, FH. FI let as 
many ſegments of circles FSG, FT H, FVI, be deſcribed ; of 
which the firſt FSG may contain an angle, equal to the angle 
BAD; the ſecond FT Z may contain an angle, equal to the 
angle CBD; and the third FV 7 may contain an angle, equal to 
the angle ACE. But the ſegments ought to be deſcribed to- 
wards ſuch fides of the lines FG, FH, FI, that the circular order 
of the letters FSG F may be the ſame as that of the letters BAD B; 
and that the letters FTHF may turn round in the fame order 
as the letters CB DC; and the letters FVIF in the ſame order as 
the letters ACE A. Let the ſegments be completed into entire 
circles ; and let P be the centre of the firſt circle F SG, and 2 
the centre of the ſecond FTH. Let P be joined, and pro- 
duced both ways; and in it let QR be taken in the ſame ratio to 
P9, which BC has to AB. But let XR be taken towards that. 
tide of the point Q, that the order of the letters P, 2, R may be 
the ſame, as that of the letters 4, B, C: and, with the centre 
R, and interval R, let a fourth circle F Nc be deſcribed, cut- 
ting the third circle FVI in c. Let Fe be joined, cutting the firſt 
circle in a, and the ſecond in b. Let aG, b H, I be drawn; and 
the figure ABCfghi may be deſcribed, ſimilar to the figure 
abcFG HI. Which being done, the trapezium Vg hi will be 
that very figure, which was required. to be deſcribed. 
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For, let the two firſt circles FSG, FTH cut each other in K 


Bodies. Let PK, XR, RK, aK, b R, e K be joined, and let QP be pro. 


Fig. 110. 


. duced to L. The angles FA RK, FR. Fc Kat the circumference; 


are half the angles FP K, FN, FRK at the centres; and 
therefore equal to LPR, LIN, LR K, which are half thoſe 
angles. Therefore the figure PARK is equiangular and fimilar 


to the figure a bK; and conſequently ab is to be, as P to NR, 


that is, as AB to BC. Moreover, by the conſtruction, the angles 
tf Ag, fBh, fCi are equal to the angles FaG, FH, Fc], 
Therefore the figure A BCfg hi may be completed, fimilar to the 
figure abc FG HZ, Which being done, the trapezium fg Hi will 
be conſtructed ſimilar to the trapezium FG H, and which with 


its angles /, g, P, i, will touch the right lines ABC, AD, BD, CE, 
Which was to be done. 


Grol. Hence, a right line may be drawn, whoſe parts, inter- 
cepted in a given order, between four right lines, given in 
poſition, ſhall have a given proportion to each other. Let the 
angles FG H, G HT be increaſed ſo far, that the right lines F, 
G H, HI may lie in the ſame direction; and, in this caſe, by 
conſtructing the problem, a right line fg hz will be drawn, whole 
parts /g, gh, hi, intercepted between the four right lines given 
in- poſition, AB and AD, AD and BD, B and CE, will be to 


each other, as the.lines FG, GH, HT, and will obſerve the ſame 


order among themſelves. 
But the ſame thing may be done more readily thus. 


Let AB be produced to K, and BD to L, ſo that B XK may be 
to AB, as HItoOGH; and DL to BD, as GIto FG; and let KL 
be joined, meeting the right line CE in i. Let iI be produced 
to M, ſo that LM may be to i IL, as G H to H; and let both M be 
drawn parallel to LB, and meeting the right line 4 D in g; and 
alſo g i, cutting AB, BD in /, h. I ſay it is done. 

For let Mg cut the right line AB in Q, and AD the right line 
KL in S; and let AP be drawn, which may be parallel to BD, 
and may meet iL in P, and g M will be to Lh /gi to hi, Mi to 
LI, GI to HI AK to B and A toB L in the ſame ratio. Let 


, | DL 
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DE be cut in R, ſo that D L may be to R Lin that ſame ratio; and, B 2 K 
becauſe g S to g M., ASto AP, and DS to DL are proportional; 3—— 
ex equo, as g & is to Lh, ſo will AS be to BL, and DS to RL; and, 

mixtly, 5B J. — RL to Lh—BL, as AS — DS to gS— AS. 

That is BR to B b, as AD to Ag; and therefore as BD to g 2. 

And, alternately, BR to BD, as Bh to g A, or fhtofg. But, 

by the conſtruction, the line BL was cut in D and K, in the 

ſame ratio as the line FI in 6 and H; and therefore BR is to 

BD, as FH to FG. Therefore, fh is to /g, as FH to FG. Since 
therefore g 7 is alſo to hi, as Mi to Li, that is, as GI to H, it is 


evident, that the lines FI, f: are ſimilarly cut in G and H, g and 
b. Which was to be done. 


In the conſtruction of this corollary, after L & is drawn, cutting 
CE in i, we may produce E to, ſo that E may be to Ei, as 
FH to Hy and draw /f parallel to BD. It comes to the ſame 
thing, if with the centre i, and the interval 7H, a circle is de- 
ſcribed, cutting BD in J, and iI is produced to V, ſo that iA 
may be equal to 7F, and I/ is drawn parallel to B D. 


Sir Cbriſtopher Wren and Dr. Walls have long ago invented 
other ſolutions of this problem. 


PROPOSITION XXIX. PROBLEM XXI. 


Te deſcribe a trajectory whoſe ſpecies is given, which ſhall be cut, by four 
right lines, given in * into parts, given in order, kind, and 
proportion. 


Suppole a trajectory is to hs deſcribed, which may be fmilar Plate XII, 
to the curve line FG H and whoſe parts, ſimilar and propor- *'* 1. 
tional to the parts FG, GH, HI, may be intercepted between the 

right lines 4B and AD, 4D and BD, BD and CE, given in 
poſition ; the firſt between the firſt, the ſecond between the 
ſecond, the third between the third. The right lines FG, G E, 
HI, FI being drawn, let the trapezium fg hi be deſcribed (by 
Lemma XXVII.), which may be fimilar to the trapezium FG 7 7, 
and whole angles f, g, b, i may touch theſe right lines, given 
in poſition AB, AD, BD, CE, ſeverally, according to the 
Vol. I. 2 order 


_ MATHEMATICAL PRINCIPLES 


\ Of the order in which they are named. Then let a trajectory be 


Bodies, deſcribed about this trapezium, ſimilar to the curve line 
6 


SCHOLIUM. 


Plate X11. This problem may likewiſe be covifiracted.i in the following 
Fig. 11. manner. FG, GH, H FI being joined, produce 6 F to V,. 
and join FH, 16, and make the angles CAR, DAL equal to 
the angles FG H, V FH. Let AK, AL meet the right line B D 
in K and IL, and thence let KM, LN be drawn; of which, let 
K M make the angle A K M, equal to the angle GH, and be 
itſelf to AK, as H is to CH; and let LN make the angle 
A L N, equal to the angle FH and be to 4 L, as HI to FA. 
But let AK, KM, AL, LN be drawn towards ſuch ſides of the 
lines AD, AN, AL, that the letters CAR MN ALKA4 DAL 
ND may be carried round in the ſame order with the letters 
FGHTEF; and let the right line MN be drawn, meeting the 
right line CE in i. Make the angle zE P equal to the angle 
IG F; and let PE be to Ei, as FG to G and through P let 
PN f be drawn, which may contain, with the right line 4 DE, 
an angle PE, equal to the angle FIG; and may meet the 
right line AB in /; and let /i be joined. But let PE and PA be 
drawn towards ſuch ſides of the lines CE, PE, that the circular 
order of the letters PE: P and PEP may be the ſame, as that 
of the letters FG HI; and if upon the line Vi a trapezium 
Fg bi is conſtructed, in the ſame order of the letters, ſimilar to 
the trapezium F GH, and a trajectory is circumſcribed; whoſe 
ſpecies is given; the problem will be ſolved. 
* Thus far concerning the finding of orbits. It remains, that 
we determine the motions of bodies in the orbits found. 
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SECTION VI. 
Of the invention of Motions in given Orbits.. 


PROPOSITION XXX. PROBLEM XXI. 


To. find the place of a body, moved in a given parabolic trajectory, at any 
aſſigned time, | 


171 


ET S be the focus, and A4 the principal vertex of the para- B O OR 
bola; and let 448 x M be equal to the parabolic area 4258 J. 
to be cut off, which either was deſcribed by the radius SP, after Plate XIII. 
the departure of the body from the vertex, or is to be deſcribed *'* 13. 


before its arrival at the vertex (w/). The quantity of that area 
to be cut off is known from the time, which is proportional to 
it, Biſect 48 in G, and erect a perpendicular G H equal to 3 M 
and a circle, deſcribed with the centre E, and the interval HS. 
will cut the parabola in the place P required, For PO being let 
fall perpendicular to the axis, and PH being drawn, we find 
AG +CH (= HP* = AO — AG\* + PO — H (x)) 
= 4A0* + PO* —2GAO — 26H x PO + AG* + H. Whence, 

Te 26H 


COMMENTARY. 


(w) 255: The body P is ſuppoſed to move in a parabolic trajectory, tending 
to a fixed centre &, placed in the focus: on which ſuppoſition, the velocity of 
P in the orbit perpetually varies in the inverſe ratio of the perpendicular, let fall 
from & to the tangent (115.); and the angular velocity round S varics inverſely as 
the ſquare of the diftance from S (206.); therefore, from theſe unequal motions 
the place of P cannot be found. But the areas, deſcribed round $S, bein 
proportional to the times (116.), from the equality of the increaſe of the area 
the place of P is determined, by finding the poſition of a right line PS, 
which, paſſing through the focus, ſhall' cut off an area proportional to the 
given time. f | 

(x) 256. For, (Elem Book I. Prop. XLVII.) 4G* + GH = H A= = 
H $* = H P*-(by the conſtruction): and if a perpendicular is ſuppoſed to be let 
fall from I to the line PO, that perpendicular being equal to GO, HP =. 


GO: + FCI = AO — HCN + PO—GH 2, 
x | 21. | | 
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2GHx PO (= A0' + PO' — 2G AO) = AO PO . 


For 40 write AO x N and dividing all the terms by 3 PO, 


and multiplying them by 24S, we ſhall find 4G Hx AS (= 


240 * POT AS PO N PO 415 


x PO = tothe area APO — 5PO) = to the area 4 PS (2). But 
GH was 3M, and therefore4gG Hx ASis44Sx M. Therefore 
the area APS, cut off, is equal to the area 8 x M, which 
was to be cut off. Which was to be demonſtrated. 

Corol. 1. Hence G His to AS, as the time in which the body 
deſcribed the arc AP, to the time in which the body deſcribed 
the arc, intercepted between the vertex 4, and the perpen- 
dicular, erected from the focus & upon the axis /a). 

* Carol. 2. And, a circle ASP continually paſſing through P, 
the body moved, the velocity of the point Z is to the velocity, 
which the body had in the vertex 4, as 3 to 8 (. And there- 

| y | fore 


COMMENTARY. 


(9) 257. Ds by the nature of the parabola, the /atus rectum being equal to 
84G, os =84GxX AO = 8G AO, therefore 5 PO: = 2G 4 O, and 
20 — 2640 = PO — + PO: = 4 PO. 

(z) 258. The parabolic area AP O A is LEES PO = 3AO x PO(g4). 
And 2222 = +*SOxPO is the area of the triangle SPO. Therefore 
a Fre x PO is equal to the area A PS. 


(a) 259. Becauſe, from the nature of the parabola, G H is to 45, as the 
area of the parabolic ſector I PS, to the area cut off by the perpendicular to 
the axis erected from the focus; which area are proportional to the times. 
— theſe times being even. G H is found in length, and the point P is 

etermined. 


(3 ) 260. Since, by the propoſition, 4 C H x AS is equal to the area ASP, 
and 4 x AS 1s a given quantity, it follows, that the ſpace G H, deſcribed by 
the motion of H, is proportional to the area AS P, and conſequentiy to the time 
of its deſeription; therefore the motion of the point H is uniform, Let @ be 

the 
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with that velocity which it had in the vertex 4. 

Corol, g. Hence alſo, on the contrary, the time may be found, 
in which the body has deſcribed any aſſigned arc AP. Join AP, 
and, at its middle point, ere& a perpendicular, meeting the 
right line G Zin H. 


L E M M A XXVII. 


There is no oval figure, whoſe area, cut off by right lines at pleaſure, can 
be univerſally found by equations, finite in their number of terms and 
dimenſions. | 


Let any point be given within the oval, about which, as a 
pole, a right line may continually revolve with an uniform 
motion; and in the mean time let a moveable point go out from 
the pole in that right line, and move perpetually forward with 
ſuch a velocity, as may be proportional to the ſquare of that 
right line within the oval. By this motion that point will de- 
ſcribe a ſpiral with continual circumrotations. Now if a portion 
of the area of the oval, cut off by that right line, can be found 
by a finite equation, the diſtance of the point from the pole, 
which is proportional to this area (c), will be found alſo by the 
ſame equation; and therefore all the points of a ſpiral may be 


found 


COMMENTARY. 


the arc deſcribed at the very beginning of the motion of P, departing from the 
vertex A; and the area ASP =@ XiAS = 4+ GH x AS; thereforea = 3G H, 
anda:GH :: 8: 3. But 4 is proportional to the velocity of ? in the vertex A; 
and G H is generated by the uniform motion of the point 7: therefore the ſpace 
GH is always to the ſpace deſcribed in the ſame time, with the velocity a, in 
the ſame ratio of 3 to 8. | | 

/c) 261, The velocity, with which the generating point of the ſpiral recedes 
from the pole, is as the ſquare of the right line within the oval, by the hypo- 
theſis; but, becauſe that line revolves with an uniform motion, it is evident, 
that the fluxion of the area of the oval is alſo as the ſquare of the ſame right 
line, and therefore as the velocity of the generating point of the ſpiral. Con- 


ſequently the whole area of the oval is as the whole diftance of the point in the 
; piral from the pole. | | 
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fore in the ſame ratio is the line G H to the right line, which the 3 _ K 
body, in the time of its motion from 4 to P, would deſcribe Av 
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0c te found by a finite equation: and conſequently the interſection o 
otion of . . : . 12 2a 

Bodies, ANY right line, given in poſition, with a ſpiral may alſo be found 

LY by a finite equation. But every right line indefinitely produced 

cuts a ſpiral in points indefinite in number; and the equation, 

by which any interſection of two lines is found, exhibits all 

their interſections by as many roots, and therefore riſes to ag 

many dimenſions as there are interſections (d). Since two 

circles cut each other mutually in two points, one interſection 

will not be found but by an equation of two dimenſions, by 

which the other interſection may alſo be found. Becauſe there 

may be four interſections of two conic ſections, any one of 

them is not to be found univerſally, but by an equation of four 

dimenſions, by which they may be all found at the ſame time. 

For if thoſe interſections are ſeverally ſought, becauſe the law 

and condition of all is the ſame, the calculation will be the ſame 

in every caſe, and therefore the concluſion will be the ſame alſo; 

which ought therefore to comprehend at once, and exhibit in- 

differently, all thoſe interſections. Hence alſo it is, that the 

interſections of the conic ſections with curves of the third order, 

becauſe they may amount to ſix, come out together by equa- 

tions of ſix dimenſions; and the interſections of two curves of 

the third order, becauſe they may amount to nine, come out 

together by equations of nine dimenſions. If this did nat 

neceſſarily happen, we might reduce all ſolid problems to plane 

ones, and all higher than ſolid. to ſolid problems (e). I ſpeak 

| | - hers 
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(d) 262. For inſtance, in the equation of a conic ſection, yy — * — þ x: 
„Tex - dx + e = 0, the concourle of the abſciſſa with the curve is defined 
by making the. ordinate y = o; in which caſe cxx — dx. Te . And, if 
the roots of this equation are not imaginary, the abſciſſa will cut the curve in 
two points. In general,. the higheſt number of the index of x,. or the number 
which denotes the order of the equation, or the line, is equal to the greateſt 


number of interſections of the curve and any right line. f 


(e) 263. For inſtance, the interſections, or common ordinates of two conic 
ſections, can only bz determined by an equation of four dimenſions ; or, if one 
of theſe ordinates vaniſhes, by an equation of three dimenſions, If bx = y9; 


#* 
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here of curves not reducible in power. For, if the equation, by B 00K 
which the curve is defined, may be reduced to a lower power; Wet 


the curve will not be one ſingle curve, but compoſed of two or 
more; whoſe interſections may be ſeverally found by different 
calculations. In the ſame manner, the two interſections of 
right lines with the conic ſections come out always by equations 
of two dimenſions ; the three interſections of right lines with 
curves of the third order, which are not reducible, by equations 
of three dimenſions; the four interſections of right lines with 
curves of the fourth order, which are not reducible, by equa- 
tions of four dimenſions; and ſo on indefinitely, Therefore 

the 


COMMENTARY. , 
and xx = Zex TY + 2dy +&t +4 — 4 = 0, are equations to a para- 


bola and a circle, we find x = == and x* = _ and * ＋ Z 5e + bb x * 


＋ 24 NJ YT 4 ＋ d — 4 Xbb o: or, if one ordinate becomes equal 
to nothing, and c + d. = aa, dividing by y, we find } K + bb x y + 
2 4b = o; from the roots of which equation the ordinates at the interſections of 
the circle and parabola are determined. If theſe interſections could be found by 
an equation of two dimenſions, all ſolid problems might be reduced to the order 
of plane ones. In general, the interſections of a right line and a curve are 
determined by an equation of the ſame dimenſions as the curve; and the inter- 
ſections of two curves, by an equation, the number of whoſe dimenſions is equal 
to the product of the dimenſions of the two curves multiplied into each other, 
It may indeed happen, that an equation may be reſolved into equations of 
inferior dimenſions ; in which caſe, two or more lines of thoſe inferior dimenſions 
are defined by that equation, whoſe interſections may be ſeparately found. As, 


the equation y* —2x + bXxy +x* — bx = 0 may be reſolved into) — x = 0, 
andy — x + 6 = o, equations to right lines. In like manner, an equation of 
three dimenſions may ſometimes be reſolved into three ſimple equations; or into 
one quadratic, and one ſimple equation; an equation ot four dimenſions may 
ſometimes be reſolved into two quadratic equations, and the interſections of right 
lines with the conic ſections, defined by them, may be ſeparately found. But 
the interſections of right lines with curves, whoſe equations cannot be reduced 
to lower dimenſions, can never exceed the dimenſions of the equations, by 
which they are defined. And, ſince a ſpiral cannot be reduced into more curves, 
its interſections with a right line cannot be found by any finite equation; and 
therefore it is not to be ranked among geometrical or algebraic curves, which 
are divided into orders, according to their interſections with a right line, or the 


dimenſions of their equations. 
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176 'MATHEMATICAL PRINCIPLES 
M2; the the interſections of a right line with a ſpiral, indefinite in 
Bodies. Number, ſince this curve is uncompounded, and not to be re- 
v—Y— duced into more curves, require equations indefinite in the 
number of dimenfions and roots, by which all the interſections 
may be exhibited together. For there is the ſame law, and the 
fame calculation of A. For, if a perpendicular is let fall from 
the pole upon that interſecting right line, and that perpendi- 
cular, together with the interſecting line, reyolves round the 
pole, the interſections of the fpiral will paſs into each other 
mutually ; and that which was firit or neareſt, after one revolu- 
tion, will be ſecond; after two, third; and ſo on: nor, in the 
mean time, will the equation be changed, unleſs as the magnitude 
of thoſe quantities is changed, by which the poſition of the 
interſecting line is determined. Wherefore, ſince thoſe quanti- 
ties, after every revolution, return to their firſt magnitudes, the 
equation will return to its firſt form; and therefore one and the 
fame equation will exhibit all the interſections, and conſequent- 
ly will have roots indefinite in number, by which they may be 
all exhibited. Therefore the interſection of a right line with a 
fpiral cannot be univerſally found by a finite equation ; and 
_ conſequently there is no oval figure, whoſe area, cut off by right 
lines at pleaſure, can be univerſally exhibited by ſuch an 
equation. | 
By the ſame argument, if the interval of the pole and point, 
by which the ſpiral is deſcribed, is taken proportional to the 
perimeter of the oval which is cut off,, it may be proved, that 
the length of the perimeter eannot be univerſally exhibited by a 
finite equation. But T here ſpeak of ovals, which are not 
touched by conjugate ſigures running out indefinitely. 


COROLLARY. 


Hence the area of an ellipfis, which is deſcribed by a radius, 
drawn from the focus to the moving body, is not to be found, 
from the time given, by a finite equation ; and therefore cannot 
be determined by the defcription of curves geometrically of 
SFU | 65 tional 


3 
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tional V). I call thoſe curves geometrically rational, all whoſe 3 0 OF 
points may be determined by lengths, defined by equations: 


that is, by the complicated ratios of lengths : and other curves 
(ſuch as ſpirals, quadratrixes, trochoids) I call geometrically 
irrational. For lengths, which are or are not as number to 
number (according to the tenth book of the Elements) are arith- 
metically rational or irrational. I therefore cut off an area of 
an ellipſis, proportional to the time, by a curve geometrically 


irrational, as follows. | 


PROPOSITION XXXI. PROBLEM XXIII. 


To find the place of a body, moved in a given elliptic trajectory, at any 
| aſſigned time, 


Let A be the principal vertex of the ellipſis AP B, & the focus, Plate X1V. 


and O the centre; and let P be the place of the body to be found. 
Produce O A to G, ſo that O G may be to O A, as OAto OS. Erect 
the perpendicular 6H; and, with the centre O, and interval O G, 


deſcribe 
COMMENTARY, | | 


(f) 264. Thoſe curve lines that can be deſcribed by the reſolution of 
« equations, the relation of whoſe ordinates and abſciſſas can be expreſſed by an 
« equation, involving nothing but determined quantities, beſides theſe ordinates 
and abſciſſas, are called geometrical or algebraic curves. They are divided into 
« orders, according to the dimenſions of their equations, or number of points 
ein which they can interſect a ſtraight-line, The ſtraigbt lines themſelves con- 
« ſtitute the firſt order of lines. And when the equation, expreſſing the relation 
« between x and y, is of one dimenſion only, the points muſt be all found in a 
« ſtraight line. | 
HI hoſe curves whoſe equations are of -a dimenſions conſtitute the ſecond 

« order of lines, and the firft kind of curves. Their interſections with a ſtraight 

© line can never exceed two. The curves, whoſe equations are of three dimen- 
« ſions, form the third order of lines, or ſecond kind of curves: and their inter- 
« ſections with a ſtraight line can never exceed three. And, after the ſame 
e manner, the curves are determined that belong to the higher orders, to infinity. 
« Some curves, if they were completely deſcribed, could cut a ſtraight line in 
e an infinite number of points; but theſe belong to none of the orders we have 
« mentioned; they are not geometrical or algebraic curves; for the relation 
* betwixt their ordinates and abſciſſas cannot be expreſſed by a finite equation, 
involving only ordinates and abſciſſas with determined quantities.“ 
Maclurin's Algebra, Part III. 8, 9. 
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A ve: daſqnibe the; circle & E; and on the ruler; & H as a baſe, let 
| Bodies, that WheebG EB © move forward, by revolving about its axis, and 
i dhe mean time by us Point 4: deſcribing the trochoid A-L I. 
Which being done, take-G£& to the. perimeter GEFG of the 
wheel, is. the ratio of thi time, in which the body, by proceed- 
ing from A, deſcribed ie are AP. to the time of one revolution 
in the ellipſis. Let the perpendicular K L be erefted, meeting 
the trochoid in: L, and LP, drawn parallel to K G, will meet the 
ellipſis in P, the required place of the body. 

For with the centre O, and the interval O 4, let the ſemicircle 
IAB be deſavibediz/and let L, produced if neceflary, meet 
the arc 4 Ain & and let S, OA be joined. Let O & meet the 
arc EF in F, and on the ſame 0 let fall the perpendicular 
SR. The area APS is as the area 425; that is, as the 
difference between the ſector O AA and the triangle O 28, or 
as the difference of the reftangles „0 L AA and LON x 
SR; that is, becauſe 20 & is given, as the difference be- 
tween the arc A, and the right line SR; and therefore (ſince 
the given ratios of S R to the fine of the arc 42, OS to O 4, O A 
to O G, A Tto GF, and by diviſion 42 SR to GF the fine 
of the arc 4 & are the ſame) as GK, the difference between the 
arc GE, and the fine of the arc AQ g. Which was to be 
demonſtrated. 


| SCH o- 
COMMENTARY. 


Plate XIV. (C) 26. The area APY is to the area AQ S; in the given ratio of P to 

Fig. 114. L, or of the leſs axis of the ellipſis to the greater: but the area 128 = 

10 A AQ — ON R = - Rog, and, 20 L being 

0 given, that area is proportional to AY, SR. Bur GF: IA: GO: AO: 
AO or 20: SO:: 2X: SR (becauſe of the ſimilar triangles QO A, SOR); 
therefore AY — SR: GF - :: SR: X:: SO: 40, or in a given 

ratio: and conſequently the area A PS, which is proportional to 42 — SR, is 
alſo proportional to GF — g= G; and is to the whole area of the ellipſis, 
as GK to the whole perimeter of the wheel: or the time of deſcribing the arc 
AP is to the periodical time of a whole revolution, as GX to the perimeter of 
the. wheel. Taking therefore G K in the aſſigned proportion, the place P is 
rightly found from the conſtruction. | | 


Py 
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„ 8 G RaLIUu M | BOOK 
() But, ſince the deſcription of this cutve is difficalt, a ſolu- IVES” 
tion by approximation is preferable. Let then a certain angle Fig. 115. 
5 8 | B be 


* 


| COMMENTARY, 

266, Scholium. Retaining the conſtruſtion and notation of Prop. XXXI., let 
a planet P. revolve in an elliptic orbit A P B A, round the ſun, placed in the 
focus $; the angle ASP, under which the diſtance of the planet from A is 
viewed at &, is called the true anomaly; the circle 4 2 BA is called the eccentric 
circle; the arc AQ the anomaly of the eccentric; and the elliptic area 4 P S, 
proportional to the time, or an arc of a circle whoſe radius is 4 O, equal to 

1. — SR, or its proportional GK F - 2A, is called the mean anomaly 
of the planet. But if the planet had deſcended from the aphelion B to the 
perihelion A, it is ſhown, in the ſame manner, that the times would be pro- 
portional to BY + SR, which in this caſe is the mean anomaly, the true 
anomaly being the angle BSP. Hence, from the true anomaly given, we ma 
eaſily find the mean anomaly. For let 2O be to SO, as 57,29578 to B; and, 
the number 57,29578 expreſſing, in degrees and decimal parts of a degfee, an 
arc equal to the radius, B expreſſes an ate equal to 8 O, in degrees and decimal 
parts of a degree. And, becauſe SO or Bisto S R, as O to QA, that is 
as radius to the ſine of the angle SOR or BOY, let radius be to the fine of 
the arc BY, as B to D, and the quantity D will expreſs, in degrees and decimal 
parts, an arc in the periphery B AA, equal to the line SR; and thence the arc 
BY + $R, or the are 142 — 8 R, proportional to the time, is given. 

For inſtance, in the orbit of Mars, the eccentricity is to the mean diſtance, 
as 14100 to 152369; and S O is to O Q in the ſame proportion. The logafithm 
of the arc B = SO is , 7244446: and, ſuppoſing the true anomaly BS P, 
which is given, to be ſuch, that the arc BY, cut off by the perpendicular 
A, which is called the anomaly of the eccentric, is one degree; add the log. 


ſine of one degree to the log. of B, and the ſum 8, 9662999 is the log. of the 1 

number o, ogz 333, which expreſſes the arc D = SR. Therefore the mean | 

anomaly, or the arc BY SR, is 1,092533 = I? 5 33 In like manner 

we may 1 on any other ſuppoſition of the true anomaly. f 
See 


eills Introduction to Aſtronomy, Lect. XXIII, and XXIV.; where 
there is alſo a direct method of finding the true anomaly from the mean: and 
where Kepler's Problem; the Theory of Ward and Bullialdus; and the former 
part of the following Scholium, are illuſtrated. 
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(5) 267. If a planet moves from the perihelion A towards the aphelion B, it Plate XV. 
appears from Prop. XXXI. and note 266. that, if 4 is the anomaly of the Fig; 115. 
eccentric, and S F is a perpendicular ler fall from the focus S to the radius O, 
the difference between A N and SF is proportional to the area 4 P S, or the time. 
Therefore if the arc AN is proportional to the time, that is, if AN is to the 
whole periphery cf the circle, as the given time to the whole periodical time, 
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1 . B be found, which may be to. an angle of 57, 29578 degrees, 
Bodies. Which an arc equal to the radius ſubtends, as S H, the diſtance 


ſine of the angle 40 . E to radius, and G to 


of the foci, to A By the diameter of the ellipſis: then alſo a 
4 nll I certain 


COMMENTARY. 


the arc V is equal to SF, Let 49, the anomaly of the eccentric, be de- 
termined nearly, as in Keill's Aſtronomy, Lect. XXIII. or by any other method: 
then, the time or A N being known, N2 = SF is allo known. Becauſe the 
number 457,29578 expreſſes, in degrees and decimal parts, an arc equal to radius, 
let 2O be to SO, as 57,29578 to B, and the quantity B will expreſs an arc, or 
an angle the meaſure of an arc, in the periphery 4B, equal to SO. Let L. 
be to radius in the ſame ratio inverſely ; that is, let S O be to QO, as R the 
radius to L, then A0 = . But, from fimilar triangles, $0 : $7: 
20: AR; therefore, let radius be to the fine of 20 4, as B is to D, and 
the quantity D will expreſs an arc, or an angle the*meaſure of an arc, in the 
periphery, equal to S F: and D will be equal to N, if the point P and 49, 
are accurately taken: if not, let Nz = D. The point u will fall either above 
or below the point Q, according as N is leſs or greater than D. Let 9 4 
be taken to-2n, as OQ toOO2 — OF OA 2 75 AY D, becauſe 


of che ſimilar triangles O R, SOF: and ſubſtituting . for O, we 


„ & 
find Qq: Qn# :: _— 2 eee — ALS: :: L: L — Cos. 
40 when the angle 40 is leſs. than a right angle. But if the angle 
40 W is greater than a right angle, we find g: An:: L: LI Cos. 
40 T for, ſince the Cos. 40 N, or RO decreaſes continually as 4O 2, 
approaches to a right angle, and when 40 & becomes a right angle, is 
equal to nothing, and after that becomes negative; it is manifeſt, that if 
the ſign of RO is negative, when 40 is leſs than a right angle, it muſt 
be * when 40 Q is greater than a right angle; and the contrary, But 
ſince Q = AN— AQ + N n, let the angle AON be N, and the angle 
ZO N- AOA D. Hence if the arc 2g, or the angle 20 fg is called 
E, the angle E will be to the angle NY — A0 A D, as Lis to L + Cos. 
10 It now, inſtead of AQ, we take a more accurate arc 44, or angle 
AOY + E, and proceed as in the former arc 4 by taking F to B, as the 

— 402 — EN F, as I. 
to L + Cos. 40 A E, we find a more accurate arc, ſubtending an angle 
AONQ2 + E + G. In like manner, we may find a ſtill more accurate are, ſub- 
tending an angle 140 + E +G +17+&Sc. And thus we may approach 
indefinnely to the true are. . el we 
3 method 1s illuſtrated by particular examples in Keill's Aſttonomy, Lect. 
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certain length L, which may be to the radius, in the ſame ratio B © \y K 
inverſely. Which being once found, the problem is ſolved by Cv— 


the following analyſis. By any conſtruction, or by conjecture, 
let the place of the body P be known, very near to its true 
place p. And, having let fall the ordinate P R on the axis of the 
ellipſis, from the proportion-of the diameters of the ellipſis, the 
ordinate R Tof the circumſcribed circle A2 B will be given; 
which is the fine of the angle 40 Q, AO being the radius, and 
which cuts the elliplis i in P. It is ſufficient to find that angle 
by a rude calculation in numbers, near the truth. Let alſo the 
angle proportional to the time be known ; that is, the angle 
which is to four right ones, as the time in which the body de- 
ſcribed the arc Ap, to the time of one revolution in the ellipſis. 


Let that angle be M Then alſo let an angle D be taken to the 


angle B, as that fine of the angle 40 to radius; and an angle 

E to the angle V- A02 + D, as the length L is to the ſame 
length L diminiſhed by the coſine of the angle 40 2, when that 
angle is leſs than a right angle; increaſed thereby, when greater. 
Then.let an angle F be taken to the angle B, as the ſine of the 
angle AO2 + E is to radius; and alſo an angle G to the angle 
N A0 — EN F, as the length L is to the ſame length di- 
miniſhed by the coſine of the angle 40 2 + E, when that angle 
is leſs than a right angle; increaſed thereby, when greater. 
Thirdly, Let an angle H be taken to the angle B, as the ſine of 
the angle A0 A＋- E +6G to radius; and an angle / to the angle 
N—-A02—E—G+H, as the length L is to the ſame length 
diminiſhed by the coſine of the angle AO2 + EAG, when 
that angle is leſs than a right angle; increaſed thereby, when 
greater. And thus we may proceed indefinitely. Laſtly, let 
the angle 40 be taken equal to the angle 40 X +E + G+ 
1+ Sc. And from its coſine Or, and the ordinate pr, which is 
to its ſine , as the leſs axis of the ellipſis to the greater axis, 
the correct place p of the body will be had. If ever the angle 
N- 402+ D happens to be negative, the fign + of the 
angle E ought to be every where changed into —, and the ſign 
— into +. The ſame thing is to * underſtood of the ſigns of 


the 


. 4 as, 
— 


Plate XIV. 


Pig. 116. 


Plate XIV. 


Fig. 116. 
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- the angles G and I when me angles N- AON—-E AF. 20d 
N AQQ2—& —6 + F come out negative. But the indefinite 
ſeries AO2 +E+6G+1+E&. converges ſo very faſt, that it 
will hardly ever be neceſſary to proceed further than to the 
ſecond term E. And the galculus is founded upon this theorem, 
that the area 4 PS is as the difference between the arc 4. and 
the right line, let fall from the eue * perpendiularly upon 
the radius O . 


By a calculus not unlike, the prdbletn is ſolved in the hyper- 
bola. Let its centre be O, its vertex 4, its focus 5, and the 
aſymptote O K. Let the quantity of the area to be cut off, pro- 
portional to the time, be known. Let that be 4; and let a con- 
jecture be made concerning the poſition of the right line S, 
which may cut off an area APS very near the true area. Let 
be joined; and from 4 and P let AJ, PK be drawn to 
the aſymptote, parallel to the other aſymptote ; and, by a table 
of logarithms (i), the area A7XP will be given, and the area 
O PA, equal ta it; which, ſubdued from the triangle O PS, 
will leave the area cut off 4PS. By dividing 2 4258 — 2 4, or 
24 - 9g APS, double the difference of the area A, which was 
to be cut off, and the area A P & which is cut off, by the line SYN, 
which is let fall from the focus & perpendicular to the tangent 
F P; the length of the chord P:2 will be obtained. But let that 
chord P be inſcribed between 4 and P, if the area A PS, 
which is cut off, is greater than the area 4 to be cut off, but 
towards the contrary fide of the point P, if otherwiſe; and'the 
n Till be ms place of the body more accurately. And, by 


repeating 
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8 i) 268. For, . fram the centre O of an hyperbola we take for the abſcifſas 
portions of one of the aſymptotes Q.7, OK, and draw the ordinates 47, P K 
parallel to the other aſymptote, of which 4 7 meets the vertex in A, the ordi- 
nates are reciprocally proportional to the abſtiſſas; and the area, contained 
between the aſymptote, the hyperbola, the ordinate A 7 drawn from the vertex, 
and any other ordinate P N, is the logarithm of OK, the abſcifla of the ordinate 
PK: as appears from the properties of the conic ſections. Calling therefore O / 
unity, find in numbers any ordinates as OK Cc. and the logarithms of theſe 
numbers, found by the tables, will expreſs the values of the areas AIX Pe. 
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repeating the evnnpuration, the place wilt be found with greater B 0.0 K 


accuracy continually. walls | vl 
And, by ſuch computations, the problem is ſolved univerſally 9 
by analyſis. But the particular calculus which follows, is better 
adapted to aſtronomical purpoſes. 40, OB, OD being the 
ſemiaxes of the ellipſis, and L its latus rectum, and D the differ- 
ence between the leſs ſemiaxis O D, and L half the /atus rectum; 
find;an angle Y, whoſe fine may be to radius, as the rectangle 
under that difference D, and AO + 0 D, half the ſum of the 
axes, to the ſquare: of the greater axis 4B : then an angle Z, 
whoſe ſine may be to radius, as double the rectangle under 8 H. 
the diſtance of the foci, and that difference D, to three times the 
ſquare of the greater ſemiaxis 40. Theſe angles being once 
found, the place of the body may afterwards be thus deter- 
mined. Take an angle T7. proportional to the time in which the + 
arc BP was deſctibed, or equal to what is called the mean a 
motion; and an angle V, the firſt equation of the mean motion, 
to the angle Y, the greateſt firſt equation, as the ſine of double 
che angle Tis to radius; and an angle J, the ſecond equation, to 
the angle Z, the greateſt ſecond equation, as the cube of the 
ſine of the angle T is to the cube of radius. Take the angle 
B HP, the mean equated motion, equal either to 7+ X +7, 
the ſum of the angles 7. V, T if the angle Tis leſs than a right 
angle, or to the difference 7+ X — 7, if that angle J is greater 
than one. right angle, and leſs than two: and if H meets the 
ellipfis in P, the right line SP will cut off the area BSP, nearly 
proportional to the time (. This operation ſeems to be expedi- 
tious 
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(k) 269. Let AD PB be the ellipſis deſcribed by the planet, S the focus in plate xlv. 
which the ſun is placed, H the other focus, from which drawing H 7, ſo that Fig. 117. 
the angle BH may be the mean anomaly, or may be proportional to the time, 
the point p, in which the line H cuts the ellipſis, is nearly the place of the 
planet, if the eccentricity of the orbit is not very great: the point H is therefore 
called the centre of equal motion. But, if the orbit is not nearly circular, upon 
AB, the greater axis, deſcribe the circle 42 B, and through p erect Qp R, 

| | perpendicular 
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184 MATHEMATICAL PRINCIPLES 
gf the tious enough ; becauſe it is ſufficient. to find only the two or 


Bodies, three firſt figures of the angles / and J, which are very ſmall, 
L=— and taken if you pleaſe in ſeconds. But it is likewiſe ſufficient- 
ly accurate for the theory of the planets. For, even in the orbit 

of Mars, whoſe greateſt equation of the centre amounts to ten 


degrees, 
COMMENTARY. 


perpendicular to the axis, and meeting the circle in 2. Join, Q, and the 
point P, in which it cuts the ellipſis, will be more accurately the place of the 
planet, . anſwering to the mean anomaly” B HI. Taking then an angle 7, or 
B HJ, proportional to the time in which B P ͤ is deſcribed, the angle IH P is 
to be added or ſubſtracted, in order to find B HP, the mean equated motion. 
This angle 7H P is here ſuppoſed to conſiſt of two parts, Y and A, of which / 
is called the firſt equation of the mean motion, and & the ſecond equation, Theſe 
are each determined, in that point in which they are greateſt, by the proportions 
following; as A B* is to D Xx, AO + © D, ſo is radius to a fourth proportional, 
which will be the ſine of the firſt equarion in its greateſt ſtate; and this greateſt 
firſt equation is called 7 : again, as 3 402 is to 2 DX S H, ſo is radius to a 
fourth proportional, which will be the fine of the ſecond equation in its greateſt 
ſtate z and this greateſt ſecond equation is called Z: for, erecting an ordinate 
SM from the focus &, and from M an ordinate Mm to the leſs axis O D, from 
the nature of the ellipſis, & M or its equal O n is equal to 4 L'(164.);z and Dm, 
the difference between DO and = L, is the quantity which is called D. The 
greateſt equations and Z being thus found, the equations in other degrees are 
determined from theſe proportions 3 as radius is to the fine of double the angle 
BH 7, fo is the ſine of the firſt greateſt equation, or the ſine of Z, to the fine of 
V, the firſt equation of the mean motion ſought ; or, (becauſe the angles are 
ſmall, and nearly proportional to their ſines,) ſo is the angle 7 to the angle. 
again, as the cube of radius is to the cube of the fine of the mean anomaly, or 
ot the angle T given, ſo is Z to A, which is the ſecond equation ſought. The 
angles V and A, thus found, are to be added to, or ſubſtracted from the angle 7 
proportional to the time given, in order to find the angle B H P, which gives the 
true and correct place of the body P. When the angle 7 is leſs than a right 
angle, the whole angle IHP=FL + X 1s poſitive, as appears from the con- 
ſtruction; and the mean equated motion 5 H is equal to T + Y + X. When 
T 1s greater than a right angle, and leſs than two right ones, the angle IH P = 
X: for it is evident from the proportions found, that Y increaſes till 
T = 45, and is then the greateſt; when 7 = 90, Y O; when T is greater 
than 0, and leſs than 180, is negative: but & increaſes till T = go, and 
is then greateſt; after which, A is continually diminiſhed, till 7 = 180*, and 
then becomes nothing: conſequently, when T is greater than a tight angle, and 
leſs than two right ones, the angle BHP =T + X —Y. In like. manner it 


appears, that in the third quadrant the angle BY P-=T + V &: and in the 
fourth quadrant the angle BHP =T —/ — A. 
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degrees, the error will hardly exceed one ſecond. But the angle B 
B HP of the mean motion equated being found, the angle BSP CL 


of the true motion, and the diſtance SP, are eaſily obtained by 
a well known method (/. | 


Hitherto concerning the motion of bodies in curve lines. But 
it is poſſible that a moving body may deſcend or aſcend in 2 
right line; and I now go on to explain what relates to motions of 
this kind. | 


COMMENTARY. 


() 270. Having found the angle B H proportional to the time, or the 
mean anomaly, the angle BSP, which is the true anomaly, and S, the 
diſtance of the planet from the ſun, may be found by the method of Dr. Ward, 
as follows, Let H be produced to E, ſo that  E may be equal to A B, the 

reater axis of the orbit; which, from the nature of the ellipſis, is equal to 
HP + SP; conſequently PE = SP; and, in the triangle S PE, the angle at 
E is equal to the angle at $; and the exterior angle HPS, which is equal to the 
two at E and S, is double the angle at E: but, in the triangle E AS, the ſides 
EH and S, and the angle E HS, the complement of B HP to two right 


angles, being given, the angle at E is known, and alſo its double SP HJ: and 


the exteriour angle B H being equal to the ſum of the two angles at P and S, 
the angle P S H, the true anomaly ſought, is equal to the difference of BH, 
the mean anomaly given, and SP H which is found. And ſince, in the triangle 
2 H, the fide & H, and all the angles are known, the diſtance S P may alſo be 
ound. | 
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8 SECTION VII. 
Concerning the refilinear aſcent and deſeent of Bodies. 


PROPOSITION XXII. PROBLEM XXIV. 


: 11 Suppoſing that the centripetal force 1s reciprocally proportional to the 
Otlon 


Bodies. ſquare of the diſtance of places from the centre, it is required to define 
—— 8 the ſpaces, which a body, by deſcending in a right line, deſcribes in 
| given times. | 


pie XIV. Caſe 1. I F the body does not fall perpendicularly, it will de- 
Fig. 118. ſcribe (by Corol. 1. Prop. XIII.) ſome conic ſection, 
whoſe focus is placed in the centre of force; Let that conic 
ſection be ARPB, and its focus S. And firſt, if the figure is an 
ellipſis (n); upon AB, the greater axis thereof, let the ſemi. 
circle A Þ:B be deſcribed, and let the right line DP C paſs 
through the falling body perpendicular to the axis, and D'S, PS 
being drawn, the area ASD will be proportional to the area 
ASP, and therefore alſo to the time. The axis AB remaining 
the ſame, let the breadth of the ellipſis be continually dimi- 
niſhed, and the area 45 D will always remain proportional to 
the time. Let that breadth be diminiſhed indefinitely (u); and 


the 
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(n) 271. If the velocity at C, with which a body deſcends in the right line 
CS, is to the velocity in a circle at the ſame diſtance from the centre of force 
CS, in a leſs ratio than the ſquare root of 2 to 1, the body may be conſidered 
as deſcending in an ellipſis, whoſe breadth is indefinitely diminiſhed. If that 
velocity is to the velocity in a circle at the ſame diſtance in a greater ratio than 
the. ſquare root of 2 to 1, the right line muſt be conſidered as an hyperbola. 
IFthe- velocity at C is to the velocity in a circle at the ſame diſtance, as the 


ſquare root of 2 to 1, the right line muſt be taken for a parabola (Prop. XVI. 
Cor. 7.). | | 


(n) 272. If the principal /atus rectum of any of the conic ſections is con- 
tinually diminiſhed, ſo as to become leſs than any aſſignable quantity, while 


the 
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the orbit A PB in this caſe coinciding with the axis 4B, and the BOOK 
focus S with the extremity of the axis B, the body will deſcend 3 
in the right line AC, and the area ABD will become propor- 
tional to the time. Therefore the ſpace 4 C will be given, which 

the body deſcribes in a given time by falling perpendicularly 

from the place 4, if only the area 435 D is taken proportional to 

the time, and DC is let fall from the point D perpendicular to 

the right line 4B. Which was to be found. | 


Caſe 2. If the figure R B is an hyperbola, on the ſame prin- pte Iv. 
cipal diameter A B let the rectangular hyperbola B E O be de- Fig. 15. 
{cribed : and becauſe the areas CSP, CBfP, S PV are ſeverally 
to the ſeveral areas CSD, CBED, SDEB in the given ratio of 
the altitudes CP, CD; and the area SPfB is proportional to 
the time, in which the body P will move through the arc PF B, 
the area SD EB will be alſo proportional to that time. Let the 


latus rectum of the hyperbola RP B be diminiſhed indefinitely, 
the 


COMMENTARY. 


the tranverſe axis remains the ſame, the perimeter of the conic ſection ap- 
proaches nearer to the tranſverſe axis, and the two foci approach nearer to the 
extremities of the tranverſe axis, than by any difference that can be aſſigned. 
For, by the nature of the ellipſis and hyperbola (162.), the tranſverſe diameter 
is to the principal /atus refFum, as the rectangle under the abſciſſas made by an 
ordinate, to the ſquare of the ordinate: and, in the parabola, the principal latus 
rectum is to an ordinate, as the ordinate to the abſciſſa: therefore the latus reFum 
being continually diminiſhed, the greater axis being the ſame, the ordinate is 
alſo continually diminiſhed. 62S 

273. Alſo, in the ellipſis, the rectangle BS x S A, under the parts of the 
tranſverſe axis made by the focus, is equal to the rectangle under the tranſverſe 

axis, and one fourth part of the principal /atus redtum; therefore, the Iatus 
rectum being continually diminiſhed, while the tranſverſe axis remains the ſame, 
B & is alſo continually diminiſhed. In the parabola & B is equal to one fourth 
part of the principal /atus refum, in the hyperbola, leſs. 

274. Hence, whatſoever has been demonſtrated in the third ſection, concern- 
ing the velocities and periodical times of bodies, revolving in any of the conic 
ſections, is applicable to the aſcent and deſcent of bodies in right lines, ſup- 
poling them to be agitated by forces, which vary in the inverſe duplicate ratio 
of their diſtances from the centre of force, For thoſe things did not depend 


upon the breadth of the orbits, but were the ſame, whether that was greater, or 
teſs, or none at all. 


Bb2 
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1,27 the the tranverſe diameter remaining the ſame; and the arc PB will 
Bodies. coincide with the right line CB, and the focus & with the vertex 
— B, and the right line & D with the right line BD. Therefore 
the area BD E B will be proportional to the time in which the 

body C, by a EE deſcribes the line CB. Which 


Was to be found. 


Plate XIV. Caſe 3. And, by a like argument, if the figure RPB is a 
5: 7 parabola, and with the ſame principal vertex B another parabola 
BED is deſcribed, which may always remain given, while the 
former parabola, in whoſe perimeter the body P is moved, its 
latus rectum being diminiſhed and reduced to nothing, coincides 
with the line CB; the parabolic ſegment B DE will be pro- 
portional to the time, in which that body P, or C will deſcend to 

the centre S, or B. Which was to be found. 


; 


' PROPOSITION XXXIII THEOREM IX. 


Plate XV, Suppoſ ng what has been already found, T ſay, that the velocity of a falling 
* body, in any place C, is to the velocity of a body deſcribing a circle, 
about the centre B, at the interval B C, in the ſubduplicate ratio of 

AC, the diſtance of the body from the remoter vertex A of the circle 

or rectangular e to + AB the principal ſemidiameter of the 


figure. 


Let AB, the common diameter of both figures RPB, DE B, 
be biſected in O; and let the right line PT be drawn, which 
may touch the figure RPB in P, and may likewiſe cut that 
common diameter AB (produced if neceſlary) in 7; and let SY 
be perpendicular to this right line, and 5 & to this diameter; 
and let L be ſuppoſed to be. the latus rectum of the figure RB. 
It is evident by Corol. 9. Prop. XVI. that the velocity of a body, 
moving in the line R P B, about the centre S, in any place P, is 
to the velocity of a body, deſcribing a circle about the ſame 
centre, at the diſtance SP, in the ſubduplicate ratio of the rect- 
angle LX SP to SY*. But, by the properties of the conic 
ne, Wy B is to C F., as 240 to L (162), and therefore 
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20 P x AO. 
—JHCB 


other in the ſubduplicate ratio of 


| em N — to SY*, More- 
over, by the properties of the conic ſections, CO is to BO as BO 
to TO; and, by compoſition or diviſion, as CB to BT. Whence, 
by dividing or compounding, BO - or + CO is to BO, as CT to 
BT, that is AC is to AO, as CP to BY; and therefore 
2 © 22 is equal to 2 N „la Ge the 
breadth of the figure RP be now diminiſhed indefinitely, ſo 
that the. point P may coincide with the point C, and the point $ 
with the point B, and the line S P with the line BC, and the line 
SY with the line BY; and the velocity of the body, now de- 
ſcending perpendicularly in the line CB, will be to the velocity 
of a body deſcribing a circle about the centre B, at the diſtance 
BSEXACKSE 
ANC 

is (neglecting the ratios of equality of SP to BC, and B to 
$Y*) in the ſubduplicate ratio of 4 C to 40 or 2 AB (. Which 
was to be demonſtrated. | 


BC, in the ſubduplicate ratio of 


Corol. 
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(e) 275» Otherwiſe. The velocity in any conic ſection is to the velocity 


in a circle at the ſame diſtance, in the ſubduplicate ratio of the diſtance from 
the remoter focus, to half the greater axis (200.); that is, when the foci coincide 
with the extremities of the tranſverſe axis, in the ſubduplicate ratio of AC to 
AB. Which was to be demonſtrated. | 

276. In the parabola this ratio becomes the ſubduplicate ratio of 2 to 1; but 
the velocity in a circle, at the diſtance of 4 B C, is to the velocity in a circle at 
the diſtance CB in the ſame ſubduplicate ratio of 2 to 1; therefore, the 


velocity of a falling body in C is equal to the velocity in a circle at the diſtance 


of $ FLO. 

277. The velocity of a body, deſcending in a right line, becomes equal to 
that in a circle, at the ſame diſtance from the centre 5, when AC, the ſpace 
deſcribed by the falling body, is equal to + AB: and this body, projected up- 
oy with the velocity acquired, will aſcend to A, the, ſame height from which 
it fell, 


278. In 


is equal to L. Therefore thoſe velocities are to each 
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Of the 


Motion of 
Bodies. 


N Carol. 2. A body, revolving in any circle at a given diſtance 


Plate XV. 
Fig. 123. 


MATHEMATICAL PRINCIPLES 


Corol. 1. The points B and & coinciding, TC is to T'S, as AC 
to 40. | 


from the centre, by its motion turned upwards will aſcend to 
double its diſtance from the centre. 


PRO- 
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278. In general, if a body, revolving in any conic ſeftion BP RA, is pro- 
jected upwards in a right line, with the ſame velocity, which it had in the conic 
ſection at P, it will aſcend to a diſtance from the centre of force, equal to the 
greater axis of the figure. For, (211.) the tranſverſe axis of the conic ſection is 
the ſame, in whatever direction the projection is made, the velocity, the centri- 
petal force, and the diſtance being given: let the projection be made in the line 
P C, the conic ſection, in that ca coincides with S C, the tranſverſe axis, which 
remains equal to BA. : 

279. Hence, if a body is projected upwards from P, in a right line P C, with 
a velocity which is to the velocity in a circle at the ſame diſtance S P, in a leſs 
ratio than the ſquare root of 2 to 1, and a is to þ in the ratio of thoſe velocities, 

* 8 


take PC = SPX Ig 1 Sc S S x—= 8 and the point C 


will be the greateſt height to which that body can aſcend from the centre (20). ); 
and its velocity at any intermediate point will be as / F and thence may be 


determined (198.). 

280. If the velocity, with which the body is projected upwards, is to the 
velocity in a circle at the ſame diſtance, as the ſquare root of 2 to 1; that is, if 
the velocity is equal to that in a parabola at the ſame diſtance, the body will 
aſcend indefinitely, and never return: and the cer ==" in aſcending and deſcend- 
ing will be reciprocally in the ſubduplicate ratio of the altitude 8 P. 

281, If the velocity of projection is to the velocity in a circle, at the ſame 
diſtance, in a greater ratio Ts the ſquare root of 2 to 1; and therefore is ſuch 
a velocity as would carry a body in the curve of an hyperbola, that body will 
have a velocity more than ſufficient to make it aſcend indefinitely : ſo that if 


P $q is produced on the other ſide of S, till Pq = S P x < 


42 — 26* 
ty in P will be to the ultimate velocity, or the limit, to which, as the body 
aſcends continually, the velocity always approaches, as // Pq to PS; or 
as the perpendicular let fall from & upon the aſymptote of the hyperbola, to 
the perpendicular let fall from & upon the tangent at the point P. 


„the veloci- 
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If the figure BED is a parabola, T fay, that the velocity of a falling Fog 
body, in any place C, is equal to the velocity, with which a body de- Fig. 122. 
ſeribes a circle umformly, about. the centre B, at half the interval BC. 


For the velocity of a body, deſcribing a parabola RB about 
the centre 8, in any place P, is (by Corol. 7. Prop. XVI.) equal 
to the velocity of a body, uniformly deſcribing a circle about 
the ſame centre S, at half the interval SP. Let the breadth C 
of the parabola be diminiſhed continually, ſo that the parabolic 
arc Pf B may coincide with the right line CB, the centre S with 
the vertex B, and the interval S P with the interval BC, and the 
propoſition will be evident. Which was to be demonſtrated. 


PROPOSITION XXV. THEOREM Xl. 


The ſame things being ſuppoſed, I ſay, that the area of the figure DES, pate xv. 
deferibed by the indefinite radius SD, is equal to the area, which a "is: . 
body, with a radius equal to half the latus rectum of the figure * 


DES, deſeribes in the ſame time, by uniformly revolving about the 
centre 8. 


For conceive the body C, in a very ſmall part of time, to de- 
ſcribe in falling the indefinitely little line Ce; and in the mean 
time another body K, by uniformly revolving about the centre 
S in the circle O Xk, to deſcribe the arc Xk. Let the perpendi- 
culars C D, ed be erected, meeting the figure DE & in D and d. 
Ler S D, Sd, S &, Sk be joined; and let Dd be drawn, meeting 
the axis AS in T, and let S be drawn perpendicular to it. 

Caſe 1. If the figure DES is a circle or a rectangular hyper- pate xv. 
bola, let its tranverſe diameter A & be biſected in O, and 80 will Fis- 124. 
be half the /atus rectum. And becauſe 70 is to T'D, as Cc to D d, 
and 7D to TS, as CD to S V, ex quο ,, C will be to T S, as CD x 
Ce to SY x Dd. But (by Corol. x. Prop. XXXIII.) TC is to T'S, 
as A C to A0; if the limits of the varying ratios of the lines are 
taken, while the points D, d continually approach to each other. 
Therefore ACisto 40, or SK, as GD x CctoSY x Dd. More- 


I over, 
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over, che velocity of the deſcending body in & is to the velocity 
of a body, deſcribing a circle, about the centre S, at the inter- 


val $ C, in the ſubduplicate ratio of AC to AO, or S K (by Prop. 


XXXIII.). And this velocity 1 is to the velocity of a body, deſerib- 
ing the circle OK, in the ſubduplicate ratio of S K to SC (by 
Corol. 6. Prop. IV.); and ex quo, the firſt velocity is to the laſt, 


that is the line Cc to the arc K 4, in the ſubduplicate ratio of 40 


to SC, that is, in the ratio of AC to CD. Wherefore, CD x Ce 
is equal to AC x Kk; and conſequently, AC is to SA, as AC x 
Khis toSY x Dd; and thence, SKx Kkis equal to SY x D d, 
and :SKx K is equal to 5SY x Dd; that is, the area K S is 
equal to the area SD d. Therefore, in every moment of time, 
particles of two areas K S, and S Dd are generated, which, if 
their magnitude is diminiſhed, and their number increaſed in- 
definitely, obtain the ratio of equality; and , conſequently, (by 


Corol. Lem. IV.) the whole areas generated together are always 


equal. Which was to be demonſtrated. 


Caſe 2. But if the figure DES is a parabola, we ſhall find, as 
above, CD x Cc to SY x Dd, as TC to TS; that is, as 2 to 1; 


and therefore that 4 CD x Cc is equal to: SY x Dd. But the 


velocity of a falling body in C is equal to the velocity, with 
which a circle may be uniformly deſcribed, at the interval £ SC 
(by Prop. XXXIV.). And this velocity 1s to the velocity, with 
which a circle may be deſcribed with the radius S K, that is, the 
little line Cc is to the arc K &, (by Corol. 6. Prop. IV.) in the 
ſubduplicate ratio of SK to SC that is, in the ratio of S & to 
CD. Wherefore 2 S KX XK ki is equal to CD x Cc, and conſe- 


quently equal to 2 8 T Dd; that is, the area K S“ is equal to 


the area SD d, as above. Which was to be demonſtrated. 


PROPOSITION XXXVI. PROBLEM XXV. 


To determine the times of tf the deſcent of a body, falling from a given 
+ place A. 

Upon the diameter AS, the diſtance of the body from the 

centre at the beginning, deſcribe the ſemicircle ADS, and alſo 

the ns O KH, equal to this, about the centre S. From 


* 
_— 7 «Aa a 1 i «4c . 
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make the ſector OSN equal to the area AS D. It is evident, by \ . , 
Prop. XXV. that the body in falling will deſcribe the ſpace 4 C 
in the ſame time, in which another body, by uniformly revoly- 

ing about the centre 5, can deſcribe the arc O K . Which 
was to be:done.; i N f 
5D B. 9165 * 


IST Wing: ng 4 O17 10 | | 
PROPOSITIO.N XXVII. PROBLEM XXVI. | 


Tv defint' the times' of the aſcent or deſcent of a body, projected upwards 
oe downwards from a given place. 


Let the body go from a given lace G, in the direction of the Figs XV. 
line GS, with any velocity. Take GA to: AS, in the duplicate 
„ pre tro er. ratio 
* c Tf }* * { 4 / - : | | 
i: COMMENTARY.” 


(p) 282. The whole time of. a body's aſcent or deſcent along any right line 
SC, ſuppofing it to be acted upon by the centripetal force alone, is equal to 
half the periodical time of a body revolving in a circle, at the diſtance of + & C. 
For, a body, aſcending or deſcending through the whole line SC, may be con- 
ſidered as performing half a revolution in an ellipſis, whoſe latus reFum is inde- 
finitely diminiſhed, . whoſe greater axis is SC, and in which the whole time of 
aſcent and deſcent is equal to the periodical time in a circle, whoſe diameter is' 

28 f. Since the periodical time of a body, deſcribing a circle, at the diſtance 
SC, is to the periodical time in a circle, whoſe radius is 2 §S C, in the ſeſquipli- 
cate ratio of 2 to 1, or as 2 & V2 to I; and ſince the time of the deſcent of 
a body, falling from reſt from ( to S, ſuppoſing that body to be acted upon by 
the centripetal force alone, is half the; periodical time in a circle, whoſe radius 
is 2 8 Cg it follows, that the periodical time in a circle, whoſe radius is SC, is 
to the time of the rectilinear deſcent from C to &, as 4x 2101. 

284. Hence, ſuppoſing the orbits of the planets to be circular, from their 
periodical times being known, we may find the times, in which any of the 
primary planets would fall to the ſun, or any of the ſecondaries to their reſpective 
primaries z- if, being deprived of all projectile motion, they deſcend by their 
reſpective gravities alone. For inſtance ; the periodical time of the earth being 
365,256; days, nearly, we find 4 x / 2 to 1, as 365,255; to. 64, 3699; there- 
fore, if the earth was deprived of all its projectile motion, it would deſcend to 
the ſun in 64,5699 days, nearly. Again, the periodical time of our moon being 
27 days, 7 hours, and 43 minutes, or 39343 minutes, we find 4 X . 2 to 1, 
that is 565685 to 100000 nearly as 39343 to 6955,5, which is equal to 4 days, 
19 hours, 55 minutes, 30 ſeconds, in which time the moon, deprived of its 


projectile motion, would fall to the earth. 
Cc 
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ot we ratio of this velocity to the uniform velocity in a circle, with 
eo which the body may revolve about the centre 8, at the given 
— interval SG. If that ratio is the ſame as of the number 2 to r, 


the point A is indefinitely remote; in which cafe a parabola is 
to be deſcribed with the vertex. S, the axis: 86, and any /atns 
rectum. This appears by Prop. XXXIV. But if that fatid as leſs 
or greater than the ratio of 2 to 1, in the former caſe a circle, 
in the latter a rectangular hyperbota, is to be deſcribed upon 
the diameter S4. This appears by Prop. XXXIII. Then, with 
the centre S, and an interval equal to half the /atus rectum, let the 
circle Hk K be deſcribed; and let the perpendiculars G.7, CD 
be erected, at the place G of the. deſcending or aſcending body, 
and at any other place C, meeting the conic ſect ion, or the circle 
in Tand D. Then SJ, SD being joined, let the ſectors HS XK, 
HS be made equal to the ſegments S ETS, SE DS; and by 
„ Prop. XXXV. the body G will deſcribe the ſpace GC, in the 
ſame time, in which the body & can deſcribe the arc X Which 
was to be done. | | 5 5 150 41 


PROPOSITION XXXVIII. THEOREM XII. 
Suppofing that the centripetal force is proportional to the altitude or the 
diftance of places from the centre, IT ſay, that the times, the velocities, 
and the ſpaces deſcribed by falling bodies, are proportional to the arcs, 
the right fines, and verſed ſines, reſpettively, © * 


! : 


Plate xvi, Let the body fall from any place 4, in the right line AS; and, 
Fig. 128. about the centre of force S, with the interval 4S, let AE the 
quadrant of a circle be defcribed ; and let CD be the right ſine 
of any arc AD; and the body 4, in the time 4D, will deſcribe 
the ſpace 4 C in falling, and in the place C will acquire the ve- 
locity CD. | 
 _ This is demonſtrated in the ſame manner from Propoſition X. 
in which Propoſition XXXII. was demonſtrated from Prapoſition 
XI. (. 


8 Coral. 

. COMMENTARY. 
Plate XVI, (g) 285, The centripetal force being directly as the diſtance from. the centre, 
Fig. 129. if the body does not deſcend in a right line A'S, it muſt deſcribe. an elli 55 
; | | | whowe 


2 
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Corol. 1. Hence, the times are equal, in which one body, fall- B 00 K 


7 


ing from the place 4, arrives at the centre S, and another body 
reyolving deſcribes the quadrantal arc ADE. 

Corol. 2. Wherefore all the times are equal, in which bodies 
fall from any places to the centre. For all the periodical. times 
of revolving bodies (by Corol. 3. Prop. IV.).are equal. 


PROPOSITION XXXIX. PROBLEM XXVII. 


Suppoſeng a centripetal force of any kind, and the quadratures of curvi- 
linear figures being granted; it is required to find both the velocity of a 
body, aſcending or deſcending in a right line, in the ſeveral places, and 
alſo the time, in-which it will arrive at any place: and the contrary. 


— 


Let the body E fall from any place A in the right line AD EC, late xvt. 


and from its place E let a perpendicular EG be always erected, 
propor- 


COMMENT AR x. 


whoſe centre is in the centre of force $ (174). Let APR be that ellipſis; and 
with the radius 4 $ deſcribe the quadrant of a circle AD E; and ſuppoſing the 
right line CP D to be continually drawn through the body P, perpendicular to 
AS, the area ASD is always proportional to the area 45 P, and therefore is 
proportional alſo to the time. Let the breadth of the ellipſis be continually 
diminiſhed, and the time, in which P deſcends in the line ACS, is ſtill pro- 
portional to the area AS P, chat is, to the arc 4 D. Again, if Cc is deſcribed 
with the velocity in C continued uniformly, that velocity is as the ſpace Cc 


directly, and the time Dd inverſely ; or as = x * becauſe of the ſimi- 
larity of the triangles D d, DSC: and, D & being given, the velocity in C is 
as the right ſine DC, the ſpace deſcribed being as the verſed fine AC, and the 
ame as the arg AD. | 

286. Hence, if a body deſcends in a common cycloid, acted upon by a force, 
which is directly as the diſtance from the middle point of the arc, through which 
it moves in performing a whole vibration, and a ſemicircle is deſcribed upon a 
diameter 2 A 8, equal to the length of that arc of the cycloid, the times, the 
velocities, and ſpaces deſcribed in the cycloid, will be proportional to the cor- 
reſponding arcs, right fines, and verſed {ines reſpectively. | 

287. if any number of bodies, let fall at the ſame time from different points. 
within the ſurface of the earth, are ſuppoſed to move freely towards the centre, 
they will all arrive at the centre in the ſame time; and, aſcending to diſtances 
on the other ſide, equal to thoſe from which they fell, they. will perform their. 
motions after the law of a pendulum in a cycloid. 


CC2. | - 


Fig. 130. 
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MATHEMATICAL TRAIN CI LRS 


proportional to the centripetal force in that place; tending to 
f 
the centre C: and let BFG be that curve line, which the point 


wy P continually touches. But, at che. yer beginning of the 


motion, let EG coincide with the Nene ee 4.5; and the 


velocity of the body, in any place E, will be as a right line, 
whoſe ſquare is equal to the curyilinear axeã 4. B GE. Which 
was to be found. 


Let E M be taken in EG, reciprocally proportional to the 
ſquare root of the area AB GE, and let JL M be that curve line, 
which the point M continually touches, and whoſe: afymptote i is 
the right line A B produced; and the time; in which the body 


in falling deſcribes the line AE, will be as the curvilinear area 
ABTV ME. Which was to be found. 


For, in the right line A E, let a very ſmall line DE be taken 
of a given length; and let DLF be the place of the line EMG 
when the body was in D; and, if the centripetal force is ſuch, 
that a right line, whoſe ſquare 3 is equal to the area ABGE, is as 
the velocity of the deſcending body, the area itſelf will be in the 
duplicate ratio of that velocity; that is, if for the velocities in D 
and E we write / and / V the area AB FD will be as VV, and 
the area 4B GE as VV ＋ 271 + TT; and, by diviſion, the area 
DFGE ezoVI+11 
DFGEas2VI+1I1, and therefore, —— BE 28 DE 
that is, if the limits of the Tatios of. thoſe 1 increaſing 


from nothing, 18 taken, the length D F is as the quantity 5 


and therefore al ſo as half that quantity 5. But the time, in 


which the body in falling deſcribes the ſmall line D E, is as that 
line directly, and the velocity / inverſely ;, and the force is as 
the increment 7 of the velocity directly, and the time inverſely; 
and therefore, if the limits of the ratios of the quantities in- 


creaſing from nothing, is taken, as LIM that is, as the length 


DF. Therefore a force, proportional to D F. or EG, cauſes the 
body to deſcend with a velocity, which 18 as "wr right line, 


_ whoſe 
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whoſe ſquare is equal to the area ABGE. Which was to be B 1 K 
demonſtrated ///. 


Moreover, ſince the time, in which any very ſmall line D E of 
a given length may be deſcribed, is- as the velocity inverſely, 
and therefore inverſely as the right line whoſe {ſquare is equal to 
the area ABFD; and ſince DL, and conſequently the naſcent 
area DLME, is as the ſame right line inverſely ; the time will 
be as the area DLM E, and the ſum of all the times as the ſum 
of all the areas; that is (by Corol. Lem. IV.) the whole time, in 
which the line AE is deſcribed, will be as the whole area 
ATV ME. Which was to be. demonſtrated (). 


Corol. 1. If P is the place, from which a body ought to fall, fo 
that, urged by any known and uniform centripetal force, (ſuch 
as gravity 15 commonly ſuppoſed to be) it may acquire a velo- 
city in the place D, equal to the. velocity, which another body, 
falling by any force, acquired 1 in the ſame place D; and, in the 
perpendicular DF, DR is taken, which may be to DF, as that 
uniform force to the other force in the place D; and the rect- 
angle PDR Vis completed; and the area 43 F is cut off, 
equal to that rectangle; A will be the place from which the 
other body fell. For the rectangle DRS E being completed, 


ſince 


3 — 


COMMENTARY. 


(r) 288. Otherwiſe. Let the ſpace deſcribed 4 E = x, the centripetal force 
EG = y: let the velocity, acquired in any point E, be called v, and the time 
of deſcribing any ſpace AE be called z. It is evident, that 5 the velocity 


VY 
generated in the time repreſented by 25 is as yz; and therefore is as —. Al- 


J 
ſo a, the ſpace generated in the time z, is as v2; and therefore £ is likewiſe as 
x * x 


* conlequently, — is as Tb and v as * = EG x DE: and the fluent 
9 


of vor — as the fluent of y, which is the area 45 GE; and conſequently 


v as a line, whoſe ſquare is the area AB GE. 
(s) 289, Since = is * — which 1s as = . which is as & x EN = 
DE Xx EM; z is as the fluent of DE x E M, which is the area 47 ME. 
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ſince the area ABFD is to the area DFGE, as V to 2, and 
therefore as :/ tor; that is, as half the whole velocity to the 


L—_— jincremen: of the velocity of the body, falling with the variable 


Plate XVI. 
Fig. 13 1. 


 Piate XVI, 
Fig. 132. 


force; and, in like manner, the area PAR D to. the area DR 
SE, as half the whole velocity to the increment of the velocity. 
of the body falling by the uniform force ; and fince thoſe incre-. 
ments (becauſe of the equality of the-naſcent times) are as the 
generating forces; that is, as the ordinates DF, DR, and there- 
fore as the naſcent areas DFG E, DRS E; ex eque, the whole 
areas ABF D, PR D will be to each other, as half the whole 
velocities ; and therefore, becauſe of the equality of the veloci- 
ties, are equal /. | 


Gorol.. 
COMMENTARY: 
" 
(t) 290. Hence, if a body is projected upwards in the line Pa, with a velo · 


city equal to that, with which a circle PE is deſcribed, ſuppoſing the body in 
both caſes to be agitated by a force, which is directly as the diftance from the 


centre C, that body will aſcend. to a point A, whoſe altitude CA from the centre. 


is to CP, the radius of the circle, as H to 1. For let P repreſent the 
centripetal force in P; and taking PD = CP, complete the parallelo, 
gram QR D. Let @& be continually erected perpendicular: to AC, whoſe 
length is to P, as aC to PC: then it is. evident, that the points & are all: 
placed in a right line CB: and, ſince D is the point, at which a body falling 
from P, and ated upon by an uniform force P Q, acquires the velocity with: 
which the circle is deſcribed, take the trapezium AB AP, equal to the area 
P 9 RD, and (by Corol. 1. Prop. XXXIX.) A is the point, from which a. 
body mult fall to acquire the velocity in E, with a force varying directly as the 
diſtance from the centre: and therefore A is the point to which a body, acted; 
upon by the ſame force, will aſcend, if it. is projected upwards from P: but the 
area of the triangle CAB is to the area of the triangle CP , as 2 to i; con- 
ſequenty CA: C P.:: 2: 1, and CA: C P:: V2: 1 Which. was to be 
demonſtrated. | E „ n r 
291. Hence, if a body, revolving in an ellipſis with a force tending to the 
centre, is projected upwards from any point of the perimeter of the ellipſis, with 
the velocity which it has in that point of the ellipſis, and during its aſcent is con- 
tinually agitated by a force varying directly as the diſtance from the centre, that. 
body will aſcend to an altitude from the centre equal to B A, the line which 
Joins the extremities of the tranſverſe axes, For let the body be projected upwards: 
in the line Pe, from the point P, in which the velocity is equal to that in a 
circle, at die fame diſtance C P; and the altitude Cc, determined in this point, 
will be the fame in every other; as is plain from Prop. XL. the demonſtration 
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Corol. 2. Whence, if any body is projected, either up or down, 5 O O X 
with a given velocity, from any place D, and the law of centri- 4 
petal force is given, its velocity will be found in any other place 
e, by erecting the ordinate eg, and taking that velocity to the 

velocity in the place D, as a right line, whoſe ſquare is equal to 

the rectangle PAR D, either increaſed by the curvilinear area 
DFge, if the place e is below the place D, or diminiſhed by it, 
if it is above, is to a right line, whoſe ſquare is equal to the 
rectangle PAR alone. 

Corol. 3. The time will alſo be known, by erecting the ordinate 
en reciprocally proportional to the ſquare root of PAR D + or 
— DFge, and taking the time, in which the body deſcribed the 
line De, to the time, in which another body has fallen by an 
uniform force from P, and has arrived at D, as the curvilinear 
area DLme to the rectangle 2. PD x OZ. For the time in 
which a body, falling with an uniform force, deſcribed the line 
PD, is to the time, in which the ſame body deſcribed the line 
PE, in the ſubduplicate ratio of PD to PE; that is, (the line 
DE being very ſmall or naſcent) in the ratio of PD to P D + 
DE (u), or 2PD to 2 PD D; and, by diviſion, to the 
time in which the ſame body deſcribed the ſmall line DE, as 
2PDtoDE, and therefore as the rectangle 2PDx DL to the 
area DLME; and the time, in which both the bodies deſcribed 
the ſmall line DE, 1s to the time in which the body with the 
unequal motion deſcribed the line De, as the area DLME to 
thearea DLme; and, ex quo, the firſt time is tO the laſt time, 
as the rectangle 22 DX D to the area DL Me. 


COMMENTARY. 
of which does not depend upon this. Since, in this caſe, the conjugate ſemi- 
diameter CD = CP (176.), we find B E PE Xx EG (162.) = CP: — 
E= (Elem. B. II. P. 5.); therefore CP* = BE* + CE: =2B EBA, 
and BAt:CP*':;2:1, and BA:CP:: / 2 : 1; but the altitude Ce: 
C P:: HL: 1 - (290.); therefore Cc = B A. Which was to be de- 
red | 


(u) 292. For, Y PD:WPE (or / PD +DE):: PD: 
: WS PD* + PDXDE:: / PD*:V/ PD* +£PDxXDE++4DE:* 
(DE being very ſmall with reſpect to the other quantinies,) :: PD: PD + 
2 DE (by extracting the ſquare roots). 8c. 
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8 E C T I o N VII 
of the i invention n of orbits in which bodies Mtg * afted upon by 


Moron of | | 1 kind of centripetal forces. | 
W PROPOSITION XI. THEOREM XIII. 
Fa body, urged by any centripetal force, is moved in any manner; and 
another body aſcends or deſcends in a right line; and their velocities are 
equal in any one caſe of equal altitudes, their velocities will be equal at 
all equal altitudes. | 
1 E T any body deſcend from 4 through P, E, to the centre 
Fig. 133. C; and let another body be moved from in the curve line 


VIKk. With the centre C. at any intervals, let. the concentric 
circles D I, E XK be deſcribed, meeting the right line-ACin D and 
E, and the curve line [Xin I and K. Let IC be joined meeting 

f Bi in N; and let the perpendicular NT be drawn to 7X; and let 
the interval DE or 1N of the circumferences of the circles be 
very ſmall; and let the bodies have equal velocities in D and 7. 
Since the, diſtances CD, C1 are equal, the centripetal forces in D 
and 7 will be equal. Let theſe forces be expreſſed by the ſmall 
equal lines DE, IN; and if one force IN (by Corol. 2. of the 
laws of motion) is reſolved into, two NT and 17; the force NT, 
by acting in the direction of the line NT, perpendicular to TT K 
the path of the body, will not change the velocity of the body 
in that path, but will only draw the body from its rectilinear 
courſe, and make it turn aſide continually from the tangent of 
the orbit, and proceed in the curvilinear path ITK I. In pro- 
ducing this effect, that whole force will be employed: but the 
other force TT, by acting in the direction of the courſe of the 
body, will be wholly. employed in accelerating it, and in a very 
ſmall given time will produce an acceleration proportional to 
itſelf. Therefore the accelerations of the bodies in D and 7, 
Pen in equal times (if the limits of the ratios of the 
4 0 8 | | naſcent 


— 
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naſcent lines DE, IN, IR, IT, NT are taken) are as the lines BOOK 
DE, IT; but in unequal times, are as thoſe lines and the times — 
jointly. But the times in which DE, and IK are deſcribed, 

becauſe of the equal velocities, are as the ſpaces deſcribed DE 

and IR; and therefore the accelerations, in the courſe of the 

bodies through the lines DE and 7K, are as DE and IT, DE 

and IX jointly ; that is, as DE* and the rectangle ITXIK. 

But the rectangle II x IK is equal to IN, that is equal to D F* ; 

and therefore equal accelerations are generated in the tranſit of 

the bodies from D and I to E and K. therefore the velocities of 

the bodies in E and K are equal: and by the ſame argument 

they will always be found equal in all ſubſequent equal 
diſtances. Which was to be demonſtrated. 


By the ſame argument, bodies with equal velocities, and 
equally diſtant from the centre, will be equally retarded in their 
aſcent to equal diſtances. Which was to be demonſtrated. 


Corol. 1. Hence, if a body either oſcillates hanging to a ſtring; 
or is forced to move 1n a curve line by any poliſhed and perfect- 
ly ſmooth impediment, and another body aſcends or deſcends 
in a right line, and their velocities are equal at any one equal 
altitude; their velocities will be equal at all other equal alti- 
tudes. For the ſame thing is performed by the ſtring of the 
pendulous body, or by the impediment of a veſſel perfectly 
ſmooth, as by the tranſverſe force VI. The body is neither 
retarded, nor accelerated by it; but is only forced to depart 
from its rectilinear courſe. 


Corol. 2. Hence alſo, if the quantity P is the greateſt diſtance 
from the centre to which the body can aſcend, either oſcillating, 
or revolving in any trajectory, and projected upwards from any 
point of the trajectory with the velocity which it has in that 
point ; and the quantity 4 is the diftance of the body from the 
centre, in any other point of the orbit; and the centripetal force 
18 always as any power 4 of the quantity A, whoſe index 
n — I is any number n diminiſhed by unity; the velocity of the 


body in every altitude A will be as / P. A,, and therefore is 
Vor.. I. 2 given 
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given (0). For the velocity of a body aſcending and deſcending 
in a right line 1s (by Prop. XXXIX.) in that very ratio. 


PROPOSITION XII. PROBLEM XXVII. 


Suppoſing a centripetal force of any kind, Aud granting the quadratures 
of curvilinear figures, it is required to find, as well the trajectories in 
which bodies will move, as the times of their moliens in the tra- 
jectories found. 


Let any force tend to the centre C, and let it be required to 
"find the trajectory TI. Let the circle VR, deſcribed about the 
centre C, with any interval CV, be given; and about the ſame 
centre let any other circles JD, XK E be deſcribed, cutting the 
trajectory in I and K. and the right line C in D and E. Then 
draw the tight line CVI A, cutting the circles KE, VR in N and 
X, and the right line CKY meeting the circle YR in Y. But let 
the points I and K be very near to each other; and let the body 
go from V through Tand Kto &; and let the point 4 be the place, 


from which another body ought to fall, to acquire a velocity, 


in the place D, equal to the velocity of the former body in J. 
And every thing remaining as in Propoſition XXXIX. the line 
IR, deſcribed in a very ſmall given time, will be as the velocity, 
and therefore as a right line whoſe ſquare is equal to the area 
ABFD, and the triangle 7C K proportional to the time will be 
given; and therefore XN will be reciprocally as the altitude IC; 
that is, if any quantity 2 is given, and the altitude TC is called 

As 


COMMENTARY. 


(v) 293. Let P be the greateſt altitude, A any other altitude, v the velocity 
at the altitude 4, after deſcribing the ſpace P — 4; and let the force at the 
greateſt altitude be as P., and the force at any other altitude as. f i. It is 
evident (288.) that v is as the force An, TEN? into the gunion of 


che ſpace P — — A; that is, as — A 4; therefore = is * — But, 


at the altitude P, v =0, and x = P; therefore the fluent ad 1s 
2 „ Pow fe 
—; and — is as —- 
nu 2 n 


* and V As . a, N 
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4as . let this quantity - be called Z; and let us ſup- 


A 
poſe that the magnitude of Lis ſuch, that in ſome one caſe 


HA may be to Z, as IA is to KN; and, in every caſe (4), 


JF will be to Z. is IK to KN; and ABF D to Zz, as 
IX to K N.; and by diviſion 43 FD -Z to Z Z, as IN; to 


oe or 52 . 


| J N 
and conſequently A x KN equal to — Q * 
0 * % JS ABFD=ZZ 
(Therefore fince rx XC is to Ax KN, as CN to 44, the 


INx CR? 
angle XY x XC will be equal to NC X hn 
Rear ih : AAY ABFD —Z 7 
Therefore, if in the perpendicular DF, DB, Dc, are continual- 


ly taken, reſpeRively equal to i 
P 


0 0 Q 
g COMMENTARY. 


(w) 294. The velocity in J, or Y/ABFD, is to I X in a given ratio: let 
4 6 


that be the ratio of à to 6, and A˙⁵ FD = „ K. Suppoſe in any 


caſe Z is to K N, in the given ratio of @ to 5, then Z = —— x KN. But, by 
8 a 
Prop. XL. if in any caſe, then in all caſes / ABFD = "FX IR; therefore 


in all caſes Z = x KN , and Q = — — x AX KN, and, if in any 


caſe SABFD: 2 +20 # W- KN, e KN :: TK : KN, 


then in all caſes ABFD : Z :: IK: KN. 
295..Let p be the perpendicular from the centre of force on the . 
from ſim lar irapgles IX: KM:: A: p; and, if in any caſe AFD: Z: 


4: Pp in all caſes SABFD:Z:: 4: POETS = 
SS ABFD XP 
7 =. 75:4 and © = V ABFD x#. 


D d 2 
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n —= 2 F and the curve lines a, ac are deſcribed 


which the points ö, c continually touch; and from the point / 
the perpendicular Va is erected to the line AC, cutting off the 
curvilinear areas T Dba, VDca; and the ordinates EZ, Ex are 
alſo erected : fince the rectangle Db x INM, or DZ E is equal to 
half the rectangle A x KN, or the triangle IC R; and the rect- 
angle Dc x IN, or Dex E is equal to half the rectangle YA x 
XC, or the triangle XCY; that is, becauſe the naſcent particles 
DbzE, IC K of the areasV Dba, VIC are always equal; and the 
naſcent particles Dex E, XCY of the areas VDca, VCX are 
always equal; the generated area V DA will be equal to the 
generated area VIC, and therefore proportional to the time; and 
the generated area V Dca equal to the generated ſector /CX. 
Any time therefore being given ſince which the body has de- 
parted from the place , the area T D ba, proportional to it, will 
be given ; and thence CD or CV the altitude of the body, will 
be given; and the area/ Dca, and the ſector YC A equal to it, 
together with its angle TCI (x). But, the angle V/CT and the 
altitude C7 being given, the place J is given, in which the 


body. will be found at te end of that time. Which was to be 
found. 


| Corel. 1. Hence the 3 and leaſt altitudes of the bodies, 
that is, the apſides of the trajectories may be readily found. 
For the apfides are thoſe points, in which a right line FC, drawn 


| through the centre, falls perpendicularly upon the trajectory 


VIK; 


COMMENTARY. | 
| (x) 296. If we ſuppoſe CA = a, CI or CD g= x, CY = r, and Z = 
, che area ABFD may be expreſſed by quantities depending upon 


C 4, CV, and x, and the quantities SY FEET” - Db, and 
Ax 


—— —— —— 


2 IAXx VA rb IT = Dc, and conſequently the equations to . 


curves ab, ac, may be obtained, compoſed of the ſame quantities; ; and thence 
the trajectory V I may be deſcribed. 


OF NATURAL PHILOSOPHY. 


FIX; which happens when the right lines 7X and NR are us K 


equal; and therefore when the area AB FD is equal to Z Z. 


Corol. 2. So alſo the angle X INM in which the trajectory in 
any place cuts the line 7C, is readily found from the altitude 170 
of the body being given; by taking the fine of that angle to 


radius, as XN to IR; that is, as Z to the ſquare root of the area 
 ABFD. 


—— 


(y) Corol. 3. If, with the centre C and the principal vertex V, Plate XVI. 


any conic ſection /R & is deſcribed, and from any point thereof 
| as 


COMMENTARY. 


Fig. 135. 


(y) 297. The ſame things being ſuppoſed, let the centripetal force at any plate XVI. 
dittance d be called 2 4; and, at different diſtances, let it vary inverſely as the Fig. 136. 


cube of the diſtance; at any other diſtance x the force will be expreſſed by 


22 = DF; and the rectangle D FG E = 5 


X3 


; whoſe fluent corrected, 


85 3 | 
or the area CD Fs S C is Q — La If x is ſuppoſed to be indefinitely increaſed 
the whole area O CS = 9, hence the area indefinitely produced O D Fo = 


+ 


2— 27 E 2 = „which is a finite quantity. Hence alſo, if CY = x, 


| | n 4 
cee andat — E n ve ind OV Ee fg OA, ABLY 
LT + ” 
3 . allo AB F D 32 9971 
rraa © rraa aaxx 
4 OM. 4+ 1 
3 "=, and "$9 of — . 5 £ ho BR 
FF XX . FF XX 


298. If a body is urged by a centripetal force, which varies inverſely as the 
cube of the diſtance, the trajectory is found from this corollary, by ſuppoſing 
the velocity of projection either equal to that, which would be acquired in fall- 
ing from a diſtance indefinitely great, or leſs than that velocity, or greater. Firſt 
let the velocity be equal to that which would be acquired in falling from a 


diſtance indefinitely great. In this caſe (295.) 2 = CVX VOL = d- 


4 bitch 2 
(297.); and Z = Mm but, by Propoſition XLI, VOD Fo or 77 (297. 


is to Z or £ as IK to K N; therefore IK = KN, and the orbit in this caſe 


is a circle. If the direction of the projection is not perpendicular to CV, let p 
be the perpendicular let fall from the centre of force on the tangent; in on 
4 | | cale, 


ob 
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Or te as R the tangent RT'is drawn, meeting the axis CV, indefinicely 


Matiqn of 


Bodies. Produced, in the point T; and then, CR being joined, the right 


Plate XVI. 


Fig. 134.- 
and 136. 


Plate XVII. 
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line 
COMMENT AR x. 

* da l 
IK: KN: :: p, that is, in a given ratio; therefore all the angles CI K are 
equal; which is a property of the equiangular ſpiral. 

299. Secondly , if the velocity of projection is leſs than that, which would be 
acquired in falling from a diſtance indefinitely great, let 4 be the point from 
which a body muſt fall to acquire that velocity in /. In this caſe = V ABLY 

* 188 42 
x r (295.) = wa. 1 _ 


7 x 7 (297.0 = 2 5 therefore Z = 


1 4 
and YABFD—ZZ = R 1 _ #x/aa—qq—-** 


meth aaXxx 8 xx * ax 
di x Vrr— xx. ' _2 * — 4.2 ax $220 
A* ax and Db or EFD "71 obs 24x / rr — XX 
* r bY 1. 
— and — — — — 
Vrr —xx mire dot Ke Xx 2XXrr—xx therefore 
qgrrx 


Lill be the fluxion of the area / D ca, or the fluxion of 


the ſector C A. With a tranſverſe ſemidiameter CY r, and conjugate ſemi- 
diameter C E = c, deſcribe an hyperbola /R; let RT be a tangent at R, and 
let R B be perpendicular to CV B: and if CB = 2, fince, by the properties of 


the conic ſections, CB: C:: C: Cre x, we finds = — 2 * =r r, 


2 + * =0, and — = . But the fluxion of the hyperbolic ſector 


x 
i re  —FFCX 
VCR Bs, S = —— , as appears by ſubſtituting the 
2 2z2—rr 2XXVTI ——=XX 7 OY 8 


values of z and « found. Therefore when X = CT, the hyperbolic ſector 


VCR, is to the circular ſetor CA, or the angle CA, as the fluent of 
rr | rr x 


to the fluent of — ——===—== ; that is, in the given 
2XXY/ rr—xx on abe er ax 85 S 


ratio of c to . Take then the angle / C X continually to the hyperbolic ſector 
VCR, in the given ratio of q to c; and in CA take CI = CT, and the point I 
will delineate the curve ſought. And, fince CT = C7 is continually diminiſh- 
ed, while the ſector CR 1s increaſed, it is evident that the body approaches 
continually to C the centre of force. 


300 
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line CP is drawn, which may be equal to the abſciſſa CT, and 
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may make the angle / CP proportional to the ſector VCR; and ends 


if a centripetal force tends to the centre C, reciprocally propor- 
tional to the cube of the diſtance of the places from the centre, 
and a body 1s projected from the place / with a juſt velocity, in 


the 


COMMENTARY. 


300. Thirdly; if the velocity of projection is greater than that, which is ac- 
quired in falling from a diſtance indefinitely great, let that velocity be v, which 
at a diſtance C d, greater than CV, is as a line whoſe ſquare is equal to the area 


vv —dVLf = vv d Xrr —xX 
rr 


or 2 = — — 2 


Yr XX 


(297.). But, in this caſe, Q = xv, 


% 


* v . 
— — = 4. ſuppoſing nn = verre d. Therefore Db 


2. 1 v rx 8 

— — — — De, ot DAX 

* 52 2 NR Mer rr 5 8 X * 
14 v 1 mrr 


, ſuppoſing m = bet Bb There 
—"2xnXV xx—rr 2XXVxx—rr — 2.25 PET 
mYyYr 


2XXV xx r 
With the ſemiaxes C = r, CE = c, deſcribe an ellipſis / RE. Let RT be 
a tangent at R, and R perpendicular to CV and it we ſuppoſe CB = Z, 


rr 
from the properties of the conic ſections we find z 10 1, as r to CT = 2 


fore the fluent of 


. * Z * — — 
therefore zx = 7 7, z * + ** e, — . and de — rr = 


FXVrr —2Z2Z 


; and the fluxion of the elliptic ſector / C R, which is 


Z 
1e 2 3 7 —— Fr 
n Y7X/rr—z2z 2 2 AX xx —rr 
: 2 
by ſubſtituting the values of — and .- . Therefore, when 
1 r XVrr— x 


x=CT, the elliptic ſector / C R is to the circular ſector C, or the angle 


c, in the given ratio of c tow. Take then the angle Y C X continually to. 


the elliptic ſector / C R, in the given ratio of to c; and in CA take C con- 
tinually equal to C T, and the point I will delineate the trajectory ſought. 


Sinc: 


is equal to the area of the ſector / CX. 
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the direction of a line perpendicular to the right line CV; that 
body will proceed in the trajectory V/ P92, which the point P 
continually touches; and therefore if the conic ſection VRS is 
an hyperbola, the body will deſcend to the centre: but, if it is 
an ellipſis, it will. aſcend continually, and go off without end. 
And, on the contrary, if a body is projected from the place / 
with any velocity, and according as it ſhall begin either to de- 
ſcend obliquely to the centre, or to aſcend obliquely from it, the 
figure/RS is either an hyperbola or an ellipfis, the trajectory may 
be found by increaſing or diminiſhing the angle V/CP in ſome 
given ratio. So alſo, the centripetal force being changed into a 
centrifugal, the body will aſcend obliquely in the trajectory Y P 
2; which is found by taking the angle JC proportional to the 


elliptic ſector YR C and the length CP equal to the length CT, 


as before. All theſe things follow from the foregoing propoſi- 
tion, by the quadrature of a certain curve, the invention of 
which, as being eaſy enough, I omit for the ſake of brevity, 


PROPOSITION XIII. PROBLEM XXX. 


| The law of centripetal force being given, it us required to find the motion 


of a body projetted from a given place with a given velocity, in the 
direction of a given right line. e. 


Retaining what has been found in the three preceding pro- 


poſitions, let the body go from the place 7, in the direction of 
the line IK, with the ſame velocity which another body might 


acquire in D, by falling from the place P, with an uniform 
| centri- 


COMMENTARY. 
Since CT = CT is continually increaſed, when the ſector “ CR is increaſed, it 


is evident that the body recedes continually from the centre of force C. But if, 


deſcending in any of theſe curves, it ſhall ever arrive at the lower apſis, it will 
aſcend from thence indefinitely, deſcribing in its aſcent a curve ſimilar to the 
former. | , 
A body, deſcribing the curves thus conſtructed, may perform any number of 
revolutions round the centre C, before the curve converges to an afymptote : 


and, according as the number of revolutions is different, the, curve js of a 


different order. But, if the curve does not converge to an aſymptote till the 


number of revolutions is indefinitely great, it in that caſe becomes the hyper- 
bolic ſpiral. | | 
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centripetal force: and let this uniform force be to the force, BOO 
with which the firſt body is urged in Z as DR to DF. Let! 
the body go on towards k; and with the centre C, and the in- 
terval Ck, let the circle e be deſcribed, meeting the right line 
PD in e; and ler the ordinates eg, ev, ew of the curves B Fg, 
ab v, ac, be erected. From the rectangle PDR being 
given, and the law of centripetal force, by which the firſt 
body is agitated, the curve line BFg is given, by the con- 
ſtruction of Problem XXVII. and its firſt Corol. Then from 
the angle'C 7X being given, the proportion of the naſcent lines 
IK, KN1s given; and thence, by the conſtruction of Problem 
XXVIII. the quantity 2 is given, together with the curve lines 
a bh, ac; and therefore, any time De being completed, 
both the altitude of the body Ce or C+ is given, and alſo the 
area Dc we, and the ſector XCY equal to it, and the angle ICE, 


and the place ł in which the body will then be found. Which 
was to be found. | S 


- But in theſe propoſitions we ſuppoſe the centripetal force, in 
its receſs from the centre, to vary according to any law which 
can be imagined ; but, at equal diſtances from the centre, to be 
every where the ſame. And hitherto we have conſidered the 
motion of bodies in immoveable orbits. It remains to add 
ſomething concerning their motion in orbits, which revolve 
round the centre of force. 


Vor. I. 3 SE C- 


8 * A 
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SECTION 1X. 


Of the notion of bodies in moveable orbits ; and of the mation of the 


apfides. 


PROPOSITION XIII. PROBLEM XXX. 


It is required to make a body move in a trajectory, which revolves round 
the centre of force, in the ſame manner as another bady. in the ſame 
trajectory at reſt, » 


y- a body P revolve in the orbit / PR. given in poſition, pro- 
ceeding from towards K. Let Cp be continually drawn 
from the centre C, equal to CP, and making the angle V Cp pro- 
portional to the angle V CP; and the area, which the line Cy de- 
{cribes, will be to the area V CP, which the line CP defcribes at 
the ſame time, as the velocity of the deſcribing line Cp to the 
velocity of the deſcribing, line CP; that is, as the angle / Cp to 
the angle TCP; and therefore in a given ratio, and proportional 
to the time. Since the area, which the line Cy defcribes in an 
immoveable plane, is proportional to the time, it is evident that 
a body, ated upon by a juſt quantity of centripetal force, may 
revolve, together with the point p, in that curve line, which the 
{ame point p deſcribes in an immoveable plane, in the manner 
already explained. Let the angle V Cu be equal to the angle E Cp, 
and the line Cz to the line CV, and the figure 2 Cp to the figure 
CP; and the body, being always in the point p, will move in 
the perimeter of the revolving figure à Cp, and will deſcribe its 
arc u in the ſame time, in which the other body P deſcribes the 
ſimilar and equal arc VP in the quieſcent figure V K. 
Let then the centripetal force, by which a body may be 
made to revolve in that curve line, which the point p de- 
{ſcribes in an immoveable plane, be found by Cor. 5. Prop. 
VI. 
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VI, and the problem will be ſolved (). Which was to be 800 


done. | 
PROPOSITION XLIV. THEOREM XIV. 


The difference of the forces, by which a body in a quieſcent orbit, and 


another body m the ſame orbit revolving, may be made to move equally, 
2s in the triplicate ratio of the common altitude inverſely. 


Let the parts of the revolving orbit 2 p, p & be ſimilar and 
equal to the parts of the quieſcent orbit VP, PK: and let the 
diſtance of the points P, XK, be ſuppoſed to be very ſmall. From 
the point & let fall the perpendicular kr upon the right line p C. 


and 


COMMENTARY. 


(z) 301. If a body P, agitated by a centripetal force directed to a centre C, 
deſcribes equal areas in equal times round that centre, it is required to ſhow 
that another body p may revolve in an orbit « p, equal and ſimilar to Y P, while 
this orbit # p revolves round the centre of force by the angular motion of the 
line u C round the fixed point C, in the ſame manner as the former body P 


revolved in the quieſcent orbit P; that is, ſo that the diſtance C p may be | 


continually equal to CP, the angle 4 Cp to the angle / C P, the arc up equal 
and ſimilar to VP; and the areas, deſcribed by p round C in the immoveable 
plane, proportional to the times. Or it is required to ſhow, that the body 
urged by a juſt quantity of centripetal force, may revolve in the trajectory Vp E, 
deſcribed on the immoveable plane by the motion of the point p in the orbit 

up, compounded with the motion of the orbit # round the centre C, in the 
manner already explained: and that the areas, deſcribed in the trajectory Vp 

round C, may be proportional to the times. | 

Let the angle Cp be taken continually to the angle / C P in a given ratio; 
then alſo their difference P Cp, or its equal / C# is continually to C in a 
given ratio; but, ſince equal areas are deſcribed in equal times by P round C, the 
velocity, with which the angle / C P increaſes, is inverſely as the ſquare of the 
diſtance C P (206.); therefore the velocity, with which the angles Cu, Y Cp 
increafe, is continually in the ſame inverſe ratio of the ſquare of the diſtance 
CP or Cp, and (206.) the areas deſcribed by p in the immoveable plane 
round C are proportional to the times. Therefore (Prop. II) the body may 
move in the trajectory thus deſcribed in the immoveable plane by the point p, 
if the moveable orbit revolves in ſuch a manner round C, that the angular 
velocity of the line Cu may be inverſely as the ſquare of the diſtance C or 
Cp. Therefore, the orbit / P K and the centre C being given, take the angle 
Cu continually equal to the angle P Cp, the line Cu equal to CV, and the 
figure « Cp equal and fimilarto/ CP, and thus every point of the trajectory, 
deſcribed on the immoveable plane, and the trajectory itlelf may be determined 
and alſo the law of centripetal force requiſite to deſcribe it. 
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and produce it to m, ſo that mr may be to kr, as the angle Vo 
to the angle / CP. Becauſe the altitudes of the bodies P C and 


=— Cc KCand K are always equal, it is evident that the incre- 


ments or decrements of the lines P Cand pC are always equal; 
and therefore, if the ſeveral motions of the bodies in the places 
P and p are reſolved into two, (by Cor. 2. of the laws of motion) 
of which two are directed towards the centre, or according to 
the lines CP, pC; and the other are tranſverſe to the former, 
and have a direction perpendicular to the lines PC, pC; the 
motions towards the centre will be equal, and the tranſverſe 
motion of the body p will be to the tranſverſe motion of the 
body P, as the angular motion of the line pCto the angular 
motion of the line PC; that is, as the angle JC to the angle 


VCP. Therefore in the ſame time in which the body P, by 


both its motions, hath arrived at the point &, the body p, by an 
equal motion towards the centre, will be equally moved from 2 


towards C; and therefore, that time being completed, it will be 


found ſomewhere in the line Ir, which, paſſing through 
the point &, is perpendicular to the line p C; and, by its tranſ- 
verſe motion, it will acquire a diſtance from the line pC, which 
will be to the diſtance which the other body P acquires from 
the line PC, as the tranſverſe motion of the body p is to the 
tranſverſe motion of the other body P. Therefore, ſince r is 
equal to the diſtance which the body P acquires from the line 
PC, and mr is to kr, as the angle Cy to the angle CP; that 
is, as the tranſverſe motion of the body p to the tranſverſe 
motion of the body P, it 1s evident, that the body p, when that 
time is completed, will be found in the place m. Theſe things 
will be ſo, when the bodies p, and P are equally moved in the 
direction of the lines p C, PC, and therefore are urged with equal 
forces in the direction of theſe lines (a). But let the angle p Cn 

| | "5 


COMMENTARY. 


(a) 302. Since ur is to Er, as the angle / Cp to the angle VE P, whenever 
V Cp is greater than YCP, mr is groner than kr, and n is a poſitive 
quantity, which is to be added to the DICE in the moveable orbit, in order Te 
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be taken to the angle p Ck, as the angle VCp is to the angle B O OK 


VCP; and let nC be equal to C, and the body, when that time 


of 


is completed, will really be found in a; and therefore is urged 
with a greater force than the body P, if the angle nCp is greater 
than the angle &Cp; that is, if the orbit 2 p4 either moves pro- 
greſſively, or moves in a retrograde direction with a velocity, 
which is greater than double the velocity, with which the line 
C is carried forward; and with a leſs force, if the retrograde 
motion of the orbit is flower. And the difference of the forces 
is as mn, the interval of the places, through which that body þ 
would be carried by its action in that given ſpace of time. With 
the centre C, and the interval C or Ck, let a circle be imagined 
to be deſcribed, cutting the lines mr, mn, produced in s and 7; 
and the rectangle mn x mt will be equal to the rectangle mk x ms, 


mk Xms 
But fince the tri- 


and therefore n will be equal to 


angles pCk, pCn, in a given time, are given in magnitude, +r 
and mr, and their difference mk, and their fum , are reci- 
procally as the altitude pC; and therefore the rectangle mk x . 

18 


COMMENT ARF. 


Cp may be continually equal to CP, according to the conſtruction of Prop, 
XLIII. Whenever the motion of the orbit ap & is progreſſive, or in the fame 
direction in which the body p moves, the angle / Cp is greater than the angle 
CP, mr is greater than & r, and mn is a poſitive quantity. 

303. If the motion of the orbit is retrograde, or in a direction contrary to 
that of the body in the fixed orbit TP; and the angular velocity is double the 
angular velocity of the body in the fixed orbit; that is, if the angle / Cu is 
double the angle / CP, or u Cp; in that caſe, the angle / Cp is equal to CP, 
mn = o, and p deſcribes an orbit Vp, ſimilar and equal to Y K, in a contrary 
direction, and with the ſame centripetal force. : x 

304. Hence it appears, if the angle / C u is more than double of / CP, that 
V Cp is greater than VC P, mr greater than Ir, and nn a poſitive quantity, 

zog. But, if the angle / Cu is leſs than double of / C P, the angle / Cp is 
leſs than / CP, mr is leſs than kr, and mn is a negative quantity, to be ſub- 
ducted from the force of the body p, in order that Cg may be equal to CP. 

306. If che motion of the orbit is retrograde, and its angular velocity equal to 
the angular velocity of the body P, moving progreſſively, the angle Cp = 0; 
and the body p deſcends and aſcends continually in the right line Ya = / © 
— C4 
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18 reciprocally as the ſquare of the altitude 5 C. Moreover mt is 
directly as 2m, that is, as the altitude C. Theſe are the prime 


mk X ms + . 
- 2.4 that is, the 


ratios of the naſcent lines; and hence 


naſcent line mn, and the difference of the forces proportional to 
it, is reciprocally as the cube of the altitude p C, Which was to 
be demonſtrated /. yeh? | 

Corol. 1. Hence, the difference of the forces, in the places P, 
and p, or K and &, is to the force with which a body may revolve 
with a circular motion from R to & in theſame time in which the 
body P in the immoveable orbit deſcribes the arc P KX, as the 
naſcent line mz = to the verſed fine of the naſcent arc R K; that is, 


EXWS 415 or as mkxms to Ee; that is, if gi 
* Te? 7 ms ; UN, 15, if given 


as 
quantities 


COMMENTARY. 


(>) 307, Otherwiſe. Since by the conſtruction the bodies P and p, in the 
immoveable and moveable orbits, are ſuppoſed to approach and recede equally 
to and from the centre of force, the difference between the centripetal ad cen- 
trifugal forces in one 1s always equal to the difference between the centripetal and 
centrifugal forces in the other; therefore the difference of the centrifugal forces 
is equal to the difference of the centripetal. But the centrifugal forces in 
different orbits are (215.) in the duplicate ratio of the areas deferibed in the 
ſame time directly, and as the cubes of the diſtances inverſely ; that is, in this 
caſe, in the duplicate ratio of the angle YC to the angle C directly, which 
is a given ratio, and as the cubes of the diſtances inverſely : therefore the differ- 
ence of the centrifugal forces, and allo its equal, the difference of the centriperal 
forces, varies in the ſame ratio. 

308. Or, calling the centripetal force in the fixed orbit C, that in the move- 
able orbit c, the centrifugal force in the fixed orbit V, and that in the moveable 
orbit v, we find C- = c—v, and c - C = -; but if the an 
„CP is to the angle YC in a given ratio, ſuppoſe of Fo 6, V: v:: 


Fo Gn: © GG—FF FF 3 

3 . r (215 ). ard v -: :: TIE -Þs . C0. and therefore c 
G — ö F F . P . 

„ EE FP. But V, tlie centrifugal force in the quieſcent 


orbit, is at different diſtances as pM therefore c — C, the difference of the 


centripetal forces in the moveable and quieſcent orbits, varies at different diſtances 
GG —FF 


as TÞ3 Which was to be demonſtrated. 
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quantities F, G are taken in the ſame ratio to each other, as the BOOK 
angle VCP bears to the angle YC, as G F to FF. And 
therefore, if with the centre C, at any interval CP or Cp, a 
circular ſector is deſcribed, equal to the whole area V P C, which 

the body P, revolving in the immoveable orbit, has deſcribed 

in any time by a radius drawn to the centre; the difference of 

the forces, with which the body P revolves in the immoveable 

orbit, and the body y in the moveable orbit, will be to the cen- 

tripetal force, with which any other body, by a radius drawn to 

the centre, could have uniformly deſcribed that ſe&or, in the 

ſame time in which the area VPC is deſcribed, as GG — FF to 

FF. For that ſector, and the area pCk, are to each other, as 

the times in which they are deſcribed (c). 


Corol. 2. If the orbit Y & is an ellipſis, whoſe focus is C, and 
whoſe higher apſis is /, and the ellipſis 2 pk is ſuppoſed to be 
fimilar and equal to it, ſo that p C may be always equal to PC. 
and the angle / Cp may be to the angle JC in the given ratio 
of G to F; and A is put for the altitude PC or C; and 2 R for 
the latus rectum of the ellipſis; the force, with which a body may 
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be made to revolve in the moveable ellipſis, will be as = ＋ 


RSE ——— , and the contrary. For, let the force, with 


which a body may revolve in the immoveable ellipſis, be ex- 
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preſſed by the quantity ——, and the force in will be . But 


the force, with which a body may be made to revolve in a circle, 
at the diſtance CV, with that velocity which a body revolving in 
an 


COMMENTARY. 


(c) zog. Otherwiſe. The difference of the forces in P and p is to the centri- 
fugal force in the immoveable orbit, at a given diſtance, as 66 —FPFis to F 
(308.) ; but the centrifugal force in the immoveable orbit is the force with which 
a Circle is deſcribed with the ſame angular velocity (215.), or the force by which 
a body revolves, with a circular motion, from R to K, in the ſame time in which. 
P deſcribes the arc PK; therefore the difference of the forces is to this force, 
in the ſame ratio of GG — FF to FF. 
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Of the 


—.— in an ellipſis is N 4 in the aer o 7 as half the /atus rectum of the 


4 


the altitude CY, as is to EY the ſame difference, at every 


the ſame time (e). 


inverſely (139.); and, the velocities in this caſe being the ſame, the forces are 


. Curvature of a circle is its diameter 


the een force in V to —— 
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an ellipſis has in V, is to the force with, which a body revolving 


and therefore 
is as TX) and the töte which i is to o chis, as G 6 — PF to FF, 
RGG—RFF, 
n a5, 
poſition) i is the difference of the forces in /, with which the 
body P revolves in the immoveable ellipfisV P &, and the body 

p in the moveable ellipſis 2 f. Therefore, ſince (by this Prop.) 
that difference, at _ other PPE A, is to that difference, at 


is as and this force (oy cor. 1. of this/ Pro- 


= : CV 3 
altitude 4, will be as E. Therefore to the force 


43 
— with which a body may revolve in the immoveable ellipſis 


7 P Kylet the exceſs . be added; and the ſum 


* RG RFF 


will be the whole force 7 + Tn with which a 


body may be made to revolve in the moveable ellipfis upkin 


 Corol. 
COMMENTARY. 


{d) 310, The forces. in different orbits are as the ſquares of the en 
directly, and as the chords of curvature paſſing through the centre of force 


inverſely as the chords of curvature: but (170.) the chord of curvature at the 
vertex V of the ellipſis is equal to the * latus redlum; and the chord of 


(e) 311. Otherwiſe. The centrifugal force in Vis to the centripetal force, 
which a body, revolving in the immoveable ellipſis, has in J, as the chord of 
curvature which paſſes through the centre of force to double the diſtance: 


therefore, ſuppoſing the centripetal force in / to be [3 „ and the chord of 


curvature of the ellipſis paſſing through the centre of force to be'2 R, we find 


CP 7? as R to C (139. and 215.); and therefore 


that centrifughl force is equal to — But the difference of the forces in the 


FF 
= 


moveable 
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centre of force C; and a moveable ellipſis «pk is ſuppoſed, 
fimilar, equal, and concentrical to it; and 2 R is the principal 
latus reftum of that ellipfis, and 2T the /atus tranſverſum or greater 
axis, and the angle V Cp is always to the angle VCP, as & to F; 
the forces, with which bodies may be made to revolve in the 
immoveable and moveable ellipſis in equal times, will be as 
FFT  FFA  RGG-—RFF.. 

77 and 1 + — y , reſpectively. 

Corol. 4. And univerſally, if the greateſt altitude CV of the 
body is called 7; and the radius of curvature, which the orbit 
P K has in V, that is, the radius of a circle equally curve, is 
called R; and the centripetal force, with which a body may be 


made to revolve in any immoveable trajectory Y K, in the 


place V, is called TY and in other places P is indefinitely 


called 


COMMENTARY. 


Sh + 
moveable and immoveable orbits is to ==, as CC FP isto PF (309.); 


C73 
RGG—RF 
77 al and at any other altitude 


therefore that difference is equal to 


A is equal to HAYS — A To the force 


= in the immoveable orbit 


RGG OS FF , and the whole force, with which the body 


revolved in the moveable orbit, in the ſame time, becomes —_ + 


RCG -R 


43 
(f) 312. The force, tending to the centre of the ellipſis, being directly as 


add the exceſs 


the diſtance, it may be expreſſed by * A, the quantity r being conſtant, 


7 
RGG — RFF 


To this force add the exceſs — as in Corol. 2. and the 
T3 A3 


ſum WL + — _ BEE expreſſes the whole force in the moveable orbit, 


FEA expreſſing the force in the immoveable orbit. 
T3 | 


VoL. I. F f 


Corol. 3. (/ In the ſame manner it will be found, that if the BOOK 
immoveable orbit Y K is an ellipſis, having its centre in the , * 
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Of the called X, the altitude CP being ſtyled 4, and & is taken to F in 


Motion of 
Bodies. 


the given ratio of the angle Vp to the angle VCP; the centri- 


— petal force, with which the ſame body can perform the ſame 


motions in the ſame time, in the ſame trajectory up k, revolving 


with a circular motion, will be as the ſum of the Wees X + 


 VRGG—YVRFEF 


Plate XVI I. 
Fig. 142. 


| (x39. and 215.);z and therefore is equal to 


eee "4 


Corol. 5. Therefore, the motion of a body in any immoveable 
orbit being given, its angular motion round the centre of force 
may be increaſed or diminiſhed in a given ratio, and thence 


new immoveable orbits may be found, in which bodies may re- 
volve with new centripetal forces. 


Corol. 6. Therefore, if the right line Y P of an indeterminate 
length is erected perpendicular to the right line C given in 
poſition, and C is joined, and Cp is drawn equal to it, making 
the angle VCp, which may be to the angle VCP in a given ratio; 
the force with which a body may revolve in that curve line V &, 
which the point p continually touches, will be reciprocally as 
the cube of the altitude Cp (4). For the body P, by its inert 

quality, 


COMMENTARY. 
(g) 313. nds. tn The centrifugal force in “ is to Tr „as R to 7 


VR ER The difference of the 


— in the moveable and immoveable orbits is to — £4 F 


VRGG—YREFF | 
7 ; and at any 


as GG — FF is 


to FF (zog.); and therefore is equal to 


cſtagce 4 LR 22 7 add the force in the immoveable orbit, 


which in 7 is £24 and at any diſtance A is X; ne the whole force 1 in the 


VRGG— REE 
7 


(Þ) 314. The immoveable orbit being in this caſe a right line, we find, in 


the expreſſibn X + 2 EEE 7 SIRE „ the force X = a; but the radius of 


" 8 | curvature 


en orbit is X + 
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quality, if no other force urges it, will proceed uniformly in 
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8 


the right line TP. Let a force, tending to the centre C, be 


added, reciprocally proportional to the cube of the altitude CP 
or Cp, and (by what has been already demonſtrated) that recti- 
linear motion will be bent into the curve line Yp# (i). But 
this curve Vp is the ſame with the curve / A, found in 
Corol. 3. Prop. XLI. in which we affirmed, that bodies attracted 
with ſuch forces would aſcend obliquely. 


PROPOSITION XLV. PROBLEM XXXI. 


Lis required to find the motion of the apſides of orbits, which approach 
: very near to circles. 


Y The problem is ſolved arithmetically, by making the 
orbit, which a body, revolving in a moveable ellipſis, deſcribes 
in 


COMMENTARY. 


curvature R is indefinitely increaſed; and / RG G - RF F being therefore 
conſtant, the force remains inverſely as A. 


(i) 315. Deſcribing the circle /R, and drawing the tangent R T, the angle 
Cp 1s continually proportional to the ſector / CR, and Cp equal to the ſecant 
CT; which is the conſtruction in Cor, 3. Prop. XLI. For the angle Vp is to 
the angle / CP in a given ratio; and therefore the arcs “& and R, and the 
ſectors Y CS, / CR are in the fame given ratio. Alſo Cp is taken continually 


equal to CP; but CPis alſo equal toCT, becauſe RT and VP are tangents 
to the ſame angle at C; therefore Cp = CT. 


(&) 316. Letqrs be the orbit, whoſe apſides are required: and let VB A 
be an ellipſis, whoſe greater axis C ＋ CAm=qec +cr, the ſum of the greateſt 
and leaſt diſtances in the orbit qr 5s, The motion of the ellipſis “ B A may be 
ſo regulated, that the trajectory / a 8, deſcribed on the immoveable plane by a 
body revolving in it, may approach to the form of the orbit qrs, whoſe apſides 
are required, by ſuppoſing the forces, at all equal and correſponding diſtances, 
to be either equal, or in a given ratio; which 1s the caſe in ſimilar and equal 
orbits. If then we can find the apſides of that orbit / a S which a body revolving 
in the moveable ellipſis v a, (as in Corol, 2. and 3. Prop. XLIV.) deſcribes 
in the immoveable plane, that will alſo give us the apſides of the orbit qr s 
required. But if the moveable orbit v a is eccentric, Arp. it may revolve 
in ſuch a manner, that the orbit deſcribed in the immoveable plane may approach 
to the form of the orbit q 7. 5, whoſe apſides are required, yet its motion is not 
neceſſarily performed according to the * in Prop. XLIII. and W 

2 an 
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Fig. 142. 
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of the in an immoveable plane (as in Corol. a or 3. of the preceding 
yo Prop.) approach to the form of the orbit, whoſe apſides are 
—=— required; and by ſeeking the apſides of the orbit, which that 
| body deſcribes in the immoveable plane. But the orbits, will 
acquire the ſame form, if the centripetal forces with which they 

are deſcribed, compared together, are made proportional at 

equal altitudes. Let the point be the higher apſis, and let T' 

be written for the greateſt altitude CV, A for any other altitude 

CPor Cp, and A for the difference of the altitudes CY — CP; 

and the force, with which a body moves in an ellipſis which 
revolves round its focus C (as in Cor. 2.), and which in Cor. 2. 

FF RGG — RFF 


„ FFA*- RGG — RFF 
was as 4.4 4 75 „that is, as | ä 
TR RGG—R TFF - FEN 
by ſubſtituting T—X& for 4, will be as —— — 5 = - 
In like manner any other centripetal force is to be reduced to a 
fraction 


COMMENTARY. 
and its Corol. in which caſe . thoſe Corol. cannot be applied to find the motion 
of the apſides. Burt let the orbit, whoſe apſides are required, approach to a 
circular orbit; it then approaches to the form of an orbit, which may be 
deſcribed by that regular angular motion of an ellipſis, revolving according to 
the hypotheſis in Prop. XLIII. and XLIV. For if that orbit is exactly circular, 
it is evident that it may be deſcribed by another equal circle, revolving with a 
ſufficient velocity, and with an uniform angular motion. And, if that orbit 
approaches nearer to a circle, than by any difference that can be aſſigned, then 
the angular motion of the revolving orbit, by which a trajectory, ſimilar and 
equal to qrs, is deſcribed on an immoveable plane, approaches nearer to the 
motion of the ellipſis, - revolving according to the law required in Prop. 


XLIII,. and XLIV. than by any aſſignable difference. Let then 
Geo F 1 3 
1 —5 2 2 a all which is as the force found in the move- 


able ellipſis in Corol. 2. Prop. XLIV. be continually in a given ratio to the 
force in the orbit qr 5, whoſe apſides are required; and let the orbits qr s and 
VBA approach nearer than by any aſſignable difference to the form of circles: 
by theſe two ſuppolitions the orbits are made fimilar ; not univerſally, but in 
that particular caſe, when the velocity of the moveable orbit is regulated ac- 
cording to the law required in Prop. XLIII. and XLIV. Let then X = 0; and 
let the correſponding terms of the proportional forces be compared together ; 


and che ratio of G to E, as alſo the angle deſcribed when the body arrives at an 
aplis, will be found. = 3. 
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fraction whoſe denominator is A, and the numerators, by col- B O OK 


lating the homologous terms, are to be made analogous (1), ARS 
This will be made evident by examples. 


Example 1. Let us ſuppoſe the centripetal force to be uniform, 


and therefore as — or (by writing T - X for 4 in the nume- 


175 — 371 TIA — : | | 
rator) as wit: 7h. I LEE of and collating the corre- 


ſponding terms of the numerators; that is, the given terms 
with the given, and thoſe which are not given with the not 
given, RGG— RFF +TFF will be to J, as —FFXto — 
S$TTX+3TXAX—%; or as — FF to — 3T7IT＋- 37A — AA. 
But, fince the orbit is ſuppoſed to approach very near to a circle, 
let the orbit coincide: with a circle; and becauſe R and T become 
equal, and & is indefinitely diminiſhed, the limits of the ratios 
will be RG G to , as — FF to - 37, or GG to TT, as FF 
to 377; and alternately, GG to FF, as TT eto 377, that is, as i} 
1 to 3; and therefore G to F, that is, the angle Y Cp to the angle bl 
VCP, as 1 toV 3. Therefore, ſince the body in the immove- Wi 
able ellipſis, in deſcending from the higher to the lower apſis, 
deſcribes an angle Y CP, if I may ſo ſpeak, of 180 degrees; the 
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(1) 317. The expreſſions for the centripetal forces, which are to each other 
in a given ratio, conſiſt of given quantities, and of variable quantities, depend- 
ing upon X, the difference of the diſtances; which variable quantities, when 
the orbits are circular, become equal to nothing at the ſame time : I ſay then, 
that the: variable parts are always to each other, as the conltant parts. For, let 
a and übe conſtant quantities, and x and y variable; and let y = 0% whenever 
x = 0. Ifa+xistob + y always in a given ratio, theſe quantities are to each 
other in that given ratio, whatever the values of x and y are. Let x = 0 and 
„So; in that caſe a T: % ＋ ::a: 5; therefore in all caſes a + x; 6 + 
:: 4: 23 and conſequently x: :: 4:6. | 


other body in the moveable ellipfis, and therefore in the im- Wu 
Moveable orbit of which we are treating, will in its deſcent 1 i 
from the higher to the lower apſis deſcribe an angle VCS of = I 
1+ 

180 | . *1* X | 1M 
degrees. And this follows from the ſimilitude of this 4 1 
3 | orbit, i 1 

4 
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2 We, orbit, which a body deſcribes acted upon by an uniform centri. 
Bodies, Petal force, and of that orbit, which a body, performing its 
— revolutions in a revolving ellipſis, deſcribes in the quieſcent 
plane. By the above collation of terms theſe orbits are made 
ſimilar; . not univerſally, but then only when they approach 
indefinitely to a circular form. A body therefore, revolving 

with an uniform centripetal force, in an orbit nearly circular, 


will deſcribe always, between the higher and the lower apſis, 


an angle of degrees or 103 deg. 55 m. 23 ſec. at the 
centre; having moved from the higher to the lower apſis, when 


it has once deſcribed that angle; and returned thence to the 
higher apſis, when it has again deſcribed the ſame angle; and 
ſo on continually. 


Example 2. Let us ſuppoſe the centripetal force to bs as any 
power 4-3 or = of the altitude 4; where z 3 and n ſignify 


any indices of the powers, integers or fractions, rational or 


ſurd, affirmative or negative. That numerator A or I- A, re- 
duced to an indeterminate ſeries by our ar of converging 
2 


” ſeries Tm), becomes T” 1 XT — + TTT. &c. And, 
KD collating 


COMMENTARY. 


(nm) 318. It is evident from the continual multiplication of any binomial into 
itſelf, that the firſt term does not involve A; and that the ſubſequent terms. 
involve X, , P, , c. with invariable coefficients. Aſſume then 


F — = A +BX+ CT. + DF + EX + Se. And ſince this 
equation is true, whatever the value of X may be; to find the values of the 


coefficients A, B, C, D, E, &c. ſuppoſe firſt that X = 0; then A T. Again, 
by the method of fluxions we find — » X x7 — X\ "'=BX+2XCXNX + 
3XDX* X+4xX EX X + &c. and dividing by X, and ſuppoling X = a, 
we find B = — Kr From the equation —nxT — X\" =B +2 XxX 
CX+3xDX +4X EX + &c. we find »X n—1 xXx T- = 
XC D+ 9X DB +30 (MASS and dividing by X, and ſup- 


0 1 —, In the ſame manner we find 
I = 


poſing A = o, we find CA K* 2 


# 


OF NATURAL PHILOSOPHY. 223 


collating the terms of this with the terms of the other numerator B o 
RGG — RFF +TFF — F FA, RGG—RFF +TFF be- wn 


4 


comes to T, as — FFto — n 7" + — IT &c. And by 


taking the limits of the ratios, when the orbits approach to a 
circular form, RGG becomes to T“, as — FF to —nT"”, or 
GG to Ti, as FFtonT'”; and alternately GG to FF, as T 
to0nT'""; that is, as 1 ton; and therefore G to F, that is, the 


angle Y Cp to the angle Y CP, as 1 town. Therefore, fince the 
angle CP, deſcribed in the deſcent of the body from the 
higher apſis to the lower apſis in an ellipſis, is an angle of 180 
degrees; the angle V Cp, deſcribed in the deſcent of the body 
from the higher apſis to the lower in an orbit nearly circular, 
which a body deſcribes with a centripetal force proportional to 
the power of the diſtance 4 -;, will be equal to an angle of 


252. —= degrees; and, this angle being repeated, the body will 
nN 


return from the lower apſis to the higher; and ſo on continually. 
As, if the centripetal force is as the diſtance of the body from 


4 


the centre; that is, as 4, or — = In will be equal to 4, and NV 


equal 
COMMENTARY. 
* 1 — 1 1 —2 5 n 222 
D = — n X "KG. : x T3; and E= X "Gauſs, 5 R 
1 — 3 


8 Xx 1 Sc. Subſtitute the values of 4, B, C, D, E, Sc. in the firſt 


F We ind FT * TO — 241 — + 27 X = — X. F oo2 nes 
17 —— rr e IET PI 
2 3 2 3 


4 

+ Sc. In this inveſtigation n may repreſent any number, integer or fraction, 
poſitive or negative; and therefore this theorem will ſerve to raile a binomial to 
any power, as ; well as to extract the roots of powers. If the quantity is a multi- 
nomial, it may be diſtinguiſhed into two parts, and raiſed to any power as a 


binomial; and then by this rule the values of the powers of the compouad. parts 
may be ſublticured. 
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equal to 2; and therefore the angle between the higher and the 
lower apſis will be equal to = deg. or go deg. Therefore a 


fourth part of one revolution being completed, the body will 


arrive at the lower apſis; and, another fourth part being com- 


the altitude, and 5 and e for any given — let us ſuppoſe 


pleted, it will arrive at the higher apſis; and ſo on by turns 
continually. This appears alſo from Propoſition X (. For a 
body, urged by this centripetal force, will revolve in an im- 
moveable ellipſis, whoſe centre is in the centre of force. But if 
the centripetal force is as the diſtance reciprocally, that is 


directly as — or - In will be equal to 2; and therefore the 


angle between the higher and the lower apſis will be an angle 


180 


f 
9 


deg. or 127 deg. 16 min. 45 ſec. and therefore a 


body revolving with ſuch a force will, by the continual 
repetition of this angle, move alternately from the higher 
apſis to the lower, and from the lower apſis to the higher 
for ever. Moreover, if the centripetal force is reciprocally as 
the biquadrate root of the eleventh power of the . that 


is, reciprocally as Az, and therefore directly as 


8 
u will be equal to 3, and = = deg. will be 5 to 360 deg. 


and therefore the body, departing from the higher apſis, and 
then continually deſcending, will arrive at the lower apſis, when 
it has completed an entire revolution ; and afterward, when it 
has completed another entire revolution continually aſcending, 
it will return to the higher apſis: and thus alternately for ever. 


Example 3. Aſſuming m and = for any indices of the powers of 


the 


COMMENTARY. 


(u) 319. For in this caſe it deſcribes an ellipſis, whoſe conjugate axis is equal 
to twice the leaſt diſtance in the moveable orbit, whole tranſverſe axis is 


twice the greateſt diſtance, and whoſe centre is the focus of the moveable 
ellipſis. 
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| WY 
= centri " Sc A-”.,. ' BOOK - "Wl 
the centripetal force to be as 722 5 .. that is 28 I, Wi 
* A; N — |; p 117 
22 x 1 22 27 + ox T— x \ ” | Wh 
555 or (by the ſame method of con- 9 
ut +7 . | 4 
4 1 HT ö 
{ 
117 — + — = XX TI oc. ö 
Sa oo — 4 ; and, comparing bl 
the terms of the numerators, R GG — R FF+TFF will be to 0 
1 
57 e., as —FFro—mbTo=—noT=i += 7 Ul 
#1 
1 c XI. Oe. And by taking the limits of the r.tios, 14 
which: ariſe when the orbits approach to a circular form, GG is 4 | 
to TT., as FF to mbT” + n n, and alter- 9 
nately 6G to FF, as bT*— eto m + I.. 6 1 
Which proportion, by expreſſing the greateſt altitude CV or T 1 
arithmetically by unity, becomes GG to FF, as b + c to mb + 9 
nc, and therefore as 1 to — — = Whence & is to F, that is, 1 
e ang 50 85 We 1 
the angle V Cp to the angle VCP, as 1 to * And 1 
1 Fi 
therefore, ſince the angle LY CP, between the 3 and the 1 
lower apſis in the immoveable ellipſis, is an angle of 180 deg. 9 
the angle TC, between the ſame apſides, in an orbit, which 9 1 
the body deſcribes with a centripetal force proportional to the Wy 
| quantity 11 
COMMENTARY. [1k 
| mn m — m ind 

(e) 320. For T— “ NI =bT" — mbXT"—" + £ b X | 

: WH yy 

7 : Ce. and F — „eg c T- XT — + — . c Ton 11 
&c. (318.): therefore 5 * f= D Te TNT 467 — 1 
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Of e of b 4” + 24. 
* quantity 7 


W 2 . — de And, by the fame reaſonin; if the centri 
mb + n ol 0 N 4 


, will be equal to an angle of 186 


petal force is as N = , the wk between the — 
will be found to be an angle of 180 JS 72. — deg; And in the 


fame manner the problem will be 8975 8 in more difficult caſes. 
The quantity, to which the centripetal force is proportional, 
ought always to be reſolved into converging ſeries, whoſe 
denominator is . Then the given part of the numerator, 
which ariſes from that operation, is to be put to its other part 
which is not given, and alſo the given part of this numerator 
RGG—RFF4TFF—FFX is to be put to its other part 
which 1s not given, in the ſame ratio: and by taking away the 
fuperfluous quantities, and writing unity for T, the proportion 
of G to F will be obtained. 


Corol. 1. Hence, if the centripetal force is as any power of the 
altitude, that power may be found from the motion of the 
apſides; and the contrary. That i is, if the whole angular motion, 
with which the body returns to the ſame aplis, is.to-the angular 
motion of one revolution, or 360 deg. as any number x: to 
another number u, and the altitude is called 4, the force will be 


as that power of the altitude A, whoſe index is —— 3 (p). 
| Which 


COMMENTARY. 

(2) 327. The whole angular motion, _ which a body returns to the ſame 
apſis, is according to this corollary 360 8 — — deg. According to the ſecond 
example, ſuppoſing the mou to be as 4 =, that, * angular motion was 


zoo |. 
„ NY „ 9 * Nh 


the centripetal force Am = An % 
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Which is evident from the ſecond example. % Hence it BOOK 

is plain, that the force, in the receſs from the centre, cannot * e 
decreaſe in a greater than the triplicate ratio of the altitude. A | 
body revolving with ſuch a force, and departing from the apſis, 

if it ſhall begin to deſcend, will never arrive at the lower apſis, 

or leaſt altitude, but will deſcend continually towards the centre, 
deſcribing the curve line treated of in Corol. 3. Prop. XLI. But 

if, ' departing from an apfis, it ſhall begin in the leaſt to aſcend, 

it will aſcend continually, and will never arrive at the higher 

apſis. For it will deſcribe the curve line treated of in the ſame 

Corol. and in Corol. 6. Prop. XLIV. (r) So alſo, where the force, in 


the 
COMMENTARY. 


(40 322. For if the force varies in a greater ratio than the inverſe cube of 


L . let i 1 . 1 3 
che diſtance, et it be as 4” then rm „ 


and 5 V, which is an impoſſible quantity. Therefore the orbit in 


this caſe cannot be deſcribed by an ellipſis revolving round its focus, according 
to the law required in this and the preceding propoſitions. If the force varies 
inverſely as the cube of the diſtance, the body will deſcribe ſome one of the 
orbits, conſtructed in Corol. 3. Prop. XLI. which have only one apſis: and 
if the body departs from that apſis, it can never arrive at another, but muſt 
either approach to, or recede from the centre of force continually : for in this 


60 60 . 
calep— 3 = —3, PF o, and = _ —— But, if the body does not 


depart from an apſis, it is poſſible that it may arrive at one; and after that it 
will aſcend from, or deſcend towards the centre of force for ever. 

323. This is alſo evident by conſidering that the centrifugal force varies in 
the inverſe triplicate ratio of the diſtance (216.). For, if the centrifugal force 
ever exceeds the centripetal, it muſt always exceed it: and if the centripetal 
force is in any caſe greater than the centrifugal, it muſt be greater in all caſes ; 
| becauſe theſe two forces vary in the ſame ratio. Therefore, if the body ever 


recedes from the centre, it muſt always recede : and if it approaches in any caſe, 
it muſt approach for ever. 


qr) 324. If the force varies in any inverſe ratio of the diſtance greater than 
the cube, the body can never arrive at an apſis. But ſince in approaching to, 
or receding from the centre, the centripetal force increaſes in the one caſe, and 
is diminiſhed in the other, more than when it varied inverſely as the cube of the 
diſtance z the body muſt fall ſooner into the centre in the one caſe, and recede 
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or the the receſs from. the centre, decreaſes in a greater than a triplt- 
Bodies. cate ratio of the altitude, the body, departiug from an -apſis, 
ill either deſcend continually towards the centre, or aſcend for 
ever, according as it ſhall begin to deſcend or aſcend. But if 

the force, in the receſs from the centre, either decreaſes in a 

leſs than the triplicate ratio of the altitude, or increaſes in any 

ratio of the altitude, the body will never deſcend to the centre, 

but will at ſome time arrive at the lower apſis: and on the 
contrary, if the body, alternately aſcending and deſcending 

from one apſis to another, never arrives at the centre, the force, 

in the receſs from the centre, will either be increaſed, or will 

decreaſe in a leſs than the triplicate ratio of the altitude: and 

the ſooner the body ſhall return from one apfis to another, the 

farther will the ratio of the forces recede from that triplicate 

ratio. As if the body, alternately deſcending and aſcending, 

ſhall return from the higher apſis to the ſame apſis, in 8 revolu- 


tions, or 4, or 2, or 12; that is, if n ſhall be to u, as 8, or 4, or 
nn 1 8 
2, or 14 to; and therefore 8 {halF be equal to r — 3, or 


* — 3» or+— 3, or f 3, the force. will be as 4% , or 
Are —3, or A=, or A5-3; that is, reciprocally as A = + 
or 43-55, or A- , or A3=5, If the body, after each revolu- 
tion, ſhall return to the ſame immoveable apſis, m will be. to 2; 

as 


COMMENTARY. 


faſter from it in the other. And, the force being as ſome power of the diſtance 
greater than the cube, the higher that power is, the ſooner the body in ap- 
proaching will fall into the centre. If, for example, the force is inverſely as 
that power of the diſtance whole index is 4, and the velocity of projection is to 


the velocity in a circle at the ſame diſtance, as / 2 to V 3, the body will fall 
into the centre after performing half a revolution. If the force is inverſely as 

' - that power of the diſtance, 'whoſe index is 5, and the velocity of projection is 
to the velocity in a circle at the ſame-diſtance, as 1 to V* 2, the body will fall 
into the centre after one fourch part of a revolution; If the index of the power 

of the diſtance is 7, and the velocity of projection is to that in a circle at the 


bh” ſame diſtance, as I tO WA 3 the body will fall into the centre after finiſhing one 
| cighth part of a revolution, en 


ans I 
30 
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"2s to 1; and therefore 4 88 —1 will be equal to A or 2 and 
the decreaſe of the forces will be in the duplicate ratio of 
the altitude, as has been already demonſtrated. If the body 
fhall return to the ſame apſis in three fourth parts, or two 
thirds, or one third, or one fourth part of a whole revolution, 


m will be ton, as 2, or 2, or 2, or + to 1: and therefore 


AZ==3 will be equal to Re or A#=3, or 4 or 4 


and therefore the force will be either reciprocally as 4 or 4* , 
or directly as A* or 4 (. Laſtly, if the body, in moving 
from the higher apſis to the higher apſis, ſhall go over an entire 
revolution and three degrees more; and therefore that apſis, in 
each revolution of the body, ſhall move three degrees forward ; 
m will be to n, as 363 deg. to 360 deg. or as 121 to 120; and 


therefore . 4 * will be equal to A” 7F5+7 ; and therefore 
the 


COMMENTARY. 


(s) 325. From all theſe caſes it appears, that if the centripetal force varies 
m any inverſe ratio of the diſtance, greater than the ſquare, and leſs than the 
cube, the motion of the apſides is progreſſive: and the nearer that ratio ap- 
proaches to the ratio of the inverſe cube of the diſtance, the greater is that 
progreſſive motion. If the force varies inverſely as the ſquare of the diſtance, 
the body, departing from one apſis, arrives at another after half a revolution; 
and the apſides are quieſcent. If the force varies in any inverſe ratio of the 
diſtance leſs than the ſquare, or in any direct ratio of the diſtance, the motion of 
the apſides is retrograde. And, fince a very ſmall variation of the law of 
gravity from the inverſe ratio of the ſquare of the diftance either way produces a 
very fenſible motion of the apſides; and ſince the progreſſive motion of the 
aplides of the orbits of the planets is ſo ſmall, as hardly to be obſervable by 
aſtronomers, we may conclude, that the law of their gravity is very inſenſibly 


diſturbed from the inverſe ratio of the ſquare of the diſtance: 


(ti) 326. In the propaſed caſe by —} = —— = —- = 


21 > nearly. Therefore the centripetal force is as 
14041 243 


that power of the diſtance, whoſe index. is — 


4 | . = „ 
2 — ; or it is reciprocally 
243 P y 


as 4 + rr nearly. | 
327. Again, 


229 


BOOK 


I, 


oy — — — 
Pn — —— — * 
_— . > — 


— . 2 
22 OOO 


ä * 


2 ah 
= . - 


— wy - - — . 


—— — 
— 


- - a; 1 — 
2 — > a — - *% A 
1 2 . 3 ——_— - = 4 4* » —_ - — 
+ w — — EDS Ke — — —  —— 
— — 693 2 CI — 
——— 


—— . — 2923 


6 


— — 
. 4 y = 


PRE nn — — > _— 
* 


—— 


— 22. ˖— 


» 
— * 
— 
— — 8 _ — 
2 
— C 


a = „ * * - -= » - 4 wv — W — * — a. - - - 
=— . % 4 I. * 2 bd - - — — * ny £ 
| * —— 2 | * 22 
C, 8 — 4 > AS a _ A 1 N t * Sas 4 * 
3 FL 2 * — bon IT a CS i Mus Coy in I 1 — 0 nz"? — * 
: 'E... 4 bs, \ 4 ; — \ 5 
- _ K - > IT — ay - 7 . * * — — we — + * 4 Tor . 


— — 


_ - - 
- ” < —- 
e 2 - 
— 


230 MATHEMATICAL PRINCIPLES 


- Of che FR ; N ö 2 0 326 , 
' Motion of the centripetal force will be reciprocally as 4*****, or recipro- 
Bodies : | 


wr cally as 42 DE , nearly. Therefore. the centripetal force de- 
creaſes in a ratio a little greater than the duplicate; but in a 
ratio approaching 59 times nearer to the duplicate than the 
triplicate. 2 65 
Corol. 2. Hence alſo if a body, urged by a centripetal force 
which is reciprocally as the ſquare of the altitude, revolves in 
an ellipſis whoſe focus is in the centre of force; and a new 
extraneous force is added to, or taken away from this centripetal 
force; the motion of the apſides, which ariſes from that ex- 
traneous force, may be known by the third example: and the 
contrary. As if the force, with which the body revolves in the 


ellipfis, 1s as 41 and the extraneous force taken away as c4, 
and 
COMMENTARY. - 


a 327. Again, the difference between the index 3 and the index 2 + 235 is to 
the difference between the index 2 + 271 and the index 2, as 394 to 1, nearly. 


a 
'S 


For 3 —2 — —:24— —2:; 1— . 
| | 243 243 243 243 243 243 
239: 4 :: 594: 1. CS a | 
328. Hence allo it clearly appears, that the law of the gravity of the planets 
is not ſenſibly diſturbed from the inverſe ratio of the ſquare of the diſtance. 
For, when the progreſſive motion of the apſides in each revolution is three 
degrees, it appears, that the law of the force varies ſo little from the inverſe 
duplicate ratio, that it is nearer the duplicate than the. triplicate ratio by almoſt 
ſixty parts. Therefore, ſince the motion of the apſides of the planets is ſo 
much leſs than this, as hardly to be perceived at all, the variations of their 
gravity muſt obſerve very accurately the law of the inverſe ratio of the ſquares 
of their diſtances, | 
329. Since it appears from obſervation, that the motion of the lunar apſides 
is upon the whole progreſſive, and nearly equal to 3 deg. 3 min. in each revolu- 
tion, we may conclude from hence, that the mean quantity of the difference of 
all thoſe diſturbing forces, which produce the motion of the apſides, progreſſive 
or retrograde, is ſuch, that being compounded with the force by which the moon 
is retained in its orbit, it produces a force which varics inverſely as that power of 
the diſtance, whoſe index is 2 
243. 


IL 
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4— 64 


and therefore the remaining force as — 7 


(by the third 


example) b will be equal to 1, m equal to 1, and en equal to 4; 


and therefore the angle of the revolution between the apſides 
will be equal to an angle of 180 34 = deg. {u) Let us 
ſuppoſe. that extraneous force to be 357,45. parts leſs than the 
other force with' which the body revolves in the ellipſis ; that is, 


* 0 8 1 


rer; 


Will 
- 


become 180 , or 180.7623, ; that is, 180 deg. 45 min 44 ſec. 


Therefore the body, departing from the higher apſis, will arrive 


at the lower apſis with an angular motion of 180 deg. 45 min. 


44 ſec. and, this angular motion being doubled, it will return 
to the higher apſis: and therefore the higher apſis will move 


forward in each revolution 1 deg. 31 min. 28 ſec. (v) The apſis 
of the moon is about twice as ſwift. 


Hitherto: 


COMMENTARY. 
(#) 330. If c A: — 


FF; 
21 100: 35745 md © = , hence 1 = 1 — =— = 
.  - 35745 8 35745 © 
n — 35345, and 180 L =. =" 260 
$5008: 35745 © 36145 184. 
3 35945. — 180 deg. 45 min. 44 ſec. 
—_— 


(v) 331. Since the motion of the apſides, which ariſes from the quantity of 
ablatitious force here aſſumed, is only. half the motion of the lunar apfides 
really obſerved by aſtronomers; we may conclude, that the diſturbing action 
of the ſun, by which. the moon is upon the whole drawn from the earth; or,. in 
other words, the exceſs of the ſum of all the diſturbing forces of every kind, 
which cauſe the progreſſive motion of the apſides, above the ſum of the forces by 
which their motion is retrograde, is equivalent to a force, which is directly as 
the diſtance of the moon from the earth, nearly; and is in quantity to the 


centripetal force of the moon, as 2 to 357,45 3 or as 1 to 178 48. It appears 


from Corol. 17. Prop. LXVI. that the mean quantity of addititious force, by 
which the gravity of the moon is increaſed, is to the mean quantity of accelerat- 


ing force, by which the moon would be retained: in its orbit, if no diſturbing, 


4 force 


: I: 357,453 ſuppoſing A = 1, we find c: 1:1; 
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MATHEMATICAL/PRINCYPLES 


. Vitherto we have treated of the motion of bodies in orbits 
whoſe planes paſs through the centre of force. It remains that 
we alſo determine their motions in eccentrical planes. For thoſe 
authors, who treat of the motion of heavy bodies, uſuall 


conſider the aſcent and deſcent of weights, as well oblique in 


any given planes, as perpendicular: and, for the ſame reaſon, 


the motion of bodies tending to centres by any forces, and 


moving in eccentrical planes, is here to be conſidered. But we 
ſuppoſe theſe planes to be perfectly poliſhed and ſmooth, ſo as 
not to retard the bodies. Moreover, in theſe demonſtrations» 
inſtead of planes on which bodies reſt in rolling or ſliding, and 
which are tangent planes, we uſe planes parallel to theſe, in 
which the centres of the bodies move, and by that motion 
deſcribe orbits. And by the ſame method we afterwards deter- 
mine the motions of bodies performed in curve ſurfaces. 


COMMENTARY. 


force acted upon it, as the ſquare of the periodical time of the moon round the 
earth, to the ſquare of the periodical time of the earth round the ſun; that is, 
in the duplicate ratio of 27 days 7 houts 43 minutes, to 365 days 6 hours 
9. minutes; or as 1 to 178 33; or as 2 to 357,45. It appears from the 
Corollaries of the ſame Prop. that the ablatitious force, in conjunction and op- 
poſition, is nearly double the addititious force in the quadratures, and that it alſo 
acts for a longer time; and, by the exceſs of this force above the other, the 
motion of the apſides upon the whole is progreſſive. If we could ſuppoſe the 
ablatitious force to be double the addititious, and to act for an equal time in each 
revolution ; ſo that the exceſs, by which the apſides are upon the whole pro- 
greſſive, ſhould be to the force by which the moon is retained in its orbit, as 2 


to 357,45; the motion of the apſides, found according to this Propoſition, 


would be 3 deg. 3 min., nearly, in each revolution ; which is agreeable to ob- 
ſervation. But, in reality, the ablatitious force acts for a much longer time. 
And the eccentricity of the lunar orbit, the motion of the earth, and other 
cauſes, which are not here conſidered, may have a ſenſible effect. Theſe things 
are only hinted at in this place, to ſhow, that the quantity of extraneous force, 
here aſſumed by the author, which is directly as the diſtance, and 357,45 parts 
leſs than the other force, whereby the body is retained in its orbit, is not the 


diſturbing force of the fun, whereby the motion of the lunar apſides is pro- 


duced ;. and that the motion of the apſides, which is here found equal to half 


the motion of the lunar apſides, is rightly deduced from the force aſſumed, and 
the principles here laid down. * W 
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OF NATURAL PHILOSOPHY. 


SECTION X. 


Of the mation of bodies in given ſurfaces ; and of the reciprocal motion 
of funependulous bodies. 


- PROPOSITION XLVI. PROBLEM XXXI.L 


Any kind of centripetal force being ſuppoſed ; and the centre of force being 
given, and alſo any plane whatſoever in which a body is made to 

. revolve; and the quadratures of curvilinear figures being granted; it is 
required ta determine the motion of a body, going from a given place, 

with a given velocity, in the direction of a given right line in that 
plane. 


ET Sbe the centre of force, SC the leaſt diſtance of this 
centre from the given plane, P the body going from the 
place P in the direction of the right line PZ, 2 the ſame body re- 
volving in its trajectory; and P that trajectory, deſcribed in 
the given plane, which is required to be found. Let CS, & be 
joined; and if SV is taken in S, proportional to the centripetal 
force, with which the body is attracted towards the centre 5, 
and VT is drawn, which may be parallel to C, and may meet 
SCinT'; the force SV will be reſolved (by Cor. 2. of the laws 
of motion) into the forces S7, TV; of which ST, by attracting 
the body in the direction of a line perpendicular to that plane, 
does not change its motion in that plane. But the other force 
TV, by acting according to the poſition of the plane, attracts 
the body directly towards the given point C in the plane; and 
therefore cauſes the body to move in this plane, in the ſame 
manner as if the force ST was taken away, and the body was 
made to revolve in free ſpace about the centre C by the force TV 
alone. But the centripetal force T/ being given, by which the 
body & is made to revolve freely about the given centre C, (by 
Prop. XLII.) as well the trajectory PM, which the body de- 
Vol. I. H h ſcribes, 


233 


aber ahi 


—ůä—— 


Plate XVIII. 
Fig. 144 


b A * Jl 2 — 4 _ = | ik ; 2 Fn — 5 Wed — 
. Hi — — . | 


— — 
_ FS. „% es 


3 


—ji 


* 
1 
4 
1 
* 
* 
1 
4 
N 
4 
8 
+4 
„44 
Fi 
3 
»*4 
: 4 
ne 
1 
9 


* _ . — 4 
-— MC. at wt ; SP - 
" P__— . = 
_ * * - - 4 2 
- w>* * ' 4 * 
. a — —ů 
a # # Ps þ "4 5 8 


4 
— Ix 


1 


2 OG 


8 2 Fa — 
- more EI IN _ 
k 


— my 
—_ 3 —ůů ů — 
* — 


N = 


—— — ara 
ot — — 
2 . — - 


— - — 
— * 9 
4 2 * 


— — 8 > 


— My we = _ _— — _ - - 
— 2 "x 7 7 V —_— . £5 be 
- — — - f — 
—__ ce w RT TEE I OT N ** | \ 


- — 
3 * 2 — 
— — ee. 
5 Pt, 
* "i 4 


— * — — — _—_— 
a — 7 — - 
* * — — — — _ — = 
_ — - 
. E — * 4 — - «+ — 
. — 8 — — — 
* N 
— 1 — — — 
—  7_— — _ 7 = - 
G — 2 
8 oo 5 4 2 4 1 — — — 0 — 
- _ — 


234 MATHEMATICAL PRINCIPLES 
of the ſcribes, is given; as alſo the place A, in which the body will 


Bode be found at any given time; and alſo the velocity of the body 


◻Ꝙ in that place & and the * Which was to be found. 


PROPOSITION XVn. THEOREM XV. 


Suppoſing that the centripetal force is proportional to the diſtance of the 
body from the centre; all bodies, revolving in any planes whatſoever, 
will deſcribe ellipſes, and will perform their revolutions m equal times ; 
and thoſe which move in right lines, running to and fro alternately, 
will complete their ſeveral periods of going and returning in the amg 

Limes. 


For, retaining what has been deinoifirated i in the foregoing 
Propoſition, the force SV, with which the body 2, revolving in 
any plane PR, is attracted towards the centre &, is as the 
diſtance S2; and therefore, becauſe SV and S2, TY and C 
are proportional, the force TV, with which the body is attracted 
towards the given point C in the plane of the orbit, is as the 
diſtance C. Therefore the forces, with which bodies in the 
plane PR are attracted towards the point C, are, in proportion 
to the diſtances, equal to the forces, with which bodies are 
attracted every way towards the centre S: and therefore the 
bodies will move in the ſame times, and in the ſame figures, in 
any plane PR about the point C, as they would do in free 
ſpaces about the centre S; and therefore (by Corol. 2. Prop. X. 
and Corol. 2. Prop. XXXVIII) they will always, in equal times, 
either deſcribe ellipſes in that plane, about the centre C; or will 
complete their periods of moving to and fro in right lines, 
drawn through the centre C, in that ,plane. Which was to be 
demonſtrated. 


SCHOLIU 1 


The aſcent and deſcent of bodies in curve ſurfaces has a near 
relation to theſe motions. Imagine curve lines to be deſcribed 
in any plane; and then to be made to revolve about any given 
axis, paſting through the centre of force, and by that revolution 
1 to 
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to deſcribe curve ſurfaces ; then that the bodies are ſo moved, B O "I K 
that their centres may be always found in theſe ſurfaces. If Lu 
thoſe bodies, obliquely aſcending and deſcending, run to and 

fro; their motions will be performed in planes paſſing through 

the axis; and therefore in the curve lines, by whoſe revolution 

thoſe curve ſurfaces were generated. In thoſe caſes therefore it 

is ſufficient to conſider the motion in theſe curve lines. 


1 9 * WM. 

7 * » * 2 = * Z% — . 
—ęm!/—ä—ͤ— —————'— —— Oe 

3 

. — — 


22 * — 
— 


Cone 
—— — ͤ — 


1 4 , -— 
2222... ͤ ACA SED 
PITS — 4 — — — 
— — — — _ —_— 
—_ * 
* 2 - 


' PROPOSITION XLVIL THEOREM XVI. 


If a wheel flands upon a globe at right angles on the outſide ; and, 
revolving about its own axis, goes forward on the greateſt circle; the 
length of the curvilinear path, which any given point in the perimeter 
of the wheel hath deſcribed, ſince it touched the globe, (and which we 
may call a cycloid or epicycloid,) will be to double the verſed fine of 
half the arc, which has touched the globe in paſſing over it ſince that 


time; as the ſum of the diameters of the globe and the wheel, to the 
Sematameter of the globe. 


PROPOSITION XLIX. THEOREM XVII. 


Fa wheel lands upon a concave globe at right angles on the inſide ; and, 
revolving about its own axis, goes forward on the greateſt circle; the 
length of the curvilinear path, which any given point in the perimeter 
of the wheel hath deſcribed, fince it touched the globe, will be to double 

. the verſed ſine of half the arc, which has touched the globe in paſſing 
over it in all that time; as the difference of the diameters of the globe 
and the wheel, to the ſemidiameter of the globe. 


Let A BL be the globe, Cits centre, B PV the wheel ſtanding piate xvnr, 
on it, E the centre of the wheel, B the point of contact, and P Fig. 145: 
a given point in the perimeter of the wheel. Imagine this 
wheel to proceed in the greateſt circle AB IL, from A through B 
towards L; and in its progreſs to revolve in ſuch a manner, that 
the arcs AB, PB may be always equal to each other; and the 
given point P in the perimeter of the wheel, in the mean time 
to deſcribe the curvilinear path 4 P. But let AP be the whole 
curvilinear path deſcribed ſince the wheel touched the globe in 

H h 2 A; 
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A; and AP, the length of this path, will be to double the 
verſed fine of the arc: PB, as 2CE to CB. For let the right 
line CE (produced if neceflary) meet the wheel in /; and let 
CP, BP, EP, P, be joined; and on CP produced let fall the 
perpendicular VF. Let PH, V touch the circle in P and PF, 
meeting in H; and let PH cut F in G; and on Y let fall the 
perpendiculars G1, HK. Alſo, with the centre C, at any interval 
let the circle nom be deſcribed, cutting the right line CP in , 
the perimeter of the wheel BP in o, and the curvilinear path 
AP in mn; and with the centre V, at the interval Yo, let a circle 
be deſcribed cutting P produced in 9. | 


Becauſe the wheel in its progreſs always revolves about the 
point of contact B, it is evident that the right line BP is per- 
pendicular to that eurve line 4 P, which the point P of the 
wheel deſcribes, and therefore that the right line YP will touch 
this curve in the point P. Let the radius of the circle 20 n, 
gradually increaſed or diminiſhed, be at laſt equal to the diſtance 
CP; and by reaſon of the ſimilitude of the figure Pnomg and 
the figure PFGVI, which are continually diminiſhed, the 
limits of the ratios of the lines Pm, Pn, Po, Pg, that is, the 
ratio of the momentaneous increments or decrements of the 
curve AP, the right line CP, the circular arc BP, and the right 
line JP, will be the ſame as that of the lines PV, PF, PG, PI, 
reſpectively. But finceVF is perpendicular to CF, and V H to 
CY, and conſequently the angles HYG, VCF equal; and the 
angle V HG (becauſe the angles of the quadrilateral figure 
HEP are right angles at Y and P) is equal to the angle CEP, 
the triangles V HG, CE will be ſimilar; and thence, as EP is 
to CE, fo will HG be to HY, or HP; and ſo will K be to KX; 
and, by compoſition or diviſion, as CB is to CE, ſo is PItoPK; 
and, doubling the conſequents, as CB is to 2CE, ſo is PI to 
PP, andſo is Pq to Pm. Therefore the decrement of the line 
P, that is the increment of the line B - V, is to the incre- 
ment of the curve line AP, in the given ratio of CB to 2 CE; 
and therefore (by Corol. Lem. IV.) the lengths BY - P, and 
A P, generated by thoſe increments, are in the ſame ratio. But 


7 5 1 


OF NATURAL PHILOSOPHY, 237 


BY being radius, / P is the coſine of the angle BY Por: BEP; BO * 
and therefore BY —FVP is the verſed fine of the ame angle; lis 
and conſequently in this wheel, whoſe radius is BV, BY —/ P 
will be double the verſed fme of the arc : B P. Therefore 4 P 


is to double the verſed fine of the arc 2B P, as 2CE to CB. 
Which was to be demonſtrated. 


But the line 4 P, in the former Propoſition, we ſhall call, for 
the ſake of diſtinction, the cycloid without the globe; the 
other, in the latter Propoſition, the cycloid within the globe. 


Corol. 1. Hence, if the entire cycloid ASL is deſcribed, and it 
is biſected in S, the length of the part PS will be to the length 
PV, (Which is double the fine of the angle YB P, EB being 
radius) as 2 CE is to CB, and therefore in a given ratio. 


Corol. 2. And the length of the ſemi-perimeter of the cycloid 


AS will be equal to a right line, which is to BY, the diameter 
of the wheel, as 2 CE to CB. 


PROPOSITION L. PROBLEM XXXIII. 
To make a pendulous body oſcillate in a given cycloid. 


Within the globe JS, deſcribed with the centre C, let the pite xvi, 
cyclod XR S be given, biſected in R, and meeting the ſurface Fs: 146. 
of the globe, on each fide, with its extreme points 2 and S. 

Let CR be drawn biſecting the arc S in O; and let it be pro- 
duced to 4, ſo that CA may be to CO, as CO to CR. With the 
centre C, at the interval CA, let an exterior globe DAF be 
deſcribed ; and within this globe, by a wheel whoſe diameter is 
AO, let two ſemicycloids 42, AS be deſcribed, which may 
rouch the interior globe in 2 and S, and may meet the exterior 
globe in 4 {w/). From that point 4 let a body I be ſuſpended: 


COMMENTARY. 
* Sec Waring's Miſcellanea Anahtica, Lib. II. Cap. II. Prop. II. 


(w) 332. Let C N and CS be produced to Fand D; and upon QF and S D 
deſcribe he wheels, by which the ſemicycloids AQ, AS are generated, and the 


length 
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often as the pendulum departs from the perpe 
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by a ſtring 4 PT, equal in length to A R; and let it oſcillate 
between the ſemicycloids 42, AS in ſuch a manner, that as 
ndicular A R, the 
ſuperior part of the ſtring 4 P may be applied to that ſemi. 


.cycloid APS, towards which the motion tends, and may fold 


itſelf round it, as a ſolid obſtacle; and the remaining part PT, 
which is not yet applied to the ſemicycloid, may be extended 
in a ſtraight line. Then the weight T will oſcillate in the given 
cycloid RS. Which was to be done. Nun | 


For let the ſtring PT meet the cycloid RS in T and the circle 
205 in, and let CY be drawn; and to the rectilinear part of 


the ſtring P7, from the extreme points P and 7, let the perpen- 


diculars BP, TW be erected, meeting the right line C/ in Band 
W. It is evident, from the conſtruction, and from the genera- 
tion of the fimilar figures AS, SR, that thoſe perpendiculars 


PB, TW cut off from CV the lengths VB, equal to the 


diameters of the wheels O A, O R (x). Therefore TPis to V P 
(which is double the fine of the angle V BP, when 2B is 
radius) as BW is to BY, or 40 + ORto AO; that is, (ſince C 4 
and CO, CO and CR, and, by diviſion, 40 and OR are propor- 


tional) as CA+COtoCA; or, if BY is biſected in E, as 2 CE 
| to 
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length of the arc O will be to the length of the arc AF, and the arc S O to the 
arc DA, as CO to CA, or (by the conſtruction) as CR to CO; and (by 
diviſion) as O R to AO; that is, as the periphery of the wheel, deſcribed upon 
OR, to the periphery of the wheel deſcribed upon 40. And, becauſe the arcs 
O2, OS are each equal to the ſemicircumference of the wheel, deſcribed upon 
OR; the arcs AF and A D will each be equal to the ſemicircumference of the 
wheel deſcribed upon AO : therefore the ſemicycloids, deſcribed by the motion 
of the wheels from A, are terminated in the points Q and & of the interior globe. 


(x) 333. The ſemicycloids AS, AQ, Ak, RS are ſimilar, becauſe 40, 
and O R, the diameters of the wheels with which they are deſcribed, are pro- 
portional to AC and OC, the radii of the globes DAF and 20 S. Again, 
by the conſtruction, Y P is a tangent to the curve APS in P, and PB is per- 
pendicular to it; therefore the generating circle P BY touches the globe DA 
in the point B; and conſequently BY its diameter is equal to AO. Again, by 
the conſtruction, F/T is perpendicular to T/; therefore the generating circle 
V TW touches the globe & Tin J; and its diameter is equal to OR. 
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Go t%? 
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to CB. Therefore (by Corol. 1. Prop. XLIX.) the length of me BOOK 


rectili 


the eyeloid Ps, and the whole ſtring APT is always equal to 


the ſemicycloidal arc APS; that is, (by Corol. 2. Prop. XLIX.) 

to the length A R. And therefore, on the contrary, it the ſtring 
remains-always equal to the length AR, the point T will. move 
in the given cycloid ARS. Which was to be demonſtrated. 


Corol. The ſtring AR is equal to the ſemicycloid A5; and 


therefore has the ſame ratio to AC, the ſemidiameter of the 
exterior globe, as the ſemicycloid SR, ſimilar to it, has to CO 
the ſemidiameter of the interior globe. 


PROPOSITION LI. THEOREM XVIII. 


If the centripetal force, tending in all directions to C the centre of the 
globe, it in the ſeveral places as the diſtance of each place from the 
centre; and, this force alone acting, a body T ofcillates {in the manner 

already deſcribed) in the perimeter of the cycloid QRS; IT ſay, that 


J. 


” 


Plate XVIII, 
F ig. 1 46. 


the times of the oſcillations, how unequal ſoever in themſelves, will be 


equal, 


For, let CX be drawn perpendicular to the tangent of the 
cycloid TW, indefinitely produced; and let CT be joined. 
Becauſe the centripetal force, with which the body Tis impelled 
towards C, is as the diſtance CT; and this (by Corol. 2. of the 
laws of motion) is reſolved into the parts CA, 7X; of which 


CA, impelling the body directly from P, diſtends the ſtring PT, 


and by its reſiſtance is entirely deſtroyed, producing no other 
effect; but the other part TX, urging the body tranſverſely or 


towards J, directly accelerates its motion in the cycloid ; it is 
evident, that the acceleration of the body, proportional. to this: 
accelerating force, is continually in each moment as the length 


TA; that is, becauſe CY, WÄ and TA, TW proportional to them 


are given, as the length TV; that is, (by Corol. 1. Prop. XLIX.) 


as the length of the arc of the cycloid TR. Therefore pendu- 


lums 4 PI, Apt being unequally drawn aſide from the perpen- 


dicular AR, and. let fall together, their accelerations will 
| always. 
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and 148. 
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always be as the arcs TR, 4R;' which remain to be deſcribed. 
But the parts deſcribed at the beginning are as the accelerations , 
that is, as the whole ſpaces to be deſcribed at the beginning 
and therefore the parts which remain to be deſcribed, and the 
ſubſequent accelerations, proportional to theſe parts, are alſo as 
the whole; and ſo on. Therefore the accelerations, and conſe. 
quently the velocities generated, and the parts deſcribed with 
theſe velocities, and the parts to be deſcribed, are always as the 
whole: and therefore the parts to be deſcribed, preſerving a 
given ratio to each other, will vaniſh together; that is, the two 
oſcillating bodies will arrive together at the perpendicular AR. 
And fince, in like manner, the aſcent of the pendulums from 
the loweſt place R, performed with a retrograde motion through 
the fame cycloidal arcs, is retarded in the ſeveral places by the 
ſame forces, by which their deſcent was accelerated; it is 
evident, that the velocities of their aſcent and deſcent through 
the ſame arcs are equal; and therefore that they are performed 
in equal times: and ſince the two parts of the cycloid RS and 
R, lying on different ſides of the perpendicular, are fimilar 
and equal, the two pendulums will always perform the whole, 
as well as half their oſcillations, in the ſame times. Which was 
to be demonſtrated. 

Corol. The force, with which the body T 18 accelerated or re- 
tarded in any place T of the cycloid, is to the whole weight of 
the ſame body in the higheſt place 8 or Q, as the arc of the 
cycloid TR to the arc SR or W. 


PROPOSITION LIL PROBLEM XXXIV. 


To define the velocities of pendulums in the ſeveral places, and the times, 
in which both the whole ofcallataons, and the ſeveral mn of them are 
performed. 


With any centre G, at the interval GH, aaa to the arc of 
the cycloid RS, deſcribe a ſemicircle HRK M biſected by the ſemi- 
diameter GK. And if a centripetal force, proportional to the 
diſtances of the places from the centre, tends to the centre G, 
and 
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and, in the perimeter Z7K, it is equal to the centripetal force BOOK 
in the perimeter of the globe 205, tending to its centre; and, PIP 
at the ſame time in which the pendulum T is let fall from the 
higheſt place S, a body L is let fall from Z towards G; becauſe 
the forces, with which the bodies are urged at the beginning, 
and always proportional to the ſpaces to be deſcribed TR, LG; 
and therefore, if T R and LG are equal, are alſo equal in the 
places F and L; it is plain that thoſe bodies deſcribe equal 
{paces S1, HL at the beginning; and therefore ſtill continue to 
be equally urged, and to deſcribe equal ſpaces in the ſame 
times. Wherefore, (by Prop. XXXVIIL) the time, in which the 
body deſcribes the arc ST, is to the time of one oſcillation, as 
the arc H, the time in which the body Z will arrive at L, to 
the ſemiperiphery HKM, the time in which the body H will 
arrive at M. And the velocity of the pendulous body in the 
place T 1s to its velocity in the loweſt point R, (that is, the 
velocity of the body H in the place L is to its velocity in the 
place G, or the momentaneous increment of the line H 1s to 
the momentaneous increment of the line HG, (the arcs HI. HR 
increaſing with an equable flux) as the ordinate LI to the 


radius GK, or as / Sk*— TR* to SR, Hence, ſince in un- 
equal oſcillations, there are deſcribed in equal times arcs pro- 
portional to the whole arcs of the oſcillations ; from the times 
given, both the velocities, and the arcs deſcribed in all the 
oſcillations are obtained univerſally. Which were firſt to be 
found. 


Let now any pendulous bodies oſcillate in different cycloids, 
deſcribed within different globes, whoſe abſolute forces are 
alſo different; and, if the abſolute force of any globe 208 is 
called V, the accelerating force, with which the pendulum is 
urged in the circumference of this globe, when it begins to 
move directly towards its centre, will be as the diſtance of the 
pendulous body from that centre, and the abſolute force of the 
globe jointly ; that is, as COxV. Therefore the line HT, 
which is as this accelerating force CO x V, will be deſcribed in 

Vol. I. 1 a given 
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1 the a given time (/y) : and if the perpendicular YZ is erected, meet- 
Bodies. ing the circumference in Z, the naſcent are H will denote 
—— that given time *. But this naſcent arc HE is in the ſubdupli- 
cate ratio of the rectangle GH, and therefore as /GHxCOxV 
(z). Whence the time of an entire oſcillation in the cycloid 
Ns (ſince it is as the ſemiperiphery HKM, which denotes 
that entire oſcillation, directly; and as the arc XZ, which in 


like manner denotes the given time, inverſely,) will be as GH 
directly and / GH x CO xV inverſely ; that is, becauſe G Hand 
SR are equal, as / IG or (by Corol. Prop. L.) as 

== Therefore the oſcillations in all globes and cycloids, 


performed with any abſolute forces whatever, are in a ratio, 
which is compounded of the ſubduplicate ratio of the length of 
the ſtring directly, and the ſubduplicate ratio of the diſtance 
between the point of ſuſpenſion and the centre of the globe 
inverſely ; and alſo the ſubduplicate ratio of the abſolute force 
of the globe, inverſely. Which was to be found. 


Corol, 1. Hence alſo the times of oſcillating, falling, and 
revolving bodies may be compared among themſelves. For if 
the diameter of the wheel, with which the cycloid is deſcribed 
within the . globe, is made equal to the ſemidiameter of the 
globe, the cycloid will become a right line paſſing through the 

centre 
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(») 334. The ſquare of the time, in which HY is deſcribed, is as the ſpace 
AX 

. . 2 C 0 * p* 
which, becauſe HY is to CO in a given ratio by the hypotheſis, is a given 
quantity: therefore the time in which H is deſcribed is alto given. 


| * By Prop. XXXVIII. 


(2) 335. EZ. = MH x HY, whichis as G H x HY, which is as G ZH 
CON therefore HZ is as G HX COX. 


' 
| 


deſcribed directly, and the force inverſely (Cor. 3. Lem. X.); that is, as 
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centre of the globe /a); and the oſcillation will now be a 
deſcent and a ſubſequent aſcent in this right line. Whence, 
both the time of the deſcent from any place to the centre is 
given, and alſo the time equal to this, in which a body, uni- 
formly revolving about the centre of the globe at any diſtance, 
deſcribes an arc of a quadrant. For this time (by Caſe 2.) is to 
the time of half an oſcillation in any cycloid RS, as 1 to 
JAR | 

„ - 

Corol. 2. Hence alſo thoſe properties follow, which Sir Chriſto- 
pher Wren and Mr. Huygens diſcovered concerning the vulgar 
cycloid. For, if the diameter of the globe is indefinitely in- 
creaſed, its ſpherical ſurface will be changed into a plane ſurface ; 
and the centripetal force will act uniformly, in the direction of 
lines perpendicular to this plane; and our cycloid will become 
the common cycloid. ( But in that caſe the length of the 

arc 


COMMENTARY. 


(a) 336. By Prop. XLIX. AS: B:: 2CE: CB. But if BY = C B, 
then CS o, 2CE = CB, and AS = BV: conſequently AS, the ſemi- 
diameter of the globe, is a right line. 
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(b) 337. For, if BC is continually increaſed, the ſpherical ſurface A B L plate XVIII. 


approaches indefinitely near to a right line; and the circle B PV, moving upon 
the right line A BL, ſo as to apply the parts of its circumference ſucceſſively to 
it, any point P in its circumference deſcribes the common cycloid. And fince 
in this cafe, CZ and CB are both indefinitely great, they may be conſidered as 
equal to each other: therefore AP is to double the verſed fine of the arc +B P, 
as (ACE to CB by Prop. XLIX. that is as) 2 to 1; and AP is equal to four 
times the verſed ſine of the arc + B P. 

There are ſome other properties of this figure uſeful in philoſophy, which 
may be briefly deduced as follows. See Maclaurin's Fluxions, Art. 409. &c. 

338. Any ordinate P N, perpendicular to the axis DS, and meeting the 
generating ſemicircle DMS in M, is equal to the ſum of the arc 8 M and its 
right fine MN. By the deſcription the are BP = DA; and the arc BP = 
BA; therefore the arc P or MS = DB N = MP, and PN = MS + 
MN. 
339. The chord $ M is parallel to PT, the tangent of the cycloid at P. For, 
fron ſimilar triangles, Mm: Mv :: EM: MM; and vm: Mv:; EN: 
MN, conſequently Mm + vm or p (338.): MV or Pu:: DN: MN :: 
MV: M5; therefore the triangle Pu; is ſimilar to the triangle S VM. 8 

| | 112 P 


Fig. 145. 
and 
Plate . 


Fig. 149. 
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Of the arc of the cycloid, between that plane and the deſcribing point, 
1 - will become equal to four times the verſed fine of half the arc 
of the wheel between the ſame plane and the deſcribing point; 
as Wren diſcovered. And a pendulum between two ſuch cy- 
cloids will oſcillate in a ſimilar and equal cycloid in equal times; 
as Huygens demonſtrated. But the deſcent of heavy bodies alſo, 


in the time of one oſcillation, will be the ſame as Huygens 
pointed our. 


But the Propoſitions here demonſtrated by us are adapted to 
the true conſtitution of the earth; becauſe wheels, moving in 
its greateſt circles, deſcribe cycloids without the globe, by the 


motion 
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pP parallel to S M; and by Prop. XIV. of Maclaurin's Fluxions, the tangent 
PT is parallel to S M. | | | 
340. The arc of the cycloid P $ is double the chord of the correſponding arc 
of the generating circle $ M. For, & M being produced to Z, MZ = Pp 
(339.) and the triangle M m x being iſoſceles, mo perpendicular to the bale 
[ makes Mo = 02; therefore Pp = 2 Mo. But, in the ſame time in which the 
cycloidal arc SP is increaſed by Pp, the chord 8 M is continually increaſed by 
Mo; therefore SP = 28 M; and SPA = 28 D. 

341. If T is a heavy body, ſuſpended by a flexible line A PT, equal to the 
arc of the ſemicycloid AP &; which, being applied to the convexity of the 
ſemicycloid in A P, gradually ſeparates itſelf from it by the gravity of the body 
7, AO being perpendicular to the horizon; the body T will defcribe a ſemi- 
eycloid STR, equal and ſimilar to APS: and if another equal and fimilar 
ſemicycloid touches 4 O on the other ſide in A, the body will continue to oſcillate 
between them in a cycloid equal and ſimilar to 48 L. For produeing AO, till 
OR = AO, deſcribe the ſemicircle Oq R, and draw the chord O parallel to 
the chord SM; ſince the angle OS M is equal to the angle SOg, and 04 = 
SM = PV = VT (340.); therefore 7 q is equal and parallel to YO = B A = 
the arc BP = R. Whence Tx = RJ + qsz, and ST Ris a ſemicycloid, 
whoſe axis is O R (33F.). | 

342. Hence the ray of curvature of the cycloid at P is PT 20g. 

343. The whole force of gravity, which acts in the direction O R, may be 
repreſented by O R, and reſolved into two forces Og and g R; of which Og, 
parallel to P 7, is wholly employed in ſtretching the ſtring; and 4 R, parallel 
to the tangent at T, accelerates the body in the cycloid : therefore the accelerat- 
ing force of T is as TR— 2qR: and the time of deſcending in any arc 7 R 
is the ſame as that of deſcribing the ſemicycloid & T R, wherever the point 7 is 
taken from which the body begins to deſcend (Cor. 2. Prop. XXX VIII.) , which 
is the property of the common cycloid firſt diſcovered by Mr, Huygens. 
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motion of pins fixed in their perimeters: and pendulums, B O O x 
ſuſpended below in mines and caverns of the earth, muſt ofcil- - 


late in cycloids within the globes, that all their oſcillations may 
become iſochronous. For gravity (as will be ſhown in the Third 
Book) decreaſes in going from the ſurface of rhe earth, upwards 
indeed in the duplicate ratio of the diſtances from its centre; | 1 
but downwards in the ſimple ratio of the ſame. a | 


. W | 


PROPOSITION LIII PROBLEM XXXV. 


The quadratures of curvilinear figures being granted, it is required to find 
the forces, with which bodies in given curve lines may always perform 
their oſcillations in equal times. i. 


Let the body T oſcillate in any curve line STR9, whoſe axis Pate xvii, = 1M 
is AR, paſling through the centre of force C. Let TA be drawn, Fig. 148. [' 
which may touch that curve in any place of the body T; and in 1 
this tangent 7'X let T be taken equal to the arc TR. For the 
length of that arc is known from the quadratures of. figures by 
the common methods. From the point Y let the right line FE 
be drawn, perpendicular to the tangent. Let CT be drawn, f 
meeting that perpendicular in Z; and the centripetal force will 
be proportional to the right line 7'Z. Which was to be found. 


For, if the force, with which the body is attracted from 7 
towards C, is expreſſed by the right line T Z, taken proportional 
to it, that will be reſolved into the forces 7Y, YZ; of which 
Y Z, drawing the body in the direction of the length of the 
ſtring PI, does not at all change its motion; but the other 
force TY directly accelerates or retards its motion in the curve 
STR9*, Wherefore, ſince that force is as the ſpace to be 
deſcribed TR, the accelerations or retardations of the body, in 
deſcribing proportional parts of two oſcillations (a greater and 

a leſs), will always be as thoſe parts; and therefore will cauſe 
thoſe parts to be deſcribed together. But bodies, which con- 
tinually deſcribe in the ſame time parts proportional to the 


— 1 ETD ͤ4k „ — 4 
„* — 4 — — * * . * — o - —ͤ— ——— —_ — _ Py" — — — 
* = 4 & + Pry — 
— - »- ITAL —— = To — wie = ö 2 
- — 
* . * — 


— ˖ ' OR EIT = 5 , 
ES, gt ATTAIN 
. . me" + 5 2 > : 


_ 
\ 
2 


* 
S e * 


— 


* This is evident from the Demonſtration of Prop. LI. 
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whole, will deſcribe the whole in the ſame time. Which was to 
be demonſtrated. 


Corol. 1. Hence, if the body T, hanging by a bear ac 
AT from the centre 4, deſcribes the circular arc STR A, and in 
the mean time is urged in parallel lines by ſome force tending 


downwards, which is to the uniform force of gravity, as the 


arc TR to its fine TN; the times of the ſeveral oſcillations will 
be equal. For, becauſe T'Z and AR are parallel, the triangles 
ATN, Z TY will be ſimilar; and therefore T7 Z will be to 47; 


as TY to TN; that is, if the uniform force of gravity is ex- 
preſſed by a given length AT; the force TZ, by which the 


oſcillations will become iſochronous, will be to the force of 
gravity AT, as the arc T R, equa to TY, to the fine of that arc 
TN. 

Corol. 2. And therefore in clocks, if hs forces, impreſſed by 
ſome machine upon the pendulum to preſerve the motion, can 
be ſo compounded with the force of gravity, that the whole 


force tending downwards may be always as the line, which is 


produced by applying the rectangle under the arc TR and the 
radius AR to the fine TN all the oſcillations will be. iſo- 


chronous. 


PROPOSITION UV. PROBLEM. XXXVI. 


The quadratures of curvilinear figures being granted, it is required 
to find the times, in which bodies by any centripetal force will deſcend 
and aſcend in any curve lines, deſcribed in a plane paſſing through the 
centre of force. 


Let the body deſcend from any place S, through any given 
curve line ST: R, in a plane paſhng through the centre of force 


C. Let CS be joined, and let it be divided into innumerable 


equal parts, and let Dd be one of thoſe parts. With the centre 

C, and the intervals CD, C 4, let the circles D7; dt be deſcribed, 
mein the curve line St R in TJ and . And from the law of 
centripetal force being given, and alſo the altitude CS, from 
which the body fell; the velocity of the body will be given in 


II. 


PLATE 
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any other altitude CT (by Prop. XXXIX). But the time, in BOOK 
which the body deſcribes the ſmall line 77, is as the length of 8 
this line; that is, as the ſecant of the angle ? TC directly, and 
the velocity inverſely. Let the ordinate DN, perpendicular to 
the right line CS at the point D, be proportional to this time; 
and becauſe D 4 is given, the rectangle Dd x DN, that is, the 
area D Nnd, will be proportional to the ſame time. Therefore 
if PNu is that curve line, which the point N continually 
touches, and its aſymptote is the right line S V, ſtanding per- {ih 
pendicularly on the right line CS; the area SPN will be 'M 
proportional to the time, in which the body in its deſcent de- Y 
{cribed- the line ST; and therefore from that area found the 
time will be given. Which was to be found. 


PROPOSITION LV. THEOREM XIX. 1 


If a body moves in any curve ſurface, whoſe axis paſſes through the centre 4 
of force, and a perpendicular is let fall from the body upon the axis; b 
and a line parallel and equal to it is drawn from any given point of the 


axis ; T ſay, that this parallel line will deſcribe an area proportional to | 
the time. 


Let BKL be a curve ſurface; Ta body revolving in it; ST R Plate XIX. "8 
the trajectory, which the body deſcribes in the ſame; & the be- tends 
ginning of the trajectory; O MK the axis of the curve ſurface , 
I'N a right line perpendicular on the axis from the body; OP 
parallel and equal to this, drawn from the given point O in the 
axis; AP the line of projection of the trajectory, deſcribed by 
the point P, in the plane 40 P of the revolving line OP; A the 
beginning of that projection, anſwering to the point S; TC a 
right line drawn from the body to the centre; TG a part of it, 
proportional to the centripetal force with which the body Is 
urged towards the centre; 7'M a right line perpendicular to the 
curve ſurface; T'7 a part thereof, proportional to the force of 
preſſure, with which the body urges the ſurface, and is again 
repelled from the ſurface towards M; PT Fa right line parallel 
to the axis, paſling through the body; and GF, IH right lines 

3 let 
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N the let fall perpendicularly from the points G and 7 upon that 
Bodies. Parallel PHT F. I ſay now, that the area AO P, deſcribed by 
the radius OP from the beginning of the motion, is propor- 
tional to the time. For the force TG (by Cor. 2. of the laws of 
motion) is reſolved into the forces TF, FG; and the force 71 
into the forces TH, HI. But the forces TF, TH, acting in the 
direction of the line PF perpendicular to the plane 40 P, only 
change the motion of the body in a direction perpendicular to 
that plane. And therefore its motion, as far as it is made in 
the direction of the poſition of the plane; that is, the motion of 
the point P, by which the projection 4 P of the trajectory is 
deſcribed in this plane, is the ſame as if the forces TF, TH 
were taken away, and the body was acted upon only by the 
forces FG, HI; that is, the ſame as if the body deſcribed the 
curve AP, in the plane 40 PP, with a centripetal force tending 
g to the centre O, and equal to the ſum of the forces FG and Hl 
But by ſuch a force the area AO P is deſcribed proportional to 

the time (by Prop. I.). Which was to be demonſtrated. 


Corol. By the ſame argument, if a body acted upon by forces, 

tending to two or more centres in the ſame given right line C0, 

ſhould deſcribe in free ſpace any curve line ST; the area 40? 
would be always proportional to the time. 


PROPOSITION LVI. PROBLEM XXXVI. 


The quadratures of curvilinear figures being granted; and the law 
centripetal force, tending to a given centre, and alſo the curve ſur: 
face, whoſe axis paſſes through that centre, being given; it is required 
to find the trajeflory, which a body will deſcribe in that ſurface, 

going off from a given place, with a given velocity, in a given directin 


in that ſurface. 


PlaeXIX, The conſtruction of the foregoing Propoſition remaining, let 
. 15% the body T go from the given place 5, in the direction of a 
right line given in poſition, into the trajectory SR to be found, 
whoſe projection in the plane BLO is AP. And from the 
ghven 
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given velocity of the body in the altitude SC, its velocity will B © 8 
be given in any other altitude TC. With that velocity, in a 
given moment of time, let the body deſcribe the part T of its 
trajectory, and let P be the projection of that part deſcribed 
in the plane AO P. Let Op be joined; and let the ellipſis p 
be the. projection of a little circle in the plane 40 P, deſcribed 
with the centre 7, at the interval Tt, on the curve ſurface. And 
becauſe the magnitude of the circle 77 is given, and TM or 
P O, its diſtance from the axis CO, is given, the ſpecies and 
magnitude of the ellipſis p2, will be given, as alſo its poſition 
to the right line PO. And fince the area POp is proportional 
to the time, and therefore given becauſe the time is given, the 
angle P Op will be given. And thence the common interſection 
p of the ellipſis and the right line Op will be given, together 
with the angle O P p, in which the projection AP p of the tra- 
jectory cuts the line OP. But thence (by comparing Prop. XLI. 
with its 2d Cor.) the manner of determining the curve A Pp 
eaſily appears. Then erecting from the ſeveral points P of the 
projection to the plane 40 P the perpendiculars PT, meeting 
the curve ſſurface in 7, the ſeveral points T of the trajectory will 
be given. Which was to be found. 
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5 SECTION X. 


) 
” 2 \ 
1. 
A 
# 


—_— of the motion f bodies tending” to each other mutually with centripetal 
Bodies. forces, 
—— 

10 Have hitherto explained the motions of bodies attracted 

= towards an immoveable centre, though perhaps no ſuch 
motions exiſt in nature. For attractions are made towards bodies; 

and the actions of bodies attracting and aitracted are always 
mutual and equal, by the third law of motion : ſo that, if there 

are two bodies, neither the attracting nor the attracted body can 

be really at reſt; but both (by Cor. 4. of the laws of motion), 

as it were by a mutual attraction, revolve about the common 
centre of gravity. And if there are more bodies, which are 
either attracted by one body, which is attracted by them again, 

or which all attract each other mutually; theſe will be ſo moved 
among themſelves, that their common centre of gravity will be 

either at reſt, or will move uniformly in a right line. For 
which reaſon I now go on to explain the motion of bodies 
mutually attracting each other; conſidering the centripetal 
forces as attractions; though perhaps, if we ſpeak phyſically, 

they may more truly be called impulſes. For we are now treat- 

ing of mathematical ſubjects; and therefore, laying aſide 
phyſical diſquifitions, we make uſe of a familiar way of ſpeak- 

ing, that we may be more caſily underſtood by mathematical 
readers. Fe 
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' PROPOSITION Lyn. THEOREM XX. 


(e) Two bodies, mutually attracting each other, deſcribe ſimilar figures, 


both about their common centre of gravity, and about each other 
mutually. 


For the diſtances of the bodies from their common centre of 


gravity are reciprocally proportional to the bodies; and there- 
fore in a given ratio to each other; and, by compoſition, in a 
given ratio to the whole diſtance between the bodies. But theſe 
diſtances are carried round their common extremity with an 
equable angular motion, becauſe lying always in the ſame right 
line, they never change their mutual inclination to each other. 
But right lines, which are in a given ratio to each other, and 
are carried about their extremities with an equable angular 


motions 


COMMENTARY. 


(c) 344. Let two bodies $ and P revolve round their common centre of 
gravity C by a mutual attraction, moving from S to 7, and from P to 
(Cor. IV. of the laws of motion): and the two figures 2 CP, S C7, deſcribed 
round the centre C, are ſimilar (9 .); becauſe, from the nature of the centre of 
gravity, C2: CT :: S: P:: CP: CS, and the vertical angles at C are equal. 
Moreover, from the nature of the centre of gravity, PCis to PS, and QC to 
T, in the given ratio of S to S + P: and the angles, which the bodies & and 
P deſcribe round each other, are alſo equal to the angles deſcribed round C; for, 
while the body P, moving through the arc P, deſcribes round & the angle 
? S Q; by the body S, moving through ST in the ſame time, another angle 
equal to S T is deſcribed: and (by Elem. Book I. Prop. XXXII.) the ex- 
ternal angle PC is equal to the two internal oppoſite angles PS, ST: 
in the ſame manner it appears, that the ſum of the angles SPT, PT 2, which 
$ deſcribes round P, is equal to the angle SCT. From T and Q draw Tp and 
As, parallel and equal to S P : the motions of P and & along P & and ST will, 
at the end of the time, be the ſame with reſpect to &, as if & had been placed at 
reſt in T, and P had deſcribed the arc p 2, ſubtending the angle pT Q = 
PCS P$2 + $9T. In the ſame manner, the body & may be conſidered 
as deſcribing, round P at reſt, the arc 5 T, ſubtending the angles 9 T = 2 CP. 
Therefore the figures 2CP, SCT, deſcribed in the ſame time round the 
common centre of gravity C; and p, deſcribed by P round S, ſuppoſed to 
be at reſt; and T Qs, deſcribed in the ſame time by $S round P at reſt, are all 
ſimilar; their ſides being always proportional, while the angles contained 
between them are equal. Conſequently the whole figures, deſcribed in equal 
times, which are compoſed of thele ſimilar parts, are alſo ſimilar, 
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motion, deſcribe round thoſe extremities in planes, which either 
reſt together with them, or are moved with any motion not 


angular, figures entirely ſimilar. Therefore the figures are 


Plate XIX. 


Fig. 154+ 


fimilar, which are deſcribed by the revolution of theſe diſtances, 
Which was to be demonſtrated: 


PROPOSITION LIVIII THEOREM XXI. 


If two bodies attract each other mutually with any kind of forces, and 
in the mean time revolve about their common centre of gravity ; I ſay, 
that a figure, ſimilar and equal to the figures which the bodies ſo moved 


deſcribe round each other mutually, may be deſcribed with the ſame 
forces round either body unmoved. 


Let the bodies S and P revolve round their common centre of 
gravity C, proceeding from S to T, and from P to . From the 
given point s, let sp, 4 be continually drawn parallel and equal 
te SP, TS; and the curve pquv, which the point p deſcribes in 
revolving round the immoveable point 5, will be fimilar and 
equal to the curves, which the bodies & and P deſcribe round 
each other mutually “: and therefore (by Theor. XX.) ſimilar to 
the curves ST and P, which the ſame bodies deſcribe round 
their common centre of gravity C: and that becauſe the pro- 


portions of the lines SC, CP, and SP or 2 to each other are 
given. 


Caſe 1. That common centre of gravity C (by Cor. 4. of the 
laws of motion) is either at reſt, or moves uniformly in a right 
line. Let us firſt ſuppoſe that it is at reſt; and in s and y let two 
bodies be placed, one immoveable in , the other moveable in 
p, ſimilar and equal to the bodies S and P. Then let the right 
lines P Rand pr touch the curves PL, and pg in P and p, and 
let C2 and 9 be produced to Rand r. And becauſe the figures 
CPR, sprq are ſimilar, R will be torg, as CP to 5p; and 
therefore in a given ratio. Therefore if the force, with which 
the body P is attracted towards the body S, and by conſequence 
towards 1 intermediate centre C, was to the force, with which 
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the body p is attracted. towards the centre , in the ſame given B 1 
ratio; theſe forces in equal times would continually attract tb. 


bodies from the tangents PR, pr to the arcs P, pg, through 
intervals proportional to R, rq; and therefore the latter force 
would make the body y revolve in a curve pq v, which would be 
ſimilar to the curve P, in which the former force makes the 
body P to revolve ; and their revolutions would be completed in 
the fame times. But becauſe thoſe forces are not to each other 
in the ratio of CP to sp; but (by reaſon of the ſimilarity and 
equality of the bodies & and s, P and p, and the equality of the 
diſtances S P, sp) are mutually equal; the bodies in equal times 
will be equally drawn from the tangents : and therefore, that 
the body p may be attracted through the greater interval 79, a 


greater time is required, and that in the ſubduplicate ratio of 


the intervals; becauſe (by Lemma X.) the ſpaces deſcribed at 
the very beginning of the motion are in the duplicate ratio of 
the times. (4d) Let then the velocity of the body y be to the 
velocity of the body P in the ſubduplicate ratio of the diſtance 
sp to the diſtance CP; ſo that the arcs pg, P, which are in 
the ſimple proportion, may be deſcribed in times which are in 
the ſubduplicate proportion of the diſtances; and the bodies P, 
p, always attracted by equal forces, will deſcribe round the 
quieſcent centres C and s fimilar figures PV, pqu, of which 
the latter pqwv is ſimilar and equal to the figure, which the 


body 


COMMENTARY. 


(d) 345. The times (by Lem. X.) are in the ſubduplicate ratio of 4 to 
R; or, becauſe of the ſimilarity of the figures, in the ſubduplicate ratio of 
5 to CP, or of pq to PY. The ſame things being ſuppoſed as in that 
Lemma, the velocities, with which the ſpaces pg, P © are deſcribed, are as 
thoſe ſpaces directly, and as the times in which they are deſcribed inverſely ; 

: 5 4 5 EINER — 1 == 
that is, a VE Vs; Alas ts. W or aS\/5ptoyy/ CP. 
In the ſame manner it appears, that the velocities in all ſimilar places are in the 
ſubduplicate ratio of the diſtances : and therefore that the bodies P, p, acted 
upon continually by equal forces, and revolving round the fixed centres C, 5, 
with velocities, and in times, which in ſimilar places are continually in the 
ſubduplicate ratio of the diſtances, will deſcribe ſimilar figures. 
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. Of hs body P deſcribes round the moveable body S. Which was to be 
— demonſtrated. OE 


—— Caſe 2. Let us ſuppoſe now, that the common centre of 
gravity, together with the ſpace in which the bodies are moved 
among themſelves, proceeds uniformly in a right line; and (by 
Cor. 6. of the laws of motion) all the motions will be performed 
in this ſpace as before; and therefore the bodies will deſcribe 
round each other mutually 'the ſame figures as before ; which 


will be therefore ſimilar and equal to the figure v. Which 
was to be demonſtrated, | 


Corol. 1. Hence two bodies attracting . each other mutually 
with forces proportional to their diſtance, deſcribe (by Prop. X.) 
both round their common centre of gravity, and round each 
other mutually, concentrical ellipſes: and, on the contrary, if 


' . ſuch figures are deſcribed, the forces are proportional to the 
diſtance /e). 


Corol. 
COMMENTARY. 


(e) 346. The figures, which P and & deſcribe round each other, and round 

e common centre of gravity C, with the ſame forces, are ſimilar to the figure 
deſcribed by p round the immoveable centre 5; which (by Prop. X.) is an 
ellipſis, whoſe centre is in . Therefore P and & alſo revolve round each other, 
and round C, in elliptic orbits, with forces tending to the centres of theſe 
ellipſes. That theſe ellipſes are alfo- concentrical appears thus. The body P 
deſcribes continually round & portions of ellipſes, whoſe centres are in S; there- 
fore, after a whole revolution of P and , the orbit, deſcribed by $ round C, 
will be the place of all the centres of the elliptic arcs deſcribed by P; and the 
centre of the whole orbir will be in C. In the ſame manner C may be conſidered 
as the centre of the elliptic orbit deſcribed by & round P. 

347. The bodies & and P, attracting each other with forces, which are as the 
attracting body, and the diſtance jointly, revolve round their common centre of 
gravity C in the ſame manner, as if Sand P did not attract each other, but 
were each attracted by a body placed at reſt in the common centre C, equal to 
the ſum of & and P. For let the force with which & attracts P be expreſſed by 
SXSP,; from the nature of the centre of gravity, S: P:: CP:CS, and 
S ＋ P: S: 28S P: CS; whenceSXSP=$S + PX CS; and, in like manner 
P XPSS STP CP. But (by the next Propoſition, which does not 
depend upon this Corol.) the periodical time of P round C is leſs than the perio- 
dical time of P round & at reſt, in the ſubduplicate ratio of the body & to the 
ſum of the bodies S + P. And in like manner the periodical time of & round 


C is lels than the time round P at reſt, in the ſubduplicate ratio of P to $ + P. 
8 | 
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Corol: z. And two bodies, with forces reciprocally proportional > 9,9 £ 
to the ſquare of their diſtance, deſcribe (by Prop. XI, XII, XIII.) 3 


both round their common centre of gravity, and round each 
other mutually, conic ſections, having their focus in the 
centre, about which the figures are deſcribed. And, on 
the contrary, if ſuch. figures are deſcribed, the centripetal 


forces are reciprocally proportional to the ſquare of the 
diſtance. | 


Corol. 3. Any two bodies, revolving round their common 
centre of gravity, deſcribe areas proportional to the times, 
by rays drawn both to that centre, and to each other mu- 


tually HD. 


PROPOSITION IX. THEOREM XXII. 


That the periodical time of two bodies 8 and P, revolving round their 
common centre of gravity C, is to the periodical time of one of the 
bodies P, revolving round the other 8 unmoved, and deſcribing a 
figure ſimilar and equal to the figures, which the bodies deſcribe round 
each other mutually, in the ſubduplicate ratio of the other body 8, to 
the fum of the bodies $ ＋ P. 


For, by the demonſtration of the laſt Propoſition, the times in 
which any ſimilar arcs P 2 and pq are deſcribed, are in the ſub- 
duplicate ratio of the diſtances CP and S Por g, that is, in the 
ſubduplicate ratio of the body & to the ſum of the bodies S P. 
And by compoſition, the ſums of the times in which all the 
fimilar arcs P2 and pq are deſcribed; that is, the whole times, 
in which the whole ſimilar figures are deſcribed, are in the 
ſame ſubduplicate ratio. Which was to-be demonſtrated. 


| PR O- 
COMMENTARY. 


(f) 348. Becauſe the times, in which any ſimilar areas are deſcribed, haye 
been ſhown to be in the ſubduplicate ratio of ſimilar diſtances, 
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1. PROPOSITION IX. THEOREM XXII. 
| — If two bodies S and P, attracting each other mutually with forces reci- 
| procally proportional to the ſquare of their diſtance, revolve round 
their common centre of gravity ; I ſay, that the principal axis of the 
 ellipfis, which one of the bodies P deſcribes about the other $ by this 
motion, will be to the principal axis of the ellipfis, which the ſame boty 
P might deſcribe round the other body'S quieſcent, in the ſame periodical 
time, as the ſum of the two bodies 8 + P, to the firſt of two mean 
proportionalt between this ſum and the other body 8. 


g For, if the ellipſes deſcribed were equal to each other, 
the periodical times (by the laſt Theorem) would be in the ſub- 
duplicate ratio of the body & to the ſum of the bodies S + P. 
Let the periodical time in the latter ellipſis be diminiſhed in this 


ratio, 


COMMENTARY. 


(g) 349. Let T be the periodical time, in which the bodies & and P revolve 
round the common centre of gravity C, and round each other (as in Prop. 
LVII.); and f the periodical time, in which P revolves round & at reſt (as in 
Prop. LVIII.); and if the ellipſis, which P deſcribes round & at reſt, is ſimilar 
and equal to the ellipſis, which $ and P deſcribe round each other, T* is to 12, 
as Sto $ + P (by Prop. LIX.). Let #* be diminiſhed in this ratio, and 72 = 
: 72. On this ſuppoſition the ellipſes-are no longer ſimilar and equal; but the 

greater axis of the ellipſis, which P deſcribes round & at reſt, in the periodical 
time t, will be diminiſhed : let it be diminiſhed in the ratio of A to a; and 
fince the ſquares of the periodical times are as the cubes of the greater axes 
(Prop. XV.), As is to as, as S + P to S: let M and yz be two mean proportionals 
between S + P and S; then is S + P to M, as m-to.S, and S + P to, as 
S ＋ P is to Ms; and therefore 43 to a, as S + Y to M43, and A to a, 
as & + P to M. | | 
350. Scholium. The periodical times of the primary planets, or of the 
comets, being known, the proportions of the principal diameters of their orbits, 
and their greateſt diſtances from the ſun, may hence be determined. For, 
the cubes of their principal diameters mult be taken in the ratio of the ſquares 
| of their periodical times, according to Prop. XV. in which they are ſuppoſed to 
revolve round the ſun at reſt : and the proportion of theſe diameters, thus found, 
is to be increaſed in the ratio of S + P, the ſum of the quantity of matter of 
the fun and each revolving planet, to the firlt of two mean proportionals be- 
tween that ſum, and & the quantity of matter of the ſun, For the planets do 
not ſtricthy revolve round the ſun at reſt; but the ſun, the planets, the comets, 


and all the bodies in the ſolar ſyſtem, do really revolve round the common 
centre of gravity of the whole ſyſtem. 
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Tatio, and the periodical times will become equal: but the B 5 
principal-axis of the ellipſis (by Prop. XV.) will be diminiſhed Au 
in a ratio, of which this is the ſeſquiplicate; that is in a ratio, 
of which the ratio of S to S+P is the triplicate ; and therefore 
will be to the principal axis of the other ellipſis, as the firſt of 
two mean proportionals between S ＋ P and & to Se. And 
inverſely, the principal axis of the ellipſis, deſcribed round the 1 
moveable body, will be to the principal axis of the ellipſis de- 9 
ſcribed round the immoveable, as S P, to the firſt of two bl 
mean proportionals between S+ and S. Which was to be 
demonſtrated. . 1 
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PROPOSITION LXI. THEOREM XXIV. 


If two bodies attrafling each other, mutually with any forces, and not 
otherwiſe agitated or obſtrufted, are moved in any manner, their 
motions will be the ſame, as if they did not attract each other mutual- 
ty, but were both attracted, with the ſame forces, by a third body 
placed in their common centre of gravity : and the law of the attracting 
forces will be the ſame in reſpect of the diſtance of the bodies from that 
common centre, as in reſpect of the whole diſtance between the bodies. 


For thoſe forces, with which the bodies attract each other 
mutually, by tending to the bodies, tend to the common centre 
of gravity lying between them ; and therefore are the ſame as 
if they proceeded from an intermediate body. Which was to be 
demonſtrated. 


And becauſe the ratio of the diſtance of either body from that 
common centre to the diſtance between the bodies is given, the 
ratio of any power of one diſtance to the ſame power of the 
other diſtance will be given; as alſo the ratio of any quantity, 
derived in any manner from one of the diſtances and given 
quantities, to another quantity, derived in like manner from 
the other diſtance, and as many given quantities, having that 
given ratio of the diſtances to the firſt, Therefore, if the force, 
with which one body is attracted by another, is directly or 
inverſely as the diſtance of the bodies from each other; or as 
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any power of that diſtance; or laſtly, as any quantity derived in 
any manner from this diſtance, compounded with given quan- 
tities; then the ſame force, with which the ſame body is at- 
tracted to the common centre of gravity, will be in like manner 
directly or inverſely as the diſtance of the attracted body from 
that common centre; or as the fame power of this diſtance ; ov 
laſtly, as a quantity derived fimilarly from this diſtance, com- 
pounded with analogous given quantities. That is, the law of 
the attracting force will be the ſame with reſpect to both 
diſtances. Which was to be demonſtrated. 


PROPOSITION IXI. PROBLEM XXXVI. 
To determine the motions of two bodies, which attract each other mutually 


with forces reciprocally proportional. to the ſquare of their diſtance, and 
are let fall from given places. 


The bodies, by the laſt Theorem, will-be moved in the ſame 
manner, as if they were attracted by a third body, placed in.the 
common centre of gravity; and that centre will be quieſcent at 
the very beginning of the motion, by the hypotheſis; and 
therefore (by Cor. 4. of the laws of motion) it will be always 
quieſcent. The motions of the bodies are therefore to be 
determined (by Prob. XXV.) in the ſame manner as if they were 
urged by forces tending to that centre; and the motions of 


bodies, attracting each other mutually, will. be obtained. 
Which was to be found. 


PROPOSITION IXIII. PROBLEM XXXIX. 


To determine the motions of two bodies, which attract each other mutually 
with forces reciprecally proportional to the Jquare of their diftance, and 
go off from given places, in the direction of given right lines, with given 
velocities. 

From the motions of the bodies at the beginning being given, 
the uniform motion of the common centre of gravity is given, 
as alſo the motion of the ſpace, which together with this centre 
is moved uniformly 1 in a right line, and alſo the initial motions 
of the bodies in reſpect of this Wer. But the fubſequent motions 


(by 
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(by Cor. 5. of the laws of motion, and the laſt Theorem) are BOOK 


performed in the ſame manner in this ſpace, as if the ſpace itſelf, , . 


together with that common centre of gravity, was at reſt, and 
the bodies did not attract each other mutually, but were attract- 
ed by a third body placed in that centre. The motion therefore 
of each body in this moveable ſpace, going off from a given 
place, in the direction of a given right line, with a given velo- 
city, and acted upon by a centripetal force tending to that 
centre, is to be determined by Problem IX. and XXVI. And at 


the ſame time the motion of the other body round the ſame 


centre will be obtained. * With this motion the uniform pro- 
greſſive motion of the ſyſtem of the ſpace and the bodies re- 
volving in it, found above, 1s to be compounded, and the ab- 


ſolute motion of the bodies in immoveable ſpace will be ob- 
tained. Which was to be found. 


PROPOSITION LXIV. PROBLEM XL. 


The forces, with which bodies mutually attract each other, increaſing in 
the ſimple ratio of their diſtances from the centres; it is required to find 
the motions of any number of bodies among themſelves, 


Suppoſe firſt two bodies T and L to have their common centre 
of gravity in D. Theſe (by Cor. 1. Theor. XXI.) will deſcribe 


ellipſes having their centres in D, the magnirudes of which are 
known by Problem V. 


Let now a third body & attract the two former T and L with 
accelerating forces ST, SL, and let it be again attracted by 
them. The force ST (by Corol. 2. of the laws of motion) is 
reſolved into the forces SD, DT; and the force SL into the 
forces SD, DIL. But the forces DT, DL, which are as their 
ſum TIL, and therefore as the accelerating forces with which 
the bodies T and L attract each other mutually, added to theſe 
forces of the bodies 7 and L, the former to the former, and the 
latter to the latter, compound forces proportional to the diſtances 
DT and DL, as before; but greater than the former forces: 


* See Maclaurin's Account of Newton, Book IV. Ch. V. 
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and therefore, (by Corol. 1. Prop. X. and Corol, 1. and 8. Prop. 
IV.) they cauſe thoſe "bodies to deſcribe ellipſes as before, but 
— — with a ſwifter motion . The remaining accelerating forces 
SD and SD, by the moving forces SD x Tand SD x TL, which 
are as the bodies, attracting thoſe bodies equally, and in the 
direction of the lines 77, LX, parallel to DS, do not at all 
change their ſituations with reſpect to each other, but cauſe them 
to approach equally to the line 7X; which imagine to be drawn 
through the middle of the body S, and perpendicular to the line: 
DS. But that approach to the line IX will be hindered, by. 
cauſing the ſyſtem of the bodies 7 and L on one fide, and the 


body S on the other, to revolve with proper velocities round the 
common 


COMMENTARY. 


(hb) 351. Let two bodies, T and L, revolve round their common centre of 


gravity D, with forces which are as T + LxXTD and T + LX D, in the 
ſame manner as if a quieſcent body, equal to the ſum of T and L, was placed 


in D (347.). Let a third body & act upon T and L, with forces as & Xx S7, and 


S Xx SL: by reſolving S and SL each into two, the ſum of the forces, which 
are added to T and L by the action of S, becomes S X TDT SNTLD＋ S 
2 S D; of which S x 28 D does not diſturb the motions of T and L with reſpect. 


to each other: but the force Sx T'D, being added to Tx L x T D, the force 
of 7, makes the whole force of T round D, after the acceſſion of the action 


of &, proportional to S + T + L x + D: and the other force S x LD, being 
added to the force of L, which was T + L x L D, makes the whole force of I. 


round D proportional to & + T + L x LD. By the addition of theſe forces the 
periodical times of T and L round D are diminiſhed ; for, the orbits being 
iimilar, it follows from Corol. 2. and 8. Prop. IV. that the force of 7, before 


the addition of the action of 5, or 7 + LX D, is to the whole force of 7, 


or $+T + LxXTD, as the diſtance T D divided by the ſquare of the perio- 
dical time in the firſt caſe, to T D divided by the ſquare of the periodical time in 
the ſecond caſe: therefore the ſquare of the periodical time of T, after the 
addition of F, is to the ſquare of the periodical time before, as T L is to 
S$ + T + L. The periodical time of L is diminiſhed by the action of & in the 
ſame ratio. And, in like manner, if a fourth, and a fifth body is added, the 
bodies T and L will be attracted to D with the ſame force, as if they tended to 
a body equal to the ſum of all placed in D: and their periodical times will be 
diminiſhed ih the inverſe ſubduplicate ratio of the abſolute forces, with which 
they tend to the centre D. | 


„ 
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ere 
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common centre of gravity C. /7) With ſuch a motion, becauſe B 0,0 K 
the ſum of the moving forces S Dx Tand SD x L, proportional « * 
to the diſtance S C, tends to the centre C, the body & deſcribes an 
ellipfis round the ſame centre C; and the point D, becauſe C8 
and CD are proportional, deſcribes a ſimilar ellipſis on the op- 
poſite fide. But the bodies 7 and I, attracted by the moving 
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forces S Dx Tand S Dx L, the former by the former, the latter 1 
by the latter, equally, and in the direction of the parallel lines | 
TIand LX, as was ſaid, will (by Cor. 5. and 6. of the laws of 1 
motion) continue to deſcribe their ellipſes round the moveable 1 
centre D as before. Which was to be found. a 

Let now a fourth body V be added, and by a like argu- j 
ment it will be demonſtrated, that this body and the point C 4 


deſcribe ellipſes about B, the common centre of gravity of all; 
the motions of the former bodies 7, L and & round the centres | 
D and C remaining the ſame as before, but accelerated. And q 


by 
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COMMENTARY. 


(i) 352. The forces, with with & tends to T and L, are as TN TS, and 

' LxLS; or, by the reſolution of forces, as TXTD +T XSD, and L'x 
LD + LxXSD; and the ſum of theſe TT XTD+LxXLD+T+LXxXSD 
is as FT LX SD; becauſe, from the nature of the centre of gravity, Tx 
TD =LxLD; and the forces, which are as theſe quantities, act in contrary 
directions, and therefore deſtroy each other. Conſequently T and T, acting 
upon & with a force as T + L xXx S$ D, have the ſame effect, as if & was attracted 
by a body equal to the ſum of T + L, placed in the centre D. But, from the 


nature of the centre of gravity, T + LxXSD=S+T+Lx8$SC: there- 


fore & revolves round C with a force as $S + T + L x SC, which is directly as 
the diſtance. 


() 253. In like manner, as in the laſt note, it may be ſhown, that a fourth 
body / tends to B, the common centre of all the bodies, with a force, which is 


as VT＋S TFT TLXIV B. And the periodical times are diminiſhed in the 
ſubduplicate ratio, in which the abſolute forces are increaſed : that is, the 
periodical times of all the bodies, round their common centre E, or of three 
bodies round C, or of two round D, are to the periodical time of L round T at 
ret, as F to FY TF + I; the motions being always accelerated by 
the addition of every new body; ſo that, ſuppoſing the abſolute forces as the 
quantities of matter in the bodies, the periodical times are in the inverie 
lubduplicate ratio of the forces. 
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by the ſame method more bodies may be added at pleaſure. 
Which was to be found. 

Theſe things are ſo, though the bodies Tand L attract each 
other mutually with accelerating forces, greater or leſs than 
thoſe, with which they attract the other bodies, in proportion to 


the diſtances. Let the mutual accelerating attractions of all be 


to each other, as the diſtances multiplied into the attracting 
bodies; and from what has gone before, it may be eaſily con- 
cluded, that all the bodies deſcribe different ellipſes in equal 
periodical times, about their common centre of gravity B, in 
an immoveable plane. Which was to be found. 


PROPOSITION LXV. THEOREM XXV. 


That any number of bodies, whoſe forces decreaſe in the duplicate ratio of 


the diſtances from their centres, may move among themſelves in ellipſes ; 
and by rays drawn to the foci may deſcribe areas proportional to the 
times very nearly. 


In the laſt Propoſition a caſe has been 1 in which 


any number of motions at pleaſure are performed accurately in 


ellipſes. The more the law of the forces recedes from the law 
there ſuppoſed, the more the bodies will diſturb the motions of 
each other; nor is it poſſible that bodies, attracting each other 
mutually according to the law here ſuppoſed, ſhould move in 
ellipſes accurately, unleſs by obſerving a certain proportion of 
diſtances from each other. But, in the following caſes, the 
orbits will not differ much from ellipſes. 


Caſe 1. Suppoſe ſeveral ſmaller bodies to revolve about a very 
great one at different diſtances; and let abſolute forces tend to 


every one of the bodies proportional to each. And becauſe the 


common centre of gravity of all (by Cor. 4. of the laws of 
motion) is either at reſt, or moves uniformly in a right line, let 
us ſuppoſe the leſs bodies to be ſo ſmall, that the greateſt body 
may never be at a ſenſible diſtance from this centre; and that 
greateſt body will either be at reſt, or will move uniformly in a 
right line without any ſenſible errour : but the ſmaller wo 
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will revolve about this greateſt in ellipſes; and by rays drawn B OO K 
to it will deſcribe areas proportional to the times: unleſs as far 
as errours are introduced, either by the receſs of the greateit 

body from that common centre. of gravity, or by the mutual 

actions of the ſmaller bodies on each other. But the ſmaller 

bodies may be continually diminiſhed, till that receſs, and thoſe 

mutual actions become leſs than any aſſignable; and therefore 

till the orbits coincide with ellipſes, and the areas anſwer to 

the times, without any errour, except what is leſs than any 
aſſignable. Which was to be ſhown. 


Caſe 2. Let us ſuppoſe now a ſyſtem of ſmaller bodies revolv- 
ing about the greateſt one in the manner already deſcribed, or 
any other ſyſtem of two bodies revolving about each other to 
move uniformly forward in a right line, and in the mean time 
to be urged laterally by the force of another vaſtly greater body, 
placed at a great diſtance. And becauſe the equal accelerating 
forces, with which the bodics are urged in parallel directions, 
do not change the ſituation of the bodies with reſpect to each 
other, but cauſe the whole ſyſtem together to change its place, 
while the parts ſtill retain their motions among themſelves : it is 
manifeſt, that no change of the motions of the attracted bodies 
among themſelves will ariſe from their attractions towards the 
greateſt body, unleſs either from the inequality of the accele- 
rating attractions, or from the inclination of the lines to each 
other, in whoſe directions the attractions are made. Suppoſe 
therefore all the accelerating attractions towards the greateſt 
body to be among themſelves reciprocally as the ſquares of the 
diſtances ; and by increaſing the diſtance of the greateſt body, 
till the differences of the right lines drawn from that to the 
others, with reſpect to their length and inclinations to each 
other, are leſs than any that can be aſſigned; the motions of 
the parts of the ſyſtem among themſelves will continue without 
errours, except what are leſs than any aſſignable. And ſince, 
by reaſon of the ſmall diſtance of thoſe parts from each other, 
the whole ſyſtem is attracted as if it was one body, it will be 
moved by this attraction after the manner of one body ; that is, 
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with its centre of gravity it will deſcribe about. the greateſt body 
one of the conic ſections (namely, an hyperbola or a parabola, 


chen the attraction is languid, and an ellipfis, when it is 


ſtronger), and by a ray drawn to the greateſt body it will deſcribe 


areas proportional to the times, without any errours but ſuch as 


ariſe from the diſtances of the parts, which are very ſmall, and 
may be diminiſhed at pleaſure. Which was to be ſhown. 


By a like reaſoning we might proceed to more compound 


caſes indefinitely (H. * 
Corol, 


COMMENTARY. 


(I) 354. Scbolium. The ſun, the earth, the planets, and all bodies in the 
ſolar ſyſtem, mutually gravitate to each other: and each body being acted upon 
by a power, directed to every other body in the ſyſtem, they all move round the 
common centre of gravity of the whole ſyſtem, as an immoveable point, This 
point, which is ſtrictly the centre of the ſolar ſyſtem, is never far removed from 


the centre of the ſun; and is generally placed within its ſurface. By comparing 
the quantity of matter in the ſun, with the quantity of matter in the, planets, it 


appears, that ſuppoſing all the planets to be placed on one fide of the ſun, the 
diſtance of the common centre of gravity from the centre of the ſun would be lels 
than one diameter of the ſun. But, when the planets are on different fides, that 
centre is either within its ſurface, or not ſenſibly diſtant from it. The ſun 


therefore is perpetually agitated by a motion round this centre, 


Various irregularities are alſo produced in the motions of the planets by their 


actions on each other: and their gravitations not being directed accurately to 
any fixed point in the ſyſtem, the deſcription of areas is not accurately equal in 
equal times, either round the ſun, or the common centre of gravity, or any one 


Point in the ſyſtem. But ſince the quantity of matter of the ſun is very much 
greater than that of the planets ; ſince their attractions are mutual; and therefore 
the diſturbances of their motions ariſe not from the whole, but from the differ- 


ences of their actions only; and ſince the errors are all leſs upon the ſuppoſition 


that the ſun is agitated by a motion round the centre of gravity, than if the fun 
was at reſt; the effects of theſe actions are ſo very minute, as hardly to be 


ſenſible; and the orbits of the planets approach very nearly to the form of ellipſes, 


having their focus in the common centre of gravity of the ſyſtem ; and the areas, 
which they deſcribe round that centre, are very nearly proportional to the times. 

A ſenſible errour is indeed obſerved by aſtronomers in the-orbit of Saturn, when 
it is in conjunction with Jupiter; in which caſe: the action of Jupiter on Saturn 
1s greateſt, and is found to be to the action of the ſun on Saturn, as 1 to 211, 
nearly. But the error produced by this force is much leſs, if we ſuppoſe the 
focus of the elliptic orbit of Saturn to be placed in the common centre of gravity 


of the ſyſtem, than if it was placed in the centre of the ſun at reſt, And this 


Whole 
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Corel. 1. In the ſecond caſe, the nearer the greateſt body ap- B * 


proaches to the ſyſtem of two or more revolving bodies, 
more the motions of the parts of the ſyſtem will be diſturbed 
among themſelves, becauſe the inclination of the lines, drawn 
from the greateſt body to theſe parts, now. becomes greater ; 
and the inequality of the proportion is alſo greater. 


Corol. 2. But they will be moſt diſturbed, by ſuppoſing that 
the accelerating attractions of the parts of the ſyſtem towards 
the greateſt body, are not to each other reciprocally as the 
ſquares of the diſtances from that greateſt body: eſpecially if 
the inequality of this proportion is greater than the inequality 
of the proportion of the diſtances from the greateſt body. For, 
if the accelerating force, acting equally and in parallel di- 
rections, does not diſturb the motions among themſelves, a per- 

turbation muſt neceſſarily ariſe from the inequality of the 
action, which will be greater or leſs, as the inequality is greater 
or leſs. The exceſs of the greater impulſes, by acting upon 
ſome bodies, and not acting upon others, will neceſſarily change 
their ſituation among themſelves. And this perturbation, added 
to the perturbation which ariſes from the inclination and in- 
equality of the lines, will make the whole perturbation greater. 


Corol. 


COMMENTARY. 


whole errour, when greateſt, hardly exceeds two minutes in its motion round the 
ſun: and, in its mean motion, hardly exceeds two minutes yearly. 

The diſturbing force of Saturn upon Jupiter, in their conjunction, ariſes 
only from the difference of its action on Jupiter and on the ſun; which is found 
to be to the force of gravity of Jupiter towards the ſun, only as 1 to 240g, 
nearly. The diſturbing forces of the other primary planets are immenſely leſs 
than theſe, and produce no ſenſible effects. | 

Suppoſe then the earth and moon to revolve round their common centre of 
gravity, at a ſmall diſtance from the earth, while that centre is carried round the 
centre of gravity of the ſolar ſyſtem: or ſuppoſe Jupiter and Saturn, each with 
theit ſatellites forming a ſmaller ſyſtem of bodies, which revolve round the 
centre of gravity of that ſyſtem, while that centre revolves round the common 
centre of gravity of the whole ſolar ſyſtem ; and the diſturbing forces of the ſun 
upon the parts of theſe leſs ſyſtems ariſe only from the inequality or obliquity of 
its action, as explained in Caſe 2, of this Propoſition, 
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Of the Corol. 3. Hence, if the parts of this ſyſtem move in ellipſes. 
Means & or circles, without any. remarkable perturbation it is manifeſt, 
tat if they are at all urged by accelerating forces tending to 

other badies, the impulſes are very weak, or elſe they are equal. 


ly impreſſed, and in parallel directions nearly. 


' PROPOSETION IXVI. THEOREM XXVI. 


If three bodies, whoſe forces decreaſe in à duplicate ratio of. the diflances” 
attract each other mutually ; and the accelerating attractions of any two 
towards the third are to each- other reciprocally as the ſquares. of the 
di liſtancer; and the two leaſt revokve about the greateſt; I ſay, that the 
interior of the two revolving bodies will, by: rays drawn. to. the innermoſt 
and greateſt, deſcribe areas more proportional. to the times, and a figure 
approaching nearer to the form of an elligſis hauing its focus in the con- 
courſe of the rays; if the greateft body i agitated by theſe attractiunt, 
than it would do, if the greateſt: body, not be ing attracted at all by the 
leſs bodies, remained at reft ; or, being either much more or much leſs 
attrafted; was either much more or much leſs agitated.. L 

This is evident enough from the demonſtration of the ſecond 

Corollary. of the foregoing Propoſition ; but it is confirmed by a 

demonſtration more diſtinct, and more. univerſally convincing. 

thus. 


pony, CC 1: Let the ſmaller bodies P and & revolve in the ſame 

Fig. 156, plane about the greateſt body 7, the body P deſcribing the in- 
terior orbit P AB, and S the exterior orbit ESE. Let SK be the 
mean diſtance of the bodies P and S; and let the accelerating 
attraction of the body P towards S, at that mean diſtance, be 
expreſſed by that line S K. Let SL be taken to SR, in the. dupli- 
cate ratio of SK to. SP; and SL will be the accelerating at- 
traction of the body P towards S, at any diſtance SP. join PT; 
and draw LM parallel to it, meeting SI in M; and the attraction 
SL will be refolved (by Corol. 2. of the laws of motion) into the 
attractions SM, LM. And thus the body P will be urged with 
a threefold accelerating force. One of theſe forces rends to 7 
and ariſes from the mutual attraction of the bodies T and P. By 
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this force alone the body P would deſcribe. round the body 7, B © 5 * 


267 


by the ray PT, areas proportional to the times, and an ellipſis ,. 


whoſe focus is in the centre of the body 7; whether the body 
T remained unmoved, or was agitated by chis attraction. This 
appears by Prop. XI. and Cor. 2. and 3. of Theor. XXI. The 
other force is that of the attraction LM; which, becauſe it tends 
from P to 7, being ſuperadded to the former force, will coin- 
cide with it, and will cauſe areas to be ſtill deſcribed propor- 
tional to the times, by Cor. 3. Theor. XI. (n) But becauſe it 
is not reciprocally proportional to the ſquare of the diſtance P 7; 
it will compound, with the former force, a force varying from 
this proportion ; which variation will be ſo much the greater, 
the greater the proportion of this force is to the former force, 
other things remaining the ſame. Therefore ſince (by Prop. Xl. 
and by Cor. 2. Theor. XXI.) the force, with which the ellipſis is 
deſcribed about the focus 7, ought to be directed to that focus, 
and to be reciprocally proportional to the ſquare of the 
diſtance PT; that compound force, by varying from this pro- 
portion, will make the orbit PAB vary from the form of an 
ellipſis having its focus in 7; and that ſo much the more, the 
greater the variation is from this proportion; and therefore alſo 
the greater the proportion of the ſecond force LM is to the firſt 
force; other things remaining the ſame. But the third force 
SM, attracting the body P in the direction of a line parallel to 
ST, will compound with the former a force, which is no longer 


directed 


COMMENTARY. 


(n) 355. From the ſimilar triangles SL M., SPT we find the following 
analogy LM: PT ::$L:8P; whence LM = e but, by the 


SP 
7 conſtruction, 5 EP # Þ+ SK? : $ Pa; and therefore S L = 52 ; which fiahs- 
3 
ſtitute for S L, and LM = 2 LIED — : and, if S K, the mean diſtance of the 


bodies P and S, is given, LM is proportional to Tp; N. 
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of the directed from P 0 7 {n) ; and which varies ſo much the more 


Motion 
Bodies. 


MATHEMATICAL PRINCIPLES 


from this direction, the greater the proportion of this third force 


s to the former forces; other things remaining the ſame; and 


Plate XX. 
Fig. 157. 


which therefore will cauſe the body to deſcribe, by the radius 
T P, areas no longer proportional to the times; and that the 
aberration from this proportionality may be ſo much the greater, 
the greater the proportion of this third force 1s to the other 
forces. But this third force will increaſe the aberration of the 
orbit PAB from the elliptical form before mentioned upon two 
accounts; both becauſe it is not directed from P to 7, and alſo 
becauſe it is not reciprocally proportional to the ſquare of the 
diſtance PT{(s}). Which things being underſtood, it is manifeſt, 
that the areas become then moſt nearly proportional to the times, 
when the third force becomes the leaſt poſſible, the other forces 
remaining the ſame: and that the orbit PA approaches then 
neareſt to the elliptical form before mentioned, when both the 
ſecond and third, but eſpecially the third force becomes the leaſt 
poſſible, the firſt force remaining the ſame. 


Let the accelerating attraction of the bedy T towards S be ex- 
preſſed by the line SN; and if the accelerating attractions S ., 
SN were equal, theſe attracting the bodies:7 and P equally, and 
in parallel directions, would not at all change their ſituation 


with 


COMMENTARY. 


(n) 356. Any force Pm, acting upon P parallel to S M, may be reſolved 
into two forces P and » m, by drawing mn perpendicular to T P produced; 
of which Px, acting in the direction PT, being added to, or ſubducted from 
the force, with which P was drawn to 7, does not change its direction; but the 
other part of the force mn, in the motion of P from C to A, tends to a point 
before T, towards the direction in which P1s moving, and accelerates the 
deſcription of areas; and, in the motion of P from A to D, mu is directed to 
a point behind 7, and retards the deſcription of areas (116.). In like manner 
the areas are diſturbed in. the oppoſite part of the orbit, between D and C. 


L M x ST 0 ST S K 


(o) 357. From ſimilar triangles & A = —T N by ſub- 
ſtituting 5 2 for L M: therefore, if the mean diſtance & X and S T, are 


given, SM 1s as * 


S P3 
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with reſpe& to each other. The motions of theſe bodies be- B OO K 
tween themſelves would be the ſame in that caſe (by Corol. 6. of 3 of 


the laws of motion) as if theſe attractions did not act at all. 
And for the ſame reaſon if the attraction S M was leſs than the 
attraction SM, it would take away from the attraction S M the 
part SN; and there would remain only the part MN, by which 
the proportionality of the times and areas, and the elliptical 
form of 'the-orbit would be diſturbed. And, in like manner, if 
the attraction SN was greater than the attraction & M, the per- 
turbation- of the proportionality and of the orbit would ariſe 
from the difference MN alone (p). Thus, by the at- 
traction SN, the third attraction SM above mentioned is always 
reduced to the attraction MN, the firft and ſecond attractions 


remaining 


COMMENTARY. 


(p) 358. Bodies, which are equally urged by any forces in parallel lines, 
continue to move, with reſpect to each other, in the ſame manner as if they 
were not urged by thoſe forces. Thus, a ſhip moving uniformly impreſſes 
equal velocities on all bodies within it; and their motions, with reſpect to each 
other, are performed in the ſame manner, as if the ſhip was at reſt, If a current 
impreſſes equal velocities on a number of ſhips, their motions, with reſpect to 
each other, are not affected by it: and their ſituations are only altered thereby, 
as they are referred to other bodies, which are not carried away by the current. 
If unequal velocities are communicated to different ſhips, their poſitions, with 
reſpect to each other, are diſturbed, not by the whole velocity of the current, 
but only by the difference of the forces of the different parts of it. In like 
manner, the motions of P and 7, with reſpect to each other, are not diſturbed b 
the whole action of S, but by the inequality of its action. Suppoling then the 
diſtance of S to be very great with reſpect to the diſtance PT, taking SL to S K, 
as S KZ is to S Pa, if P is in the quadrature at C, we find SP = SK = SL = 
$M = S N nearly; therefore, in this ſituation, the force $M has no ſenſible 
effe& in diſturbing the motions of P and 7, with reſpect to each other. Bur, 
while P is deſcribing the hemiſphere CAD, the force $ M being greater than 
SN, the action of & upon P is greater than its action on T by a force as MN, 
acting parallel to SM. In the oppoſite hemiſphere D BC, & N being greater 
than S , the difference MN may be conſidered as negative, and as actin 
upon the body P in a contrary direction parallel to S M. In this caſe S NM, the 
accelerating attraction of T towards 5, is greater than $8 74, the accelerating, 

attraction of P towards S: and T being drawn from P by the difference, the 
gravity of P towards T is diminiſhed; and the effect is the ſame as if P was 


drawn in a contrary direction from T, Thus, by S N, the attraction of 7, the 
attraction & Ad of P is reduced to M N. 
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remaining entirely unchanged: and therefore the areas and 
then neareſt to proportionality, and the orbit 
PA B to the above - mentioned elliptical form, when the attrac- 
tion MN is either none at all, or the leaſt poſſible: that is, when 
the accelerating attractions of the bodies Y and 7, make to- 
wards the body 8, approach as near as poſſible to equality: that 
is, when the attraction & N is neither none at all, nor leſs than 
the leaſt of all the attractions SM; but, as it were, a mean be. 
tween the greateſt and leaſt of all the attract ions SM: that is, 
not much greater nor much leſs than the en SR. Which 
Was to be demonſtrated. tert 


Caſe 2. Let now the ſmaller bodies P, $ revolve/ about the 
greateſt T'in different planes: and the force LM, acting in the 
direction of the line PT, ſituated in the plane of the orbit PA, 
will have the ſame effect as before; neither will it draw the 
body P from the plane of its orbit. (q/ But the other force NM, 
acting in the direction of a line parallel to ST, (and which 
therefore, when the body & is without the line of the nodes, is 
inclined to the plane of the orbit PA) beſides the perturbation 
of the motion as to longitude already ſpoken. of, will introduce 
a perturbation of the motion as to latitude, by drawing the body 
P out of the plane of its orbit. And this perturbation, in any 
given ſituation of the bodies P and Ito each other, will be as 
that generating force MN; and therefore will become leaſt 
when MN is leaſt; that is, as I have already ſhown, when the 

99% attraction 


COMMENTARY. 


(a) 359. The force NM, which is parallel to a line in the plang of the orbit 
TS E, whenever the body P is not in the common interſection of the two orbits, 
may be reſolved into two forces, of which one is in the plane of the orbit P AB, 
and the other is perpendicular to that plane. The latter force is wholly exerted 
in drawing P from the plane of its orbit, and the irregularities produced by it 
are of two ſorts; for it diminiſhes or increaſes the inclination of the orbit P A B 
to the plane 7 8 E: and alſo, being compounded with the motion of P, it cauſes 
P to arrive ſooner or later at the plane TS E; and thus the line of the nodes, 
| which i is the common interſection of theſe planes, is made to move ſometimes 
in a retrograde, and ſometimes in a progreſſive direction. 


wi Ot - 
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attraction & Ni is not much greater nor much leſs than the at- 
traction & A. 1 hich was to be demonſtrated. 

Crus i. Hence it is eaſily collected, that, if ſeveral ſmaller 
bodies P, S, R, Cc. revolve about a much greater body 7, the 
motion of the moſt inward revolving body P will; be leaſt dif. 
turbed by thetattraftions. of the exteriour, whe the greateſt 
body Tifin'like manner attracted and agitated by the reſt, ac- 
cording to the ratio of the accelerating forces, as the.reſt are by 
each other- mutually. 


Grol. 2. But in a ſyſtem of three. bodies 7, P, S, if the ac- 
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celerating attractions of any two towards the third are to each 


other reciprocally as the ſquares of the: diſtances ; the body P, 
with the ray PI vill deſcribe the area round the body J with 
greater velocity near the conjunction 4 and the oppoſition B; 
than near the quadratures C, D. For every force with which 
the body P is urged, and the body T is not urged, and which 
does not act: in-the direction of the line PI, accelerates or 
retards the deſcription of the area, according as its direction is 


the ſame or contrary to that of the motion of the body. * Such. 
is the force NM. This in the tranſit of the body P from C to A. 


tends towards the part to which the body is moving, and ac- 
celerates its motion; then as far as D, it tends towards the con- 
trary part, and retards its motion; then in the direction of the 


body, as far as B; and laſtly, in a contrary direction, in paſſing 


from B to C. 


Cyrol. 3. And: by the ſame argument it appears, that the body 


P, other things remaining the ſame, moves with a greater 


velocity in cony1 junction and oppoſition than in n the quadratures {7}. 
Corol.. 


COMMENTS RT: 
* This is evident from Notes 356. and 116. 


(r) 360. The force Pn, equal and parallel to N M. being reſolved into two, 
one of which P is in the direction of P , and the other u is parallel to the 
2 of the orbit at P; the force mn, in the motion of the body from C to 


Plat . > # 4 
Fig. 157. 


A, acting in the direction in which the body moves, accelerates its motion; 
from A to D it acts in a contrary direction, and retards it: and in the ſame 
manner it appears, that the motion of P 1s. accelerated from D to B; and eis 


again retarded from B. to C. 


£ 
1 


Motion of 


MATHEMATICAL/ PRINCIPLES 


Corol. 4. The orbit pf the body P, other things remaining the 
ſame, is more curve in the quadratures than in the conjunction 


n oppoſition (/. For ſwifter bodies deflect leſs from the 


rectilinear path. And beſides the force KL or NM in he con- 
junction and oppoſition is contrary to the force with which the 
body T attracts the body P; and therefore diminiſhes that force. 
but the body P will deflect leſs from the ier. n when 
it is leſs impelled towards the body 17. 2 


Grol. 5. Hence the body P, other things remaining this ſame, 
will recede farther from the body T in the quadratures, than in 
the conjunction and oppoſition (r). Theſe things are ſo without 
having any regard to the motion of eccentricity. For, if the 
orbit of the body P is eccentrical, its eccentricity (as will be 
ſhown in Corol. 9.) will become the greateſt, when the apſides 
are in the ſyzygies: and thence it may come to paſs, that the 
body P, in its approach to the higher apſis, may be farther 
diſtant from the body T in (; the en than in * 1 5 
tures. 


COMMENTARY. 17 
() 361. The curvature of the orbit is inereaſed in che gondranans C and D, 


and diminiſhed in the ſyzygies A and B for tyo reaſons ; becauſe the velocity is 


leaſt in the quadratures, and greateſt in, the ſyzygies (Corol. 3.) 3 and alſo be- 
cauſe the quantity of force 1s increaſed in the quadratures by the force LM, 
and diminiſhed in the ſyzygies by the force NM. Suppoſing the orbit CAD 
to be nearly circular, its curvature is increaſed or diminiſhed in the direct ſimple 


ratio of the force, and in the inverſe duplicate ratio of the velocity (Prop. IV, 
Corol, 1.). 


(z) 362. The body P, moving from C through A to D, in an orbit nearly 
circular, is impelled towards the centre by the action of the force LM at C; 
and, as long as this addititious foree continues to act, the body receives con- 
tinual impulſes, by which it is made to approach to the centre. When the force 
L Mis deſtroyed by the contrary action of N M, the body ſtill retains the motion 
of approach impreſſed upon it, till the contrary action of the ablatitious force 
NM deſtroys that motion, and impreſſes a new one in a contrary direction (by 
the firſt law of motion): this happens near the ſyzygy; after which the body is 
made to recede till it arrives at the next quadrature, where the addititious force 


of 


ain prevails. Thus the body approaches neareſt to the centre, where the force 
approach is leaſt; and the contrary. | + 
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Carol. 6. Becauſe the centripetal force of the central body T, BOOK 


by 


by which the body P is retained in its orbit, is increaſed in the * 


quadratures by the addition of the force LM, and is diminiſhed 
in the ſyzygies by the ſubduction of the force K L (u); and, by 
reaſon of the magnitude of the force K L, is more diminiſhed 
than increaſed (v/ and ſince that centripetal force (by Coral. 2. 


Prop, 
COMMENTARY. 


(u) 363. If the diſtance of & is very great with reſpect to PT, SL and SM 
may be conſidered as nearly parallel, and LM, MN as nearly equal to PT, 
PL. Therefore, when the body is in the ſyzygy at A, the point K coinciding 
wich T, PX = AT = LM; and NM = PK+KL = LM + KL, and 
NM—LM=KL,; chat is, KL is the exceſs of the ablatitious force above 


the addititious, whereby P is drawn from T by the action of S. The ſame is 
evident alſo in the oppoſition B. 


(v) 364. To underſtand this it is neceſſary to find the proportion of the two 
diſturbing forces LM, MN, in any point of the orbit CAD B, whence their 
difference K L will appear; and alſo the magnitude of the arc, through which 
the ablatitious force prevails over the addititious. Let then the diſtances ST, 
PT be conſidered as variable, according to the ſuppoſition made in this 
Corollary ; and let $T be very great with reſpect to P T. From the ſimilar 

, PTx8$S£L PTXSX 
triangles SPT, S LM, we find L M = 75 7 ma for ſince 
SL and SP are ſometimes greater and ſometimes leſs than SK and ST; and 
ſince, by the ſuppoſition, their difference is never very great with reſpect to 8 7, 
for SL and S P we may ſubſtitute their mean quantities & K and ST. 

To find the force MN, let us ſuppoſe the orbit C'AD B to be nearly circular, 
SK and & N nearly equal, and the angles S KN. S NK nearly right angles, by 
reaſon of the great diſtance of S. By Prop. LXVI. S L: SK:: SKE: 8 Pz, 
and 5 . CX: SX :; SK — SP: S Paz; that is, XK L: SK :: PK 
SK+SP:SP: (Elem. Book II. Prop. IV.) :: PK x 28 T: + 6.348 7.3 E: 


ST : therefore KL = 2 8 7 — From L let fall L perpendicular to 


SM, and join K N; and, the diſtance $T being very great, KL = NQ, nearly; 
LIE Lake „ nearly, Again, from ſimilar triangles, QM: PK: 


SF 
SL Pk NSR 
LM: T:: SL: SP; and QM = RAE = pu ſubſti- 


tuting for $ L, and S P their mean quantities SK and 87. Hence N M = 


. 3 PRKX SKR 4 f . 3 PKX SK PTXSK 
NO +4+49M= CBE 8 and NM: LM: — TT 
Vol. I. | Nn :3PK 


Plate XX, 
Fig. 157. 
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Of the Prop. IV.) is in a ratio compounded of the ſimple ratio of the 


radius TP directly, and the duplicate ratio of the'periodical time 
inverſely ; it is plain that this compound ratio is diminiſhed by 
the action of the force XL; and therefore, that the periodical 
time, if the radius TP of the orbit remains the ſame, 1s in- 
creaſed, and that in the ſubduplicate ratio in which the centri- 


petal force is diminiſhed: and therefore, ſuppoſing this radius to 
be increaſed or diminiſhed, that the periodical time is increaſed 


more, or diminiſhed leſs than in the ſeſquiplicate ratio of this 
radius (by Corol. 6. Prop. IV.). If that force of the central body 
ſhould gradually decay, the body P being continually leſs and 
leſs attracted, would recede continually from the centre 7; and 
on the contrary, it that force was increaſed, it would approach 


nearer 
. COMMENTARY. 


:3PK: PT, But, the angle at K being a right angle, P K is the fine of the 
angle PT K, PT being radius: therefore, in any point P, the ablatitious force 
NM is to the addititions force LM, as three times the ſine of the angular 
diſtance of the body P from the next quadrature, to radius. | 

365. The body P being in ſyzygy, the ablatitious force K L is nearly double 
the addititious force in quadrature. For, ſince in this caſe PK=PT = LM, 
we findNM:LM::3AT: AT, and KL: LM::2AT: AT. . 

366. If P is the point between the quadrature and the ſyzygy, in which the 
actions of the ablatitious and addititious forces equally diminiſh and increaſe the 
centripetal force of P towards T, draw Pm equal and parallel to VM, and 
letting fall m perpendicular to PT produced, the force Pm is reſolved into 
two, of which PA alone diminiſhes the force of P towards T. From ſimilar 
triangles Pm: PM:: PT: PR; and, if Pn LM, (by 364.) Pm: PA:: 
3PK:PT,; therefore 3PK:PT::PT:PK, and 3PK* = PT, and 
PT: PK:: 3: 1 :: 1732: 1000, nearly: whence the angle PTC is found 
to be 2359 16 nearly. Therefore the accelerating force of P towards T is in- 
creaſed by the exceſs of the addititious force above the ablatitious, in the motion 
of P through 35% 167. on each ſide of quadrature; and, in a whole revolution 
of P, it is increaſed through 141® : but, by the exceſs of the ablaritious force 
above the addititious, the force of P is diminiſhed in its motion through 2199 
in each revolution of P. | | | 

367. From the three laſt articles it is evident, that the force, with which P is 
retained in its orbit round 7, is more diminiſhed than increaſed in a whole re- 
volution of P, both by reaſon of the magnitude of the force X L, the exceſs of 
NM above LM; and alſo by reaſon of the length of time in which X L as « 
and therefore, that the accelerating force of 7 muſt be-conſidered as abſolutely 
diminifhed by the action of S, in each revolution of P. | L 
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nearer to it. Therefore, if the action of the diſtant body S, by B 2 
which that force is diminiſhed, is increaſed and diminiſhed bfÿ/ 
turns; the radius TP will be at the ſame time increaſed and 
diminiſhed by turns: /w/} and the periodical time will be in- 
oreaſed and diminiſhed in a ratio, compounded of the ſeſquipli- 
cate ratio of the radius, and of the ſubduplicate ratio, in which 
that centripetal force of the central body T is diminiſhed or 
increaſed by the increaſe or decreaſe of the action of the diſtant 

body S. 
- "'Corol. 7. It alſo follows from the premiſes, that the axis of the 
ellipſis deſcribed by the body P, or the line of the apſides, is 
carried forward and backward alternately with an angular 
motion, but yet the progreſſive motion exceeds the retrograde; 
and by the exceſs of the progreſſion it is carried forward. For 
the force, with which the body P is urged to the body T in the 
quadratures, where the force MN vaniſhes, is compounded of 
the force L M, and of the centripetal force, with which the body 
T attracts the body P. The former force LM, if the diſtance PT 
is increaſed, is increaſed nearly in the ſame proportion with this 
diſtance ; and the latter force decreaſes in that duplicate propor- 
t10N ; 


COMMENTARY. 


() 368. If T approaches and recedes from & by turns, the action of S is 
alternately increaſed and diminiſhed. By the increaſe and diminution of X L the 
radius T P is increaſed and diminiſhed ; and the abſolute force of T is diminiſhed 
and increaſed. The periodical time of P varies on both theſe accounts: for, 
calling the abſolute force V, the radius R, and the periodical time P, the ac- 


: V R | ; of 
celerating force 18 s- and as Pr (Corol. 2. Fer. 9 whence Pu is as 72 
and P a F- 5 


369. Scholium. Hence it follows, that the periodical time of the moon is 
different at different ſeaſons of the year; the lunar months being longer in 
winter than in ſummer. For, ſince the orbit of the earth is eccentrical, and the 
earth is in perihelion in the winter months; the action of the ſun, and conſe- 
quently the force K L, is then greater than in ſummer; the centripetal force, 
with which the moon is retained in its orbit, is diminiſhed; and the diſtance of 
the moon from the earth is increaſed : therefore the periodical time of the moon 
in winter is increaſed in the ſeſquiplicate ratio, in which the diſtance of the moon 
from the earth is increaſed ; and in the ſubduplicate ratio, in which its centri- 
petal force is diminiſhed (368.): * is agreeable to obſervation. 
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Of the tion; and therefore the ſum of theſe forces decreaſes in a lefs 
Mocha of than the duplicate ratio of the diſtance PI (x); and therefore 
by Corol. 1. Prop. XLV.) makes the line of the apſides, or the 
higher apfis, move in a retrograde direction 6%. But, in con- 


junction 
COMMENTARY. 


(x) 370. The diſtance 5 very great with reſpect to PT, SL and 
SM are nearly- W and therefore L M is nearly as PT, Let PT = A: 


and to a force as * let a force as LM, or c x A be added; the ſum of theſe 


I +c A 3 . 
forces is. 5 7 * 42 If the diftance 4 is variable, A A being 


increaſed or diminiſhed, x 4- c 43 is alſo increaſed or diminithed ; and the value 


| I+CAs, 
h cti 
of t c fraction 5 


but at the ſame is increaſed in the ratio, in which the numerator 1 ＋ As is 
increaſed ; and the contrary, Wherefore, the value of the fraction ah £4 


— — 


AA 
varies leſs than that of a fraction as 2175 of which the numerator, is con- 
Rant. Therefore a force, which varies directly as the diſtance, | added to a force, 
which varies inverſely as the ſquare of the diſtance, compounds a force, which 
varies leſs than in the inverſe ratio of the ſquare of the diſtance. 


es AL 


is diminiſhed 1 in the ratio, in which A A is increaſed; 


O 371. The ſum of the forces being as —— +cA = — the angle 
SY E Ie 
deſcribed in moving from the higher to the lower Bi is 180 * Pee 
For, in Example 3. Prop. XLV. if the force is w © 2 * , the angle be- 
| b + c pes Si i a $3) 
tween the apſides is 180? x rr In this caſe 5 g i, m=1, # = 4, 
I K c 


n and, becauſe c is a poſitive quantity, this 


fraction is leſs than unity, and 180 x 7 . is leſs than 1809, 


I + 4c 
372. Otherwiſe, If the force is as ket , the angular motion between the 


apſides · is 1802 x — (Corol. 1. Prop. XLV.). In this caſe the force, vary- 


ing in a leſs than the — duplicate ratio of the diſtance (370. ), may be 610 
5 poſe 
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junction and oppofition, the force, with which the body P is B O O K 
urged to the body 7, is the difference between the force, with R 

which the body T attracts the body P, and the force KL: and 

that difference, becauſe the force XL is increaſed in the ratio 

of the diſtance PT nearly, decreaſes in a greater than the dupli- 
cate ratio of the diſtance PT (z); and therefore (by Corol. 1. 
Prop. XLV.) makes the line of the apſides move in a progreſſive | 
direction (a). In places between the ſyzygies and the quadra- | 
tures the motion of the line of the apfides depends upon both | 
theſe cauſes jointly (; ſo that, in proportion to the exceſs of | 
One | 


COMMENTARY, 


poſed to be as cls At-, q being ſome politive quantity, Therefore mak» 


AS 
: nn | I mM m | 
6: 2 = we find NT: = — and 1802 X = = 
— 7 The body then arrives at the next apſis, after deſcribing an angle, | 
144 | 
N 
equal to - ; which is leſs than 1805, if q is a poſitive quantity: there- | 


I + | 
fore the motion of the apſides on this ſuppoſition is retrograde. | | 


(2) 373. In a given ſituation of P, KL is to LM in a given ratio (364.), 
and therefore is nearly as PT. But a force K L, varying directly as the diſtance, | 
being taken from the force of P towards T, varying inverſely as the ſquare of | | 


3 ; — c A 3 
the diſtance, leaves a force which varies as g _ (370.); and, A being in- 


= 
— 3 b . 

creaſed or diminiſhed, the fraction : 7 varies in a greater ratio than the | 

I 1 

2 


(a) 374. In this caſe the angular motion of the body between the apſides is 


0 


1800 5 7 rien 1 (372.); and therefore greater 


124 | 
than 1800. | | 


(b) 375. It is evident from note 366. that the body P is ated upon by an 
addiritious force through 3 160 on each ſide of quadrature z and that che force 
K L prevails in the remaining part of the orbit: therefore, in the morn of C 

: | throug 
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Motion of 


„Bodies. Therefore, ſince the force K L in the ſyzygies is nearly twice as 
great as the force LM in the quadratures, the exceſs will be with 
the force K L, and will carry the line of the apſides forward. 
But the truth of this and of the foregoing Corollary will be 
more eaſily underſtood, by conceiving the ſyſtem of the two 
bodies J, P, to be ſurrounded on every fide by ſeveral bodies 
S, 8, S, Oc. diſpoſed in the orbit ESE. For by the actions of 
theſe bodies the action of the body 7 will be diminiſhed on 


every ſide; and will decreaſe in a greater than the duplicate 
ratio of the diſtance /c). 


Corol. 8. But ſince the progreſſive or retrograde motion of the 
apſides depends upon the decreaſe of the centripetal force, made 
in a greater or leſs ratio than the duplicate ratio of the diſtance 
TP, in the tranſit of the body from the lower apſis to the 
Higher; as alſo upon a like increaſe in its return to the lower 
apſis; and therefore becomes greateſt, when the proportion of 
the force in the higher apſis to the force in the lower apſis re- 
cedes moſt from the inverſe duplicate ratio of the diſtances ; it 
is plain, that the apſides in their ſyzygies will, by the ablati- 
tious force KL or NM — LM, proceed more ſwiftly ; and in 
their quadratures will recede more ſlowly by the addititious 


force 


, Of the one or the other, this motion is either progreſſive or retrograde. 


COMMENTARY. 


through 1410, the motion of the apſides is retrograde in each revolution (371, 
and 372.); and in the motion of P through 2199, the motion of the apſides is 
progreſſive (374.). And becauſe, on account of the magnitude of K L (364.), 
the velocity of the progreſſive motion is greater than the velocity of the retro- 


grade motion; it is evident, that in a whole revolution of P round T the motion 
of the apſides 1 is progreſſive. 


(c) 376.  Scholium. Since the orbit of the moon is an ellipſis, one of whoſe 
8085 is in the earth, it follows from the premiſes, that by the action of the ſun the 
motion of the lunar apſides is retrograde, when the moon is in the quarters; 
and progreſſive, in conjunction and oppoſition : and that, in a whole revolution 
of the moon, the progreſſive motion exceeds the retrograde. And this is agree- 
able to obſervation ; from which it appears, that the lunar apſides are upon the 


whole carried forward, according to the order of the hgns, ſo as to finiſh a re- 
volution round the earth in nine years, nearly. 
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velocity of the progreſs, or the flowneſs of the regreſs, is con- 
tinued, this inequality becomes very great (d). 


Corol. 9. If any body, by a force reciprocally proportional to 


the ſquare of its diſtance from any centre, ſhould be made to 
revolve in an ellipſis round that centre; and preſently in its 
deſcent from the higher apſis to the lower apſis, that force, by 
the continual acceſſion of ſome new force, ſhould be increaſed 
in a ratio greater than the duplicate of that in which the diſtance 
is diminiſhed; it is manifeſt, that the body, impelled con- 
tinually towards the centre by the perpetual acceſſion of that 
new force, would incline more towards this centre, than if it 
was urged only by a force increaſing in the duplicate ratio of 
that, in which the diſtance is diminiſhed; and therefore would 
deſcribe an orbit interior to an elliptical orbit; and, at the lower 


apſis, would approach nearer to the centre than before. There 


fore the orbit, by the acceſſion of this new force, will become 
more eccentrical. If the force, during the receſs of the body 
from the lower to the higher apſis, ſhould decreaſe by the ſame 


degrees by which it increaſed before, the body would return to- 


its former diſtance: and therefore, if the force decreaſes in a 
greater ratio, the body, being now leſs attracted than before, 


will: 
+ 4 ® 4. the WP. 3 $ a 


(d) 377. When the line of the apſides is in ſyzygy, the variations of the 
diſtance are greater in that part of the orbit, in which the ablatitious force acts, 
and leſs in that part of the orbit, in which the addititious force acts, than in 
any other fituation of the apſides. Therefore the force, which varies in a 
greater ratio than the inverſe ſquare of the diſtance, recedes moſt from that 
ratio; and the force, which varies in a leſs ratio than the inverſe ſquare of the 
diſtance, recedes leaſt from that ratio. Hence the progreſſive: motion of the 
apſides is greateſt, and their retrograde motion leaſt, in a whole revolution of 
P, when the apſides are in ſyzygy. And, ſince the motion of the line of the 
apſides is made in the ſame direction, in which $ moves round 7; and that line 
remains longer in or near the ſyzygy than in any other ſituation, this inequality. 
is greatly increaſed on account of the length of time, for which it is continued. 
In like manner it appears, that if the line of the apſides is in quadrature, their 
progreſſive motion is - leſs, in a whole revolution. of P, and their retrograde 
motion greater, than in any other ſituation, | 
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force LM. But by reaſon of the length of time, in which the Book 
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will aſcend to a greater diſtance; and thus the eccentricity of 


Bodies, the orbit will be ſtill more increaſed. ſe) Therefore, if the 
— — ratio of the increaſe and decreafe of the centripetal force is 


augmented in each revolution, the eccentricity will be con- 
tinually increaſed ; and, on the contrary, it will be diminiſhed, 
if that ratio decreaſes. But now in the ſyſtem of the bodies 7, 
P, S, when the apſides of the orbit PAB are in the quadratures, 
the ratio of that increaſe and decreaſe is the leaſt; and becomes 
greateſt, when the apſides are in the ſyzygies. If the apſides 
are placed in the quadratures, the ratio near the apſides is leſs, 
and near the ſyzygies greater, than the duplicate ratio of the 


diſtances ; 


COMMENTARY. 


(e) 378. By the action of the ablatitious force the eccentricity of the orbit is 
increaſed; becauſe that force, together with the force of P round T, compounds 
a force varying in a greater ratio than the inverſe ſquare of the diſtance (373.). 
In like manner it appears, that the eccentricity 1s diminiſhed by the addititious 
force, which compounds a force varying in a leſs ratio than the ' inverſe ſquare of 
the diſtance (370.). But, ſince K L in ſyzygy is nearly double of LM in 
quadrature (365.); and the action of X L, in every revolution of P, is con- 
tinued for a longer time than that of L N (366.); the force of P round T muſt 
upon the whole be conſidered as varying in a greater ratio than that of the 
inverſe ſquare of the diſtance; and, by the exceſs of K L above LM, the 
eccentricity will be increaſed in every revolution of P. Therefore, by the action 
of theſe diſturbing forces, the eccentricity is greater than if P had been acted 
upon by a force, varying inverſely as the ſquare of the diſtance. 

But, in different ſituations of the apſides, the eccentricity is more or leſs 
increaſed in every revolution. If the apſides are in ſyzygy, the effect of the 
ablatitious force is greater, and the effect of the addititious force leſs, than in 
any other ſituation; and the exceſs of one above the other, in a whole revolution 
is greateſt. If the apſides are in quadrature, the ablatitious force is leaſt, and 
the addititious force greateſt; and the exceſs of one above the other is leſs than 
in any other ſituation. In the intermediate places, the exceſs of the ablatitious 
force above the addititious is greater, in every revolution, the nearer the apſides 
are placed to ſyzygy. Therefore, in the motion of the apſides from quadrature 
to ſyzygy, the ratio of the increment and decrement of the centripetal force is 
increaſed, in each revolution of P, by the increaſe of the difference of the 
diſturbing forces; and the eccentricity of the orbit is increaſed. On the con- 
trary, in the motion of the apſides from ſyzygy to quadrature, the exceſs of the 
ablatitious above the addititious force decreaſes in each revolution ; and the 
eccentricity is continually diminiſhed. Therefore the eccentricity is greateſt, 
when the line of the apſides is in ſyzygy; and leaſt, in quadrature. , 
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diſtances; and from that greater ratio a direct motion of the BOOK 
line of the apſides ariſes; as has been already obſerved. . , 


if the ratio of the whole increaſe or decreaſe in the progreſs 
between the apſides is conſidered, this is leſs than the duplicate 
ratio of the” diſtances. The force in the lower apſis is to the 
force in the higher in a leſs than the duplicate ratio of the 
diſtance of the higher apſis from the focus of the ellipſis to the 
diſtance of the lower apſis from the ſame focus: and, on the 
contrary, when the apſides are placed in the ſyzygies, the force 
in the lower apſis is to the force in the higher, in a greater than 
the duplicate ratio of the diſtances. For the forces LM in the 
quadratures, added to the forces of the body 7. compound 
forces in a leſs ratio; and the forces KL in the ſyzygies, ſub- 
ducted from the forces of the body 7, leave forces in a greater 
ratio. Therefore the ratio of the whole increaſe and decreaſe, 
in the tranſit between the apſides, is leaſt in the quadratures, 
greateſt in the ſyzygies: and therefore, in the tranſit of the 
apſides from the quadratures to the ſyzygies, it is continually 
increaſed, and it increaſes the eccentricity of the ellipſis; and, 
in the tranfit from the ſyzygies to the quadratures, it is con- 
tinually diminiſhed, and it diminiſhes the eccentricity. 


Corol. 10. {f) That we may give an account of the errours as 
to latitude, let us ſuppoſe the plane of the orbit ZE ST to remain 


immove- 
ee 


(f) 379. If the plane of the orbit P AB does not coincide with the plane 
EST; the force N M. which acts according to the plane EST, may be reſolved 
into two forces, of which one is in the plane P AB, and the other is perpendi- 
cular to that plane. Let PT be a right line in the plane of the orbit BA 35; 
and let P M, parallel to ST, and equal to N M, be reſolved into two forces, 
by making Pm perpendicular, and Mm parallel to P T. If the body P, de- 
ſcending in the plane PT towards the plane ST, is ated upon by a force Pm, 
which is alſo directed towards the plane S 7, the plane of the orbit of P will be 
transferred to the diagonal P., which is inclined to $T in an angle greater than 
the angle PT S. $0 | 

380. If Pm, the part of the force P M which is perpendicular to the plane 
PT, is directed from the plane ST, while P deſcends towards 2, the dizgonal 
Pt is inclined to ST in a leſs angle than PT. 

Vor. I. "SA 3381, If 


Plate XX. 
Fig. 117. 
and 158. 


Plate XX. 
Fig. I 59» 
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Of the immoveable; and from the cauſe of the errours already ex- 


Motion of 


Bodies, Plained it is manifeſt, that, of the forces NM, ML, which are 
◻Ꝙ the entire cauſe, the force ML, acting always in the plane of the 
orbit P AB, never diſturbs the motions as to latitude; and that. 

the force NM, when the nodes are in the ſyzygies, ,acting alſo 

in the ſame plane of the orbit, does not diſturb.theſe motions :- 

(g) but when they are in the quadratures, it difturbs them moſt 

of all; and, attracting the body P continually out of the plane 

of its orbit, it diminiſhes the inclination of the plane, in the 
tranſit of the body from the quadratures to the ſyzygies ;. 

and again increaſes the ſame, in the tranſit from the ſyzygies to 

the quadratures. Hence it happens, that, when the body is in 

the ſyzygies, the inclination. is the leaſt ; and that it returns to 

its former magnitude nearly, when the. body arrives at the next 

node. ( But if the nodes are placed an the octants after the 
quadra- 


COMMENTARY. 


Plate XX. 381. If the body P aſcends from the plane S T in the plane TP, and is acted 

Fig. 160. upon by a force T 7, or Pn, directed alſo from the plane S T, the plane of its 
orbit will be changed to that of the diagonal T m, which is inclined to ST in a. 
greater angle than PT. 

plate XX, 382. If P aſcends in the plane 7 P, and at the ſame time is drawn down to- 

Fig. 161. Wards the plane ST by a force as Tit or Em, the diagonal T m will.be inclined 

to & T in a leſs angle than T P. 

38 3. In general, if the motion of the body P, and the force Pm, are both- 
directed towards the plane E S, or are both directed from that plane, the in- 
clination of the orbit PAB. to the plane EST is increaſed ;. otherwiſe it is 
diminiſhed. 

384. It is evident from the reſolution of the forces i in Fig. 159, and 160. that 
in the motion of P between either of the quadratures and the neareſt node, the 
force P m is directed from the. plane EST; and in all other- places Pm is 
directed towards that plane, 


(g) 385. The nodes being in the quadratures, the motion of P, from qua- 
drature to ſyzygy, is directed from the plane E S7, and the force MN acts to- 
wards that plane; therefore the inclination is diminiſhed (382.): in the motion 
from ſyzygy to quadrature P deſcends towards the plane. EST, and MN. alſo 
acts towards that plane; ; therefore the. inclination 1s increaſed (379.). 


( 386. The motion of P, from the node through an arc of go?, is directed 
from the plane EST, and the force M Nats towards that plane; therefore the 


inclination is diminiſhed (382.). Through the next 45* the motion of P, and 
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from what has been already ſhown, that in the. tranſit of the « 


body P from either node to the ninetieth degree from that node, 
the inclination of the plane is continually diminiſhed ; then, in 
the tranſit through the next 45 degrees to the next quadrature» 
the inclination is increaſed; and laſtly, in the tranſit through 
other 45 degrees to the next node, it is diminiſhed. The incli- 
nation therefore is more diminiſhed than increaſed ; and conſe- 
quently 1s continually leſs in the ſubſequent node than in the 
preceding. And, by a like reaſoning, the inclination is more 
increaſed than diminiſhed, when the nodes are in the other 
octants between A and D, B and C. The inclination then is the 
greateſt of all, when, the nodes are in the ſyzygies. In their 
tranſit from the ſyzygies to the quadratures it is diminiſhed at 
every appulſe of the body to the nodes; and becomes leaſt of 
all, when the nodes are in the quadratures, and the body in the 
ſyzygies: then it increaſes by the ſame degrees, by which it had 
decreaſed before; and, when the nodes have arrived at the next 
ſyzygies, it is reſtored to its former magnitude (i). 


Corol. 11. Becauſe the body P, when the nodes are in the 


quadratures, is continually attracted from the plane of its 
orbit; and that in a direction towards 5, in its tranſit from the 
node C through the conjunction 4 to the node D; and in a 


contrary 


COMMENTARY. 


the force N, are both directed towards E S T, and the inclination is increaſed 
(379.). Through the next 45* to the node, the body P ſtill deſcends to E ST, 
but the force MN acting from that plane the inclination is diminiſhed (380.). 
And thus, in a whole revolution of P, the inclination is diminiſhed in its motion 
through 270%, and increaſed in its motion through the remaining 909. 


(i) 387. It appears, that during the retrograde motion of the nodes from 
ſyzygy to quadrature, when they are placed between A and C, B and D, the 
inclination is diminiſhed in every revolution of P; and, in their motion from 
quadrature to ſyzygy, when they are placed between C and B, D and A, the 
inclination is increaſed in every revolution. Therefore the inclination 1s leaſt, 
when the nodes are in quadrature; and greateſt, when the nodes are in ſyzygy. 

388. Hence the heliocentric latitudes cf the planets, and of the moon, at 
equal diſtances from their nodes, are obſerved to be different in different 
revolutions. 

Oo2 


quadratures, that is, between C and 4, D and B, it appears Þ 0 
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contrary direction in its tranſit from the node D through the op- 
poſition B to the node C; it is manifeſt, that, in its motion from 


— — the node C, the body continually recedes from the firft plane CD 


of its orbit, till it has arrived at the next node; and therefore 
in this node, being at its greateſt diſtance from that firſt plane 
CD, it paſſes through the plane of the orbit EST, not in D'the 
other node of that plane, but in a point which inclines thence 
towards the body S; and which therefore is a new place of the 
node declining behind its former place /k). And, by a lik: 

| | argu- 


COMMENTARY. 


(A) 389. When that part of the force MN, which diſturbs the motions 
in latitude, is directed towards the plane E S T, the body P will arrive ſooner at 
that plane, than if it was not agitated by ſuch a force; and the motion of the 
nodes is made in a contrary direction to that in which P moves in its orbit. 
Whenever the force is directed from the plane EST, the body P muſt deſcribe 
a greater arc before it arrives at the node, than it would have done, if it had not 
been drawn off with this force. | 

The nodes being placed in quadrature, the force MN is directed towards the 
plane E S7, during the whole revolution of P; and the motion of the nodes is 
continually retrograde, 

If the nodes are placed in the octants, the force N is directed from the 
plane EST, in the motion of P from each quadrature to the next node; that 
is, through go in a whole revolution; and the motion of the nodes is there 
progreſſive : but, the force MN being directed towards the plane ES, in 
every other place of P, the motion of the nodes ts retrograde in the motion of 
P through 270: and, in a whole revolution of P, by the exceſs of the regreſs 
above the progreſs, the line of the nodes 1s carried backward. | 

390. Hence, in every ſituation of the nodes between quadrature and ſyzygy, 
their motion 1s partly progreſſive, and partly retrograde; but, by the exceſs of 
their retrograde motion, they are carried backward, or contrary to the direction 


in which P moves in every revolution. The nearer they approach to ſyzygy, 


their retrograde motion is continually leſs in every revolution: and in ſyzygy 
they become ſtationary ; till they are again moved out of that ſituation by the 
motion of $ round 7, or of T round S. | 
391. Scholium. The plane of the moon's orbit is inclined to the plane of 
the orbit, in which the earth moves round the ſun, in an angle of 5 nearly. 
The common interſection of theſe planes, or the line of the nodes, is not fixed 
in the ſame part of the heavens, but is obſerved to move in a retrograde di- 
rection, from eaſt to weſt, contrary to the order of the ſigns in the ecliptic, and 
to the motion of the moon in its orbit; ſo as to perform a revolution, or move 
over all the ſigns in the ecliptic, in about eighteen years. This phenomenon is 


4 1 | here 
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argument, the nodes will continue to recede in the tranſit of the 
body from this node to the next. The nodes therefore, placed 
in the quadratures, recede perpetually ; in the ſyzygies, when 
the motion is not diſturbed as to latitude, they are quieſcent; in 
intermediate places, partaking of both conditions, they recede 
more {lowly : and therefore, being either retrograde or ſtation- 
ary, they are made to recede 1n each revolution. 


Corol. 12. (I) All the errours deſcribed in theſe Corollaries are 
a little greater in the conjunction of the bodies P, S, than in 


their oppoſition ; becauſe the generating forces NM and ML are 
greater, 


Corel. 13. (mn And, ſince the proportions in theſe Corollaries do 
not depend upon the magnitude of the body s, all things before 
demonſtrated will take place, when the magnitude of the body 
S is fuppoſed to be ſo great, that the ſyſtem of the two bodies 7 
and P may revolve round it. And, the body S being increaſed, 
and conſequently its centripetal force being increaſed, from 
which the errours of the body P ariſe, all thoſe errours, at 
equal diſtances, will become greater in this caſe than in the 


other, in which the body $ is made to revolve about the ſyſtem 
of the bodies P and T. | : 


Corol. 
COUMMENTATT. 


here deduced from the principle of gravity. And the quantity of this retrograde 
motion, which the author in the third book has determined from the theory, is 
found to agree with that which is oblerved by aſtronomers, 


(1 ) 392. If S K and PT are ſuppoſed to be given, the addititious force L M 
is as _ (355.): and in a given ſituation of the bodies &, T, P, NM is to 


285 


BOOK 
— 


LM in a given ratio (364.): therefore thele forces in conjunction are greater | 


than ig oppoſition, in the ratio of S B3 to S A3, 


(n) 393. If the magnitude of S is increaſed, till the common centre of 
gravity of the three bodies falls within the ſurface of &, the body T will revolve 
round &: and this Propoſition and its Corollaries will be reduced to the caſe of the 
moon: for all the preceding demonſtrations are equally applicable on this ſup- 


poſition ;* only, the abſolute force of 8 being increaſed, the diſturbing forces at 
equal diſtances are greater. | ; 
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MATHEMATICAL PRINCIPLES 


"Corol. 14. But, ſince the forces NM, ML, when the body & is 
diſtant, are very nearly as the force & K, and the ratio of PI 


—— to ST, jointly; that is, if both the diſtance PT, and alſo the 


the bodies 7 and P revolves round the diſtant body S; thoſe 


abſolute force of the body S are given, as S T3 reciprocally ; and 
ſince thoſe forces NM, ML are the cauſes of all the errours and 
effects, treated of in the foregoing Corollaries ; it is manifeſt, that 
all thoſe effects, the ſyſtem of the bodies T and P remaining, 
and only the diſtance S7, and the abſolute force of the body $ 
being .changed, are very nearly in a ratio compounded of the 
direct ratio of the abſolute force of the body S, and the inverſe 
triplicate ratio of the diſtance S (gn). Hence, if the ſyſtem of 


forces NM, ML, and their effects will be (by Corol. 2. and 6. 
Prop. IV.) reciprocally in the duplicate ratio of the periodical 
time /o). And thence alſo, if the magnitude of the body & is 
proportional to its abſolute force, thoſe forces NM, ML, and 
their effects will be directly as the cube of the apparent diameter 
of the diſtant body S, viewed from the body 7, and the contrary 
CP). For theſe ratios are the {Ne as the compound ratio above | 


mentioned. | 


COMMENTAR Y. 


(n) 394. The force VM. in a whole revolution of P round 7, is as 
SKXPT 


'$T © 
the abſolute force of $ be called 4; and ſince & K, the accelerating force at the 
A S$KxP 73 AxXPT 


OT Tc 


z and the force LM, univerſally, .is in the ſame ratio (364.), Let 


mean diſtance, is as z; which, when PT is given, 


18 as 


5 
( 395. If this Nieden time of 7 round $8 is called P, 4 is as [AR 
{Corol, 2. and 6. Prop. IV. ) and "Rt , or the forces N M, ML, as = 


(D 396. Let D be the true diameter of ss and if the magnitude of & is as 


A, D311 is as A, and = as RA — that is, as the forces N M, ML. But, D 
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Corel; 15. (4 And becauſe, if the magnitude of the orbits B OO K 
ESE and PA is changed, their form, proportions, and incli-— : 
nation to each other remaining; and if the forces of the bodies 
Sand 'T either remain, or are changed in any given proportion; 


theſe forces (that is, the force of the body 7, by which the body 


P 1s forced to deviate from a rectilinear courſe into the orbit 


PAB; and the force of the body 8, by which the ſame body P 


is forced to deviate from that orbit) act always in the fame 
| manner 


COMMENTARY. 


being the true diameter of 5, its apparent diameter, as ſeen from 7, is as 


EA z.and.the cube of its apparent diameter as = -3 which is as the forces: 
NM, ML. 


() 397. Let A be the abſolute force of S, and à the abſolute force of T; 
and the accelerating force,. by which P is urged to T, is to the accelerating force- 


towards S, as Phe 482 is to 2 Let the abſolute forces a and 4, and alſo the 


P FP: 


diſtances T P and SP, be changed in a given ratio; and the ratio of the ac- 


and —— will.remain the ſame ; and, the form, propor- 


celerating forc 
IE. 575 


tion, and inclination of the orbits being the ſame, the ſpecies of the figure 
SPKLMN, in a given poſition of 8, 7, P, will be given; and the proportion 
of the lines S P, SK, SL, LM, MN, will be the ſame after the diſtances are 


changed, as before. Therefore the forces ML, MN act in the ſame manner, 


and in the ſame proportion: or they are changed in the ſame proportion, as the 
attractive force of J is changed: and the linear errours, produced by theſe 


forces, are proportional to the ſpaces, which would be generated in the ſame. 
time, ſuppoſing P acted upon only by the attractive force of T : or, in times 


proportional to the whole periodical times, they are as the diameters of the 


orbits, and ſimilar, But, from the nature of ſimilar figures, the angles ſub- 
tending ſimilar arcs are equal. Therefore the linear errours, before the diſtances - 


and forces are changed, are to the linear errours, -after they are changed, as the - 
diameters of the orbits : the angular errours-are the ſame in both caſes: and the 


times of ſimilar linear errours, and equal angular errours, are as the periodical ' 


times of P round 7, or of 7 round S. For the forces of & and 7, and the 
diſtances PT, $ T being changed proportionally, the proportion between the 


geriodical times of P and T will be preſerved; the forces of & and T being as ST 
and P directly, and as the ſquares of thoſe periodical times inverſely ; and 
therefore the ſquares of the periodical times as the diſtances S J and P directly, 
and the forces inverſely ; or in a given ratio by the ſuppoſition. 
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of te manner, and in the ſame proportion; it is neceſſary that all the 
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w=—w—thoſe effets alſo proportional; that is, that all the linear errours 


MATHEMATICAL PRINCIPLES 


effects ſhould be fimilar and proportional, and the times of 


ſhould be as the diameters of the orbits, but the angular errours: 
the ſame as before; and the times of ſimilar linear errours, or 
equal angular errours, as the periodical times of the orbits. 


Corol. 16. Hence, if the forms of the orbits, and their inclina- 
tion to each other are given; and the magnitudes, forces, and 
diſtances of the bodies are in any manner changed; from the 
errours and times of the errours being given 1n one caſe, the 
errours and times of the errours may be collected in any other 
caſe, very nearly (7): but more briefly by this method. The 
forces NM, ML, other things remaining, are as the radius 


#2; 


COMMENTARY. 


(r) 398. The errours of any ſatellite of Jupiter or Saturn may be deduced 
from the errours of the moon by means of the 14th and 15th Corol. as follows. 
The orbit and periodical time of the ſatellite continuing the ſame, let its 
primary be ſuppoſed to be placed at a diſtance from the ſun, which is to the 
diſtance of the ſatellite from the primary, as the diſtance of the earth from the 
ſan, to the diſtance of the moon from the earth. Let P be the periodical time 
of the primary, removed to this diſtance ; p the periodical time of the ſatellite ; 
T the periodical time of the earth; and ? the periodical time of the moon: and 


. 15. and N Pee 'fs Ty LP = „ 
(Corol. 15. and Note 397.) P: P 7; and 5 * 
in the motion of the ſatellite in the time p, are to ſimilar errours in the motion 
of the moon in the time t, in the ratio of equality (Cor. 15.). Let therefore 


But the errours 


1 — repreſent the quantity of the errours of the moon in the time t, and £ 5 
repreſent the correſponding equal errours in the motion of the ſatellite. But 
the errours of the ſatellite, at this diſtance, are to the errours made in its proper 
place, inverſely in the duplicate ratio of the periodical times at theſe different 
diſtances (Cor. 14): and, calling the 33 time of the primary in its 
proper orbit R, the errours of the ſatellite are to the former errours, or 


PP : 


will 


Fy ® 573 5035) and therefore theſe errours may be repreſented by 

| . and are to the correſponding periodical errours of the moon, as PP to 
RR ; | RR 
11 


9 


2K K — 2 «„ 


— 
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Pf; a their periotical effects by Corol. 2. Lem. X.) are as ; OO K 


the forces;,"#ne@ the ſquare of the periodical time of the body P 
jointly. Theſe are the linear errours of the body P; and hence 
the angular errours viewed: from the centre 7 (that is, as well 
the motions of the line of the apſides and of the nodes, as all 
the apparent errours as to longitude and latitude) are, in each 
revolution of the body P, as the ſquare of the time of the re- 
volution, very nearly. Let theſe ratios be compounded with the 
ratios of Corol. 14. and in any ſyſtem of the bodies 7, P, 5, 
where P revolves about 7 very near to it, and T about & at a 
diſtance; the angular errouts of the body P, obſerved from the 
centre T, in each revolution of the body P, will be as the ſquare 
of the periodical time of the body P directly, and the ſquare of 
the periodical time of the body inverſely. t) And thence the 
mean motion of the line of the apſides will be in a given ratio : 
to the mean motion of the nodes: and both theſe motions will 
be as the periodical time of the body P directly, and the ſquare 
of the periodical, time of the body T inverſely. By increaſing 
or diminiſhing the eccentricity and inclination of the orbit PAB. 
the motions of the apſides and nodes are not changed ſenſibly, 
unleſs when the eccentricity and inclination are very great. 
© 1758 | Corel, 
COMMENTARY. | 
| (s) 399. The force L N. univerſally, and the force NM in a whole revolu- 
; SKxPT 
tion, are as ———= 


theſe forces are as PT, 
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: and, the abſolute force of S, and 7 being given, 


(i) 400. In a revolution of the body P the motions of the nodes and apſides 
are performed with variable velocities; ſomerimes in a retrograde, ſometimes in 
a progreſſive direction. Their mean motion is that, which, if continued uniform- 
ly in à given direction, would generate the ſame errours, as are produced in the 
ſame time by thoſe variable motions. Therefore the periodical errours, pro- 
duced in the time of a revolution of P, are as the mean motion, and the perio- 


| „ . ig 
dical time of P, jointly ; that is, Fr is as 2 and the mean motion, jointly ; 


and III mn as FF | 
TL " ne] Pp 
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122 Croll 15. But ſince the line La is ſometimes greater ſomo- 
Bodies times ien nan the railius P T. det theuanean quantity of the 
Cr force LM be expre Ned! by chat radins PI and this will, be to 
the mean foree Tk K-or'8 M (which may be exprefied; by S1) as 
the length P to the length 9. But the mean force SN, or S 7. 
by which the body J is retained in its orbit round. S, is to the 
force, by which the body P is retained in its orbit round 7, in a 
ratio compounded of the ratio of the radius ST, to, the radius 
P, and of the duplicate ratio of the periodical time of the body 
P round 7, to the periodical. time of the, body T rgund S. And, 
ex æquo, the mean, force LM is to the force, with, which the 
body P 1s retained in its orbit round T (or, with which the ſame 
body P might revolve at the diſtance. PL, 1 the ſame periodical | 
time, about any immoveable; point, 20. in 4 at duplicate ratio of 
the periodical; times (. The peric ical times therefore bein 
given, together with the diſtance P J, the mean force L M is 
given; and that being given, the force MN | is alſo Aer, very 
nearly, by the analogy of the lines P 7, MN, as 17 a 
Crroli 18. By the ſame! laws, by which the body P is made to 
revolve about the body 7, let us, ſuppoſe a great many fluid 
bodies to be moved round the ſame body I. at equal diſtances 
from it; and then, the number of theſe bodies being increaſed 
till they become contiguous, let us ſuppoſe a fluid ring to be 
formed, of a round figure, and concentrical with the body T ; 
.and the ſeveral parts of this ring, e all their motions 
N aßter 


COMMENTARY. LE T2 
(u) 401. Law the force by which P is retained in its orbit be 5 F; and 
(Corol. 2. Prop. IV.) the accelerating force, whereby the body Tis retained | in 


its orbit round &, or S K, or its mean quantity 8 75 is to F, as Ts 15t6' _ but 


the mean quantity of L M is to ST, as PT is to ST; therefore, the. mean 


PT ST. TxS 
quantity of L M 1s to F, as — 77 is to — 2 * 


402. Scholium: The periodical time of the moon being to that of the earth, 
as 27 days, 7 hours, 43 minutes, to 365 days, 6 hours, g minutes, the mean 
quantity of L M is to the centripetal force, by which the moe is retained in. its 
orbit round the earth, in that duplicate ratio; or as 1 to 1784 


„or as 41 is to TT. 


2. 
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after che law;of.therbody-P, will apprqach nearer to the body B90 * 
7and move. dwifter in the conjunction and oppoſition of them 
ſelves and the body S, than in the quadratures. And the nodes 

of this ring. ſorrãts interſections with the plane of the orbit of 

the body Stor 7, will be quieſcent in the ſyzygies; but out of 

the ſyzygies they will be moved in a retrograde direction, with 

the greateſt velocity in the quadratures, and more ſlowly in 

other: places. The inclination alſo of the ring will vary; and its 

axis will oſcillate in each revolution; and, the revolution being 
completed, it will return to its former ſituation; except ſo far 

as it 4s carried round by the preceſſion of the nodes. 


Corol. 19. Suppoſe now the globe of the body T;,, conſiſting of 
matter which is not fluid, to be enlarged and extended as far as 
this ting; and to contain water in a channel cut out quite round 
its circumference; and to revolve unifqrmly round its axis in 
the ſame periodical time. This water, accelerated and retarded 
alternately (as in the laſt Corollary), will be ſwifter in the 
fyzygies, ſlower in the quadratures, than the ſurface of the 
globe; and thus will flow and ebb.in its channel after the man- 
ner of the ſea (v). The water, by revolving round the quieſcent 
centre of the globe, will acquire no motion of flux and reflux, 
if the attraction of the body S is taken away. The caſe is the 


COMMENTARY,” * 


{v) 403. In this and the preceding Corollary the water is not ſuppoſed to 
avitate towards 7, in the ſame manner as the parts of the earth gravitate 
towards its centre; but to be acted upon by a centripetal and centrifugal force, 
by which it is ſuſtained in an orbit, in the ſame manner as the body P is made 
to revolve round 7. Let then the ſolid globe CAD revolve round its axis 
with ſuch a velocity, that the ring of water may loſe all its gravity towards the 
centre, and be ſuſtained un its place without preſſing upon the ſides of the 
channel in which it is contained; and, upon this ſuppoſition, the parts of it 
will approach to, and recede from the centre, after the law deſcribed in Corol. 
3, 4, f. Prop. LXVI. that is, the velocity in ſyzygy being greater than that of 
the globe round its axis, and the velocity in quadrature leſs, the water will be 
raiſed in quadrature, and depreſſed in ſyzygy. And thus there will be a flux 
and reflux, like the tides: but the times of high and low water will, upon this 
ſuppoſition, - be different from the times which really obtain upon the ſuppoſi- 
tion that the parts of the earth gravitate towards its centre. : 


P p 2 
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Of me fame of a globe movin; g wiformſly forward in a right Une, and 
Bodies, revolving at the fame tile 250 . e centre (dy Cbrol. 5. of the 
—— laws of motion) as alſo of a tiniformly attracted from a 
rectilinear courſe e 6: 9 laws of motion). But let 

the body $ be added; juable attraction, the 

water will preſently be — —— Fl the attraction of the 

nearer water will be greater, that of che mote remote leſs. But 

the force LM will depreſs the water in the” quadratures; and 

make it deſcend as far as the ſyzygies and the forte & L will 

attract it upwards in the fyzygies, and will ſtop its deſcent, and 

make it aſcend as far as the quadratures: except ſo far as the 

motion of the flux and reflux is directed by the channel of the 

water, and is in ſome ane retarded by the ſ᷑rictionn | 

Cirol. 20. If the ring now becomes ſolid, and the Fee is 

diminiſhed, the motion of the flux and reflux will ceaſe; but the 

oſcillatory motion of the inclination, and the-preceffion of the 

nodes will continue. Let the globe have the ſame axis with the 

ring, and let it perform its ereus in the ſume times; and 

with its ſurface let it totich the interior part of the ring, and 

adhere to it; and, by partaking of its motion, the whole com- 

pages of both will oſcillate, and che nodes will recede. For the 

| globe, as will preſently be'fhown, is indifferent to the receiving 
| of all impreſſions. The greateſt angle of the inclination of the 
ring without the globe is, when the nodes are in the ſyzygies. 

In the progreſs of the nodes thence to the quadratures it endea- 
vours to diminiſh its inclination, and by that endeavour im- 
preſſes. a motion on the Whole globe. The globe retains the 
motion impreſſed, till the ring by a contrary endeavour deſtroys 
this motion, and impreſſes a new motion towards a contrary 
direction. And by this means the greateſt motion of the 
decreaſing inclination happens in the quadratures of the nodes, 

and the leaſt an gle of inelination in the octants after the quadra- 
tures: and again, the greateſt motion of reclination ia - the 
ſyzygies, and the greateſt angle in the ſucceeding octants. And 

the caſe is the ſame of a globe without this ring, which is either 
** in che regions of the equator than near the poles, or 
7 | © * conſiſts 


"OF NATURAL PHILOSOPHY. 
conſiſts of matter of a-greater denfity. - For that exceſs of matter B O O K 
* 1 N , eel.) i3.\ | 2 J. 
in the equatorial regions ſupplies the place of the ring /w), 
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() 404. Scholium. The centrifugal force, ariſing from the diurnal rotation 
of the earth round its axis, diminiſhes the gravity of all bodies at the equator : 
at the poles, that rotation has no effect upon their gravity z and, in intermediate 
places, it is diminiſhed, in different degrees, according to the different velocity 
of rotation, and the obliquity of the direction in which the centrifugal force 
acts. If the earth was entirely fluid, it is evident, that this centrifugal force, 
compounded with the gravity of all its parts towards the centre, would form ir 
into the figure of an oblate ſpheroid, whoſe diameter paſſing through the equator 
would be the greateſt, and whoſe axis would be the leaſt, of all its diameters. 
Suppoſing the earth in its preſent ſtate, if the ſolid parts of it were not higher at 
the equator than at the poles, the ocean, by the centrifugal force of the diurnal 
rotation, would be carried from the poles, and would be collected together in 
the regions of the equator, which it would entirely overflow. By comparing the 
centrifugal force with the force of gravity, our author, in the third Book, has 
diſcovered, that the diameter of the earth at the equator is really greater than its 
diameter at the 7 in the proportion of 2 30 to 229. This theory is con- 
firmed by many later obſervations made on the lengths of pendulums, which 
vibrate in ſeconds of time in different latitudes: it being always found, that to 
make a pendulum vibrate truly in ſeconds, its length mult be leſs at leſs diſtances 
from the equator. And ſince the accelerating forces of pendulums, vibrating in 
equal times, are as their lengths, the decreaſe of gravy towards the equator, 
the rotation of the earth round its axis, and its oblate ſpheroidical figure, are 
abundantly proved from theſe experiments. : 

405. From the oblate figure of the earth the preceſſion of the equinoxes is 
accounted for, in the ſame manner as the retrograde motion of the nodes. Let 
us ſuppole a planet to revolve round the earth, very near to its ſurface, in the 
plane of the equator: the action of the ſun, and moon, in different planes, will 
produce a retrograde motion of its nodes, from the principles already laid down 
(Cor. 11.). If the number of planets is increaſed in the ſame: plane, fo as to 
form a ſolid ring, adhering to the earth in the equator, the nodes of this ring 
will move in a retrograde direction, in the ſame manner as the nodes of the 
Planetary orbit: but this motion will be ſlower, becauſe the whole body of the 
earth-will moye together with the ring. The exceſs of matter in the regions of 
the equator has the ſame effect as this ring : only, being diffuſed over the equa- 
torial regions, ſo as to form an oblate ſpheroid, the motion is ſtill flower than if 
it was all accumulated in the equator, The quantity of this motion, calculated 
from theſe principles, is found to agree with obſervation. Whence it appears, 
that the equinoctial points have a ſlow motion from eaſt to welt, contrary to the 
order of the ſigns ; ſo that, at the end of every year, they are obſerved to have 
moved backward about 30 ſeconds; and therefore will perform a whole revolu- 
tion in a little more than 25000 years, * $1 
400. 
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ode And although, by increaſing the:centrigetal force. of this, globe, 


Motior, of 
Js Bodies. - 


all its paris are ſuppoſed to tend downwards, as the, paxts of 


L—— this earth gravitate to its centre, yet the phenomena of this and 


the preceding Corollary will hardly be changed for that reaſon, 
except that the places of the greateſt and leaſt altitudes of the 
water will be different. For the water, is now ſuſtained in its 
orbit, and continues there, not by its centrifugal force, but by 
the channel in which it flows. And beſides the force LM at- 
tracts the water downwards moſt in the quadratures; and the 


force Lor NM L M attracts it upwards moſt in the ſyzygies. 


And theſe forces united ceaſe to attract the water down, and 
begin to attract it up in the octants before the ſyzygies; and 
they ceaſe to attract the water up, and begin to attract it down 
in the octants after the ſyzygies. (* And thence che greateſt 
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406. Hence the interval between the vernal, or the autumnal equinoxes, is 
leſs than the time, in which the earth performs a whole. revolution, in moving 
from any point of its orbit to the ſame point again: and the tropical year is 
ſhorter than the ſidereal by about 20 minutes, and 17 ſeconds, 


(te) 407. Suppoſe the water to gravitate towards the centre of the earth, and 
to be ſuſtained, not by a centrifugal force, but, like the ocean, by the channel, 
on which it preſſes, It is evident from Propoſition LXVI. and Note 38. that, 
in the parts of the earth immediately under the moon, and alſo in the oppoſite 
-parts, the waters will be raiſed by the force K L: and being depreſſed at the 
ſame time in the quarters by the force LM, they will be raiſed till higher in 
conjunction and oppoſition. * 18 
Let the earth now perform a revolution round its axis; and it is evident, that 
every part of it will paſs twice through the elevated, and twice through the 
depreſſed parts, ſo as to produce two tides in the day. But the places of high 
and low water are now altered; for, by the iſt and 2d Laws of Motion, the 
motions impreſſed of riſing and e are retained for ſome time after the 
forces which produce them are greateſt: and the greateſt elevation happens 
about three hours after the meridian of the place has paſſed under the luminary, 
when it points about half a quadrant to the eaſt of it: and the water continues 
to deſcend for 90 degrees hence, or till the meridian points about half a quadrant 
to the eaſt of the next quarter. But in ſhallow ſeas, and in the mouths of 
rivers, the tides are retarded till the fourth, fifth, or ſixth hour after the meri- 
dian of the place has paſſed under the luminary. 
408. The force of the ſun to raiſe the tides is about four times leſs than that 
of the moon; but it is evident, that, when the forces of both conſpire, ſo as 
28 . | to 


* * a 
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ſyzygies, and the leaſt in the octants after the quad 
mi offs ve. wot „% e ncarly; 
COMMENTARY. 


to elevate and depreſs the water in the ſame places, then the tides are greateſt ; 
and this pres at the full and new moon. 1 a 

409. When the moon is in the quadrature, the water is moſt elevated by the 
moon, where it is moſt depreſſed by the ſun, and the contrary; and the tides, 
being railed by the difference of their forces, are leaſt, But becauſe of the con- 
tinuation of motion (Law 1.) theſe effects are greateſt and leaſt ſome time after 
the forces are greateſt and leaſt, So that the greateſt ſpring tide happens three 
days after the moon has paſſed the ſyzygy ; and the leaſt neap tide three days 
after quadrature. _ ! 

410. By the action of the ſun the time of high water is alſo changed, being 
fometimes fooner, and ſometimes later than it would. happen by the action of the 
moon alone. _ For, in the tranſit of the moon from ſyzygy to quadrature, when. 
the tide raiſed by the ſun alone would precede that raited by the moon alone, 
the high water, which is produced by their united actions, will happen at an- 
intermediate time, nearer to, but yet before the time, at which it would be raiſed 
by the action of the moon. But, when the moon is paſſing from quadrature to- 
ſyzygy, ſince the ſun alone would produce a later tide, the time of high water 
is retarded. | 

411. The forces of the ſun and moon, at different diſtances, to raiſe a tide, 
are as their abſolute forces directly, and the cubes of their diſtances, inverſely 
(Corol. 14.). T herefore the greateſt ſpring - tide will happen, when the moon is 
in perigee, if other things are the ſame ; and the ſucceeding ſpring tide, when 
the moon is in apogee, will be leaſt, But, becauſe the earth is nearer the ſun 
in winter than in ſummer; and the effect of a luminary on the tides is alſo 
greater, the nearer it approaches to the plane of the equator ; the greateſt ſpring» 
tides, and the leaſt neap tides will generally happen immediately after the au- 
tumnal, and before the vernal equinox. ; | 
412. In places remote from the equator the two immediately ſucceeding tides 
are unequal, whenever the Juminary declines from the equator. Thus it is 
obſerved, that the evening tices in ſummer exceed the morning tides ; and the 
contrary, in winter. For, if the greateſt elevation immediately under the 
luminary points to one ſide of the equator, the oppoſite greateſt elevation points, 
as much. to the other ſide. And thoſe places, which are on the ſame fide of the 
equator with the luminary, approach nearer to the greateſt elevation, when the 
luminary is above the horizon, than to the greateſt oppoſite elevation, when the 
luminary is below the horizon. 

This inequality is greateſt, when the ſun and moon have the greateſt declina- 
tion. Ir is alſo greateſt in places moſt remote from the equator, The nearer: 
the place approaches to the poles, the farther it is removed from the greateſt 
elevation on the oppoſite ſide of the equator. Thus the leſs tide is continually 
diminiſhed, till at laſt it entirely vaniſhes, and leaves only one tide in _ day: 
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Of the | nearly; \inleſs as far as the motion of aſcent or deſcent, im- 
Wette preffed by theſe forces, either perſeveres à little longer by the 
— inert quality of the water, or is a little ſooner ſtopt by the im- 
pediments of the channel. MOT 


Corol. 21. As a redundancy of matter in the equatorial regions 

. of a globe cauſes the nodes to recede, and therefore by the in- 
creaſe of this matter that retrograde motion is increaſed, by its 

. diminution: is diminiſhed, and by its removal is entirely taken 

away; it follows, in the ſame manner, that, if more than that 
redundant matter is taken away; that is, if the globe is either 
rendered more deprefled, or more rare, in the equatorial than in 

the polar regions, a progreſhive 1 motion of the nodes will ariſe.” 


Corol. a8. And thence again, from the motion of the nodes 
the conſtitution of the globe becomes known- For inſtance, if 
the globe conſtantly retains 'the ſame poles, and the motion of 
the nodes is retrograde, the, matter near the equator is redun- 
dant; if that motion is progreſſive, it is deficient. Suppoſe an 
uniform and perfectly ſpherical globe at firſt to be at reſt in free 
ſpace; then by ſome impulſe, obliquely impreſſed on its ſurface, 
to be urged forward, and thence to receive a motion partly cir- 
cular, partly direct. Since this globe is indifferent to all axes 
paſſing through its centre, and has not a greater propenſity to 
one axis, or one ſituation « of the axis, than to any other; it is 
evident, that by its own' force it will never change its axis, or 
the inclination of its axis. Let the globe now be impelled ob- 
liquely in that ſame part of its ſurface as before by ſome new 
ie and ſince an earlier or later impulſe does not at all 


f change 


COMMENTARY. 


Hence, it is la by obſervation, that, when the moon has declination, there 
is only one tide in the day in all places in the polar regions, in which the moon 
is either always above, or always below the horizon, during'a whole rotation of 
the earth round its axis, 

Theſe general obſcrvations unmediately follow from the preceding "LR The 
great variety of phenomena in particular places, ariſing from the ſituations of 
ſeas, and ſhores, and alſo the particular calculations of the effects of the ſun and 


moon on the tides, from the quantity of their attractive forces, more | 
Follow fron\ che third book. 1 , : 1 
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change the effect; it is evident, that theſe two impulſes, im- BOOK 
preſſed ſucceſſively, will produce the ſame motion, as if they CL 
had been impreſſed at the ſame time; that is, the ſame, as if 
the globe had been impelled by a ſimple force, compounded of 
them both (by Corol. 2. of the laws of motion); and therefore a 
ſimple motion, round an axis whoſe inclination is given. And 
the caſe is the ſame, if the ſecond impulſe is made upon any 
other place in the equator of the firſt motion; and alſo if the 
firſt impulſe is made upon any place in the equator of the 
motion, which the ſecond impulſe would generate without the 
firſt ; and therefore if both impulſes are made upon any places : 
for theſe will generate the ſame circular motion, as if they had 
been impreſſed together, and at once, on the place of the inter- 
ſection of the equators of thoſe motions, which they would - | 
generate ſeparately. Therefore an homogeneous and perfect i 
globe does not retain ſeveral motions diſtinct, but compounds 
and reduces to one all that are impreſſed; and, as much as in 
it lies, revolves always with a ſimple and uniform motion round 
one axis, whoſe inclination 1s always invariable and given. But WE 
neither can the centripetal force change the inclination of the Nil 
axis, or the velocity of the rotation. If the globe is ſuppoſed to "If 1 
be divided into two hemiſpheres by any plane, paſſing through 40 g 
its own centre, and the centre to which the force is directed, n 
that force will always urge each hemiſphere equally; and there- n 
fore will not incline the globe to any ſide with reſpect to its | 
motion of rotation, But let ſome new matter, heaped up like 
a mountain, be added ſomewhere between the pole and the 
equator; and this, by a continual endeavour of receding from | 
the centre of its motion, will diſturb the motion of the globe, 11 
and make its poles wander over its ſurface, and continually de- 1 j 
ſcribe circles about themſelves and the points oppoſite to them. 11 
Neither will this irregular deviation be corrected, otherwiſe 
than by placing that mountain either in one of the poles, in 
which caſe (by Corol. XXI.) the motion of the nodes of the 
equator will be progreſſive; or in the equator, by which means 
(by Corol. XX.) their motion will be retrograde; or laſtly, 
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of the by adding new matter on the other fide of the axis, by which 
3 the mountain may be poiſed in its motion; and by this mean 
LY the nodes will either move in a progreſſive or retrograde direc- 
tion, according as the mountain, and this newly added matter, 


are nearer to the pole or to the equator. 


PROPOSITION LXVII. THEOREM XXVII. 


Plat XX. The ſame laws of attraction being ſuppoſed, I ſay, that the exterior body 
ig. 162, 


S deſcribes round O, the common centre of gravity of the interior bodies 
P, T, by radi: drawn to that centre, areas more proportional to the 
times, and an orbit approaching nearer to the form of an ellipfis, having 
its focus in the ſame centre, than it can deſcribe round T, the reateſt 
and moſt inward body, by radi drawn to it. 


For the attractions of the body S towards T and P compound 
its abſolute attraction, which is more directed towards O, the 
common centre of gravity of the bodies J and P, than towards 
the greateſt body 7'; and which approaches nearer to the reci- 
procal proportion of the ſquare of the diſtance SO, than of the 
ſquare of the diſtance ST; as will eaſily r by a little con- 
ſideration. 


PROPOSITION LXVIII. THEOREM XXVIII. 


The ſame laws of attraction being ſuppoſed, I ſay, that the exterior body 8 
deſcribes round O, the common centre of gravity of the interior bodies 
T andP, by radii drawn to that centre, areas more proportional to the 
times, and an orbit approaching nearer to the form of an elligſis, having 
its focus in the ſame centre, if the moſt inward and greateſt body is 
agitated by theſe attractions in the ſame manner as the reſt, than if, 
either not attracted, it was at reſt; or, being either much more or 
much leſs attracted, it was either much more or much leſs agitated. 


This 1s demonſtrated. nearly in the fame manner as Prop, 
LXVI. but by a more prolix reaſoning, which I therefore paſs 
over. It might be ſufficient to eſtimate it thus, From the de- 
monſtration of the laſt Propoſition, it is plain, that the centre, 
to which the body & is urged by the united forces, is very near 


the 
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the common centre of gravity of thoſe two other bodies. If B 9.9 K 
this centre coincided with that common centre of gravity, and 


the common centre of gravity of the three bodies was at reſt; 

the body S on the one fide, and the common centre of gravity 
of the other two bodies on the other fide, would deſcribe, round 
the common centre of gravity of the three bodies, accurate 
ellipſes. This is plain by Corol 2. Prop. LVIII. compared with 
the demonſtration of Prop. LXIV. and LXV. That elliptical 
motion is a little diſturbed by the diſtance of the centre of the 
two bodies from the centre to which the third body & is attracted. 
Let a motion moreover be given to the common centre of the 
three, and the perturbation will be increaſed. Therefore the 
perturbation is the leaſt, when the common centre of the three 
is at reſt; that is, when the moſt inward and greateſt body T is 
attracted by the ſame law as the others; and becomes always 
greater, when that common centre of the three, by diminiſhing 
the motion of the body 7, begins to be moved, and 1 is then more 
and more agitated. 


Corol. And hence, if ſeveral ſmaller bodies revolve round the 
greateſt, it may be collected, that the orbits deſcribed will ap- 
proach nearer to elliptical orbits, and the deſcriptions of areas 
will become more equable, if all the bodies mutually attract 
and agitate each other with accelerative forces, which are as 
their abſolute forces directly, and the ſquares of the diſtances 
inverſely; and if the focus of each orbit is placed in the common 
centre of gravity of all the interior bodies (that is, the focus of 
the firſt and moſt inward orbit in the centre of gravity of the 
greateſt and moſt inward body ; that of the ſecond orbit, in the 
common centre of gravity of the two moſt inward bodies; that 
of the third, in the common centre of gravity of the three in- 
terior ; and ſo on) than if the moſt inward body is at reſt, and 
is made the common focus of all the orbits, 
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MATHEMATICAL PRINCIPLES 


PROPOSITION LXIX. THEOREM XXIX. 


In a ſyſtem of ſeveral bodies A, B, C, D, &c. if any one of theſe bodies 
A attracts all the reſt B, C, D, &c. with accelerative forces, which 
are reciprocally as the ſquares of the diſtances from the attracting body; 
and another body B attracts alſo the reſt A, C, D, &c. with forces, 
which are reciprocally as the ſquares of the 4 ifances from the attratt- 
ing body; the abſolute forces of the attracting bodies A, B will be to 
each other as the bodies themſelves A, B, to which theſe forces 
belong. 


For the accelerative attractions of all the bodies B, C, D 
towards 4, at equal diſtances, are equal to each other, by the 
fuppolition ; and in like manner the accelerative attractions of 
all the bodies towards B, at equal diſtances, are equal to each 
other. But the abſolute attractive force of the body A is to the 
abſolute attractive force of the body B, as the accelerative at- 
traction of all the bodies towards A to the accelerative attraction 
of all the bodies towards B, at equal diftances: and ſo is the ac- 

celerative attraction of the body B towards. A to the accelerative 
attraction of the body 4 towards B. But the accelerative at- 
traction of the body B towards A is to the accelerative attraction 
of the body 4 towards. B, as the maſs of the body. 4 to the miſs 
of the body B; becauſe the motive forces, which (by definition 
the ſecond, ſeventh, and eighth) are as the accelerative forces 
and the attracted bodies: jointly, are here (by the third law of 
motion) equal to each other. Therefore the abſolute attractive 
force of the body A is to the abſolute attractive force of the body 
B, as the maſs of the body 4 to the maſs of the body B. Which 

was to be demonſtrated. 


Corol. 1. Hence, if the ſeveral bodies of the ſyſtem 4, B. E, 
D, Sc. taken ſeparately attract all the others with accelerative 
forces, which are reciprocally as the ſquares of the diſtances 
from the attracting body ; the abſolute forces of all thoſe bodies 
will be to each other as the bodies themſelves. 


Corol, 


OF NATURAL PHILOSOPHY. 


Corel. 2. By the ſame argument, if the ſeveral bodies of the. BOOK 
ſyſtem A, B, C, D, &c. taken ſeparately attract all the others 3 


with accelerative forces, which are either reciprocally, or di- 
rectly, in the ratio of any power of the diſtances from the at- 
tracting body; or which are defined from the diſtances of each 
attracting body, according to any common law; it is evident, 
that the abſolute forces of thoſe bodies are as the bodies them- 
ſelves. 

Corol. 3. Ina ſyſtem of bodies, whoſe forces decreaſe in the 
duplicate ratio of the diſtances, if ſmaller bodies revolve about 
a very great body in ellipſes, having their common focus in the 
centre of that great body, and of a form as accurate as poſlible ; 

and, by radii drawn to that great body, deſcribe areas propor- 
tional to the times, as near as poſlible; the abſolute forces of 
thoſe bodies will be to each other, either exactly, or as near as 
poſſible, in the ratio of the bodies; and the contrary. This 
appears by Corol. Prop. LXVIII. compared with Corol. 1. of this. 


»dCHOEIUM. 


By theſe Propoſitions we are led to the analogy between cen- 


tripetal forces, and the central bodies, to which thoſe forces are 
uſually directed. For it is agreeable to reaſon to ſuppoſe, that 
the forces which are directed to bodies, depend upon their 
nature and quantity, as is the caſe in magnetical boches. 
as often as ſuch caſes occur, the attractions of bodies are to be 


eſtimated, by aſſigning to their ſeveral particles their proper 
forces, and then collecting the ſums of the forces. I here uſe the 


word attradion in general for any endeavour whatever of bodies 
to approach to each other; whether that endeavour is made by 
the action of bodies, either tending to each other mutually, or 
agitating each other by ſpirits emitted; or whether it ariles from 
the action of ether, or air, or any medium, whether corporeal 
or incorporeal, any how impelling to each other bodies incloſed 
therein. In the ſame general ſenſe I uſe the word wmpul/e ; not 
inveſtigating in this treatiſe the ſpecies and phyſical qualities of 
forces, but their quantities and mathematical proportions, as I 


9 explained 


And, 
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BAY explained in the definitions. In mathematics the quantities of 
Bodies. forces are to be inveſtigated, and thoſe proportions, which will 
follow from any conditions ſuppoſed: then, when we deſcend 
to phyſics, theſe proportions are to be compared with pheno- 

mena ; that it may be known, what conditions of thoſe forces 


anſwer to the ſeveral kinds of attractive bodies. And then at 
NY we may argue more ſafely concerning the ſpecies, phyſical 
cauſes and proportions of forces. Let us ſee then with what 
orces ſpherical bodies, conſiſting of particles endowed with at- 

tractive powers in the manner already explained, ought to act 


upon each other mutually; and what kind of motions may 
thence follow. 


OF NATURAL PHILOSOPHY. 


SECTION XII. 


Of the attractive forces of ſpherical bodies (. 


4 


PROPOSITION LXX. THEOREM XXX. 


If equal centripetal forces tend to the ſeveral points of a ſpherical ſurface, 
decreaſing as the ſquares of the diſtances from thoſe points increaſe ; TI ſay, 
that a particle, placed within that ſurface, is not attracted to any 
part by thoſe forces. 


393 


ET HIKL be that fpherical ſurface, and P a particle ,,. y- 
S. placed within. Through P let there be drawn to this ſur- Fig. 163. 


face the two lines HK, IL, intercepting very ſmall arcs H,. 
KL; and, becauſe the triangles HP, LPK (by Cor. 3. Lem. 
VII.) are fimilar (2), thoſe arcs will be proportional to the 
diſtances HP, L; and any particles of the ſpherical ſurface 
at HI and KIL, terminated by right lines paſling through 


the 


COMMENTARY. 
() 413. The law of the gravity of bodies being diſcovered from the pheno- 


mena, it remains now to reſolve the gravity of bodies into the gravity of their- 


component particles; and to determine the law, by which they mutually attract 
each other. For, though the gravity of the whole ariſes from the gravity of 
the parts; yet it is poſſible, that the law of the gravity of the parts may be 
very different from that which is obſerved by bodies compoſed of thoſe parts. 
And it will appear, that when the gravity of the particles varies in the inverſe 
triplicate ratio of their diſtances, or in any higher proportion, ſpheres compoſed 
of ſuch particles will not obſerve the ſame law. Bur, when the particles attract 
each other with forces, which vary inverſely as the ſquares of their diſtances, 
it will be ſhown, that the gravities of ſpheres compoled of ſuch particles will 
vary allo inverſely as the ſquares of the diſtances of their centres: and, in 
general, that the gravity of any ſphere is directly as its quantity of matter, and 
as the quantity of matter of the attracting ſphere, and inverſely as the ſquare 
of the diſtance of their centres. Which law is uniformly obſerved over the 
whole ſyſtem to the greateſt diſtances. 

(z) 414. For the vertical angles at P are equal: and the angles HIL, H KL, 
ſtanding upon the ſame arc HTL, are equal by Prop. XXVII. Book III. Elem, 
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Of the” the point P, will be in that duplicate ratio. Therefore the forces 
122 of theſe particles, exerted upon the body P, are equal. For they 
c are as the particles directly, and the ſquares of the diſtances in- 
verſely. And theſe two ratios compound the ratio of equality. 
The attractions therefore, made equally towards contrary parts, 
deſtroy each other. And, by a like reaſoning, all the attrac- 
tions, through the whole ſpherical ſurface, are deſtroyed by 
contrary attractions. Therefore the body P is not impelled to 


any part by theſe attractions. Which was to be demonſtrated. 


PROPOSITION LXXI. THEOREM XXXI. 


The ſame things being ſuppoſed, T ſay, that a particle, placed without the 
ſpherical ſurface, is attracted towards the centre of the ſphere with a 
force reciprocally proportional to the ſquare of its diſtance from that 
centre, | ; | | 

Fine = Let A HKB, ahkb be two equal ſpherical ſurfaces, deſcribed 

about the centres S, s, with the diameters AB, ab; and let P 

and þ be particles placed without the ſpheres in thoſe diameters 

produced. Let the lines P HK, PIL, phk, pil, be drawn from 
the particles, cutting off from the great circles AH B, ahb, equal 
arcs Hk, hk, and TL, 71: and to thoſe lines let fall the perpendi- 

culars SD, 5d; SE, ſe; IR, ir; of which let SD, sd cut P L, 

p in Fand f. Let fall alſo to the diameters the perpendiculars 

IA, ig. Let the angles DPE, d4pe be continually diminiſhed 

without end; and becauſe DS and ds, ESand es are equal, the 

lines PE, PF, and pe, pF, and the ſmall lines DF, 4f may be 
taken for equal ; becauſe the limit of their varying ratios, the 
angles DPE, dpe being continually diminiſhed, is the ratio of 
equality. Theſe things being thus determined, PI will be to 

PFasRItoODF, andpftopias df, or DFtori; and, ex æquo, 

PIX Hf to PF pi as RItori; that is, (by Cor. 3. Lem. VII.) 

ſa) as the arc 7H. to the arc ih. Again, PI is to PS as 12 

; to 


% 


COMMENTARY. 


(a) 415. The triangles RIH, ri b are ſimilar, becauſe the angles at R and 
7 are right ones, and the angles at H and 5 are equal, being equal to the angles 
contained in the equal ſegments H A K, bak. | 
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to SE, and ps to p i as e, or S E to ig; and, ex £quo, PIX p is BOOK 
to PS x pi as IAto ig. And, compounding the ratios, PIX W 
* p is to pi PF XPS as THx1]9 is toi b ig; that is, as 
the circular ſurface, which the arc IH will deſcribe, by the re- Mn 
volution of the ſemicircle AXB about the diameter AB, is to WET | 
the circular ſurface which the arc ih will deſcribe, by the re- U 
volution of the ſemicircle a +6 about the diameter ab . And | 
the forces, with which theſe ſurfaces attract the particles P and 411M} 
p, in the direction of lines tending to theſe ſurfaces, are, by the . 
ſuppoſition, as the ſurfaces themſelves directly, and the ſquares | } 
of the diſtances of the ſurfaces from the bodies inverſely ; that | 1 | 
is, as pfxpsto PFx PS, And theſe forces are to the oblique * i 1 
parts of them, which (by the reſolution of forces made accord- 1 
ing to Cor. 2. of the laws) tend to the centres in the directions [ 
of the lines PS, ps, as PI to P , and pi to pq; that is, (be- \ 
cauſe of the fimilar triangles PI and PSF, pigandpif) as fl. 
PS to PF, and ps to p. From whence, ex @quo, the attraction + N | 
of this particle P towards ò is to the attraction of the particle p 1 0 1 
towards 3, 48 . 22 is to 2 5 2 £3, that is, as nl vl ff | 
p is to PS. And, by alike 8 the forces, with which WHEN | 
the ſurfaces deſcribed by the revolution of the arcs XL, &+ /, | 
attract thoſe particles, will be as p to PS*, And in the ſame [| 
ratio will be the forces of all the circular ſurfaces, into which ji 
each ſpherical ſurface may be divided, by taking always s4 | 
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equal to S D, and se equal to SE. And, by compoſition, the 11 
forces of the whole ſpherical ſurfaces, exerted upon thoſe par- NI. 
ticles, will be in the ſame ratio. Which was to be demon- g vi 
ſtrated. Mit 
PR O- 1 
COMMENTARY. "WM 


() 416. For theſe ſurfaces are equal to the lines IH and i h, multiplied into 


the peripheries of the circles, deſcribed with the radii J A, 7q; and theſe peri- q | 
pheries are as their radii. 
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MATHEMATICAL PRINCIPLES, 


"PROPOSITION: LXXII. THEOREM: XXII. 


* equal centripetal Rrtls tend to the feucral points of a ; ſphere, "Uecreafing 
as the ſquares of the ' diſtances from thoſe points increaſe ; and both the 
- denſity. of the ſphere is giuen, and alfa the proportion of the diameter 
of the ſpbere to the diſtance of the Particle from its centre; 1 Jay, that 
the force wth which the particle i 16 Free wh Proportional, to the 
ſemidiametes of the ſphere.. u Ha hier: navel 
For conceive two particles to be ſorerally attracted by ten 
ſpheres, one by one, and the other by the other, and their 
diſtances from the centres of the ſpheres to be proportional to 
the diameters of the ſpheres, reſpectively; but the ſpheres to be 
reſolved into ſmall parts, ſimilar, and ſimilarly ſituated, with 
reſpect to the particles. The attractions of one particle, towards 
the ſeveral parts of one ſphere, wilt be to the attractions of the 
other, towards as many analogous parts of the other ſphere, in 
à ratio, com ounded of the ratio of thoſe parts directly, and the 


duplicate ratio of the diſtances inverſely. But the parts are as 


the ſpheres, that is, in the triplicate ratio of the diameters ; and 
the diſtances are as the diameters; and the former ratio, direct- 
ty, rogethet with the latter ratio taken twice, inverſely, is the 
ratio of one diameter to * Wer 600. W Was te be demon- 
rated. (71 Modi 301 
Cyorol. 1. Hens; if de revdinctin- 8 ahnt ſpheres 
compoſed of matter equally. attractive; and the diſtances from 


the centres af the ſpheres are proportional to their diameters ; ; 


the periodical times will be equal. 't S104% 
Corol. 2. And, on the contrary, if the periodical times are 


equal, the diſtances will be proportional to the diameters. 
Theſe two Corollaries are evident by Corol. 3. Prop. IV. 


* 


Ara rr 


{c) 417. Or, conceive the ſpheres to be reſolved into an 00 number of 
concentric ſpherical ſurfaces; of which thoſe in one ſphere are ſeverally to the 
correſponding ſurfaces in the other, in the proportion of one ſphere to. the other; 
and then the Propoſition is evident from Propoſition LX XI. 


Corol. 
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OF NATURAL. PHILOSOPHY. 


Coral. 3. If equal centripetal forces tend to the ſeveral points of 
any two ſolids, which are ſimilar, and of equal denſities, de- 


creaſing as the-ſquares of the diſtances from thoſe points increaſe; 
the forces, with which particles, fimilarly ſituated with reſpect 
to thoſe two ſolids, will be attracted by them, will be to each 
other as the diameters of the ſolids 4). 


PROPOSITION LXXII. THEOREM XXXIII. 


If equal centripetal forces tend to the ſeveral points of any given ſphere, 
decreaſmg as the ſquares of the diſtances from thoſe points increaſe ; 
Lay, that a particle, placed within the Jphere, | 1s attracted by a force 
proportional to its diſtance from the centre. 

In the ſphere 43 D/ deſcribed about the centre 5, let the 
particle P be placed; and about the ſame centre S, with the 
interval S P, conceive an interior ſphere PE QF to be deſcribed. 
It is evident, (by Prop. LXX.) that the concentric ſpherical ſur- 
faces, of which AE BF the difference of the ſpheres is com- 
poſed, have no effect upon the body P; their attractions being 
deſtroyed by contrary attractions. There remains only the at- 
traction of the interior ſphere P E NF. And (by Prop. LXXII.) 
this 1 is as the diſtance P 5. which was 5 demonſtrated (e). 

80CH 0 


S nn 


(d) 418. This is evident by tag the ſimilar and homogeneous ſolids into 
parts, ſimilar, and ſimilarly fituated : from which it appears, that the gravities 
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Plate XXI. 
Fig. 165. 


of particles, ſimilarly ſituated with reſpect to them, are as their diſtances from 


any analogous points in the ſolids; or as any of their homologous ſides. 

419. Hence, if the forces of the particles are ſuppoſed to increaſe, as the cubes 
of their diſtances decreaſe, the gravities of particles, ſimilarly ſituated, towards 
any ſimilar, homogeneous ſolids, will be equal, 


(e) 420. What was demonſtrated concerning the oſcillations of pendulums 

in Prop. L, LI, LII. is applicable to the caſe of bodies . in cycloids 
within the ſurface of a ſphere, the forces of whoſe particles decreaſe in the ratio 
here ſuppoſed. 
421. From the ſame Propoſitions, and Corol. 1. Prop. LII. it follows, that 
if bodies, placed within the ſurface of ſuch a ſphere, at different diſtances from 
the centre, are conceived-to fall freely, they will arrive at the centre in the ſame 
time; and, being retarded in their aſcent on the other ſide, with the ſame forces, 
with which they were accelerated in their deſcenr, they will continue to vibrate 
after the law of a pendulum in a common cycloid, 
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SCHOLIUM. 


w—— Þ / The ſurfaces, of which the ſolids: are compoſed, are not 3 


purely mathematical, but orbs ſo thin, that their thickneſs is 
as nothing: that is, orbs indefinitely ſmall, whoſe number 
being increaſed, and their thickneſs diminiſhed continually, 
they approach nearer to the ſolids than by any aſſignable differ- 
ence. In like manner, by points, of which lines, ſurfaces, and 
ſolids, are ſaid to be compoſed, are to be underſtood equal 
pardcles. of an inconſiderable magnitude H. 


PROPOSITION LXXIV. THEOREM XXXIV. 


The fame things being ſuppoſed, I ſay, that a particle, placed without a 
Jphere, is attradted with a force, reciprocally proportional to the Murr 
of its diſtance from the centre. 


For, let the ſphere be divided into innumerable concentric 

ſpherical ſurfaces; and the attractions of the particle, ariſing 
from the ſeveral ſurfaces, will be reciprocally proportional to 
the ſquare of the diſtance of the particle from the centre of 
the ſphere (by Prop. LXXI.). And, by compoſition, the ſum of 
the attractions, that is, the attraction of the particle towards the 
whole ſphere, will be in the ſame ratio. Which was to be de- 
monſtrated. 

Corol. 1. Hence, the attractions of homogeneous ſpheres, at 
equal diftances from the centres, are as the ſpheres. For, (by 
Prop. LXXII.) if the diſtances are proportional to the diameters of 
the ſpheres, the forces will be as the diameters. Let the greater 
diſtance be diminiſhed in that ratio; and, the diſtances now 
being made equal, the attraction will be increaſed in the dupli- 
cate of that ratio; and therefore will be to the other attraction 
in the triplicate of that ratio; that is, in the ratio of the ſpheres. 


| Corol, 
COMMENTARY. 


(f) 422. This is plainly the language of indiviſibles ; but it muſt be under- 
ſtood in the ſenſe explained in Note 86. 


OF NATURAL PHILOSOPHY: 


Corol. 2. At any diſtances the attractions are as the ſpheres 
applied to the ſquares of the diſtances. 


Corol. 3..1f a particle, placed without an homogeneous ſphere, 
is attracted by a force reciprocally proportional to the ſquare of 
its diſtance from the centre, and the ſphere confiſts of attractive 


particles; the force of every particle will decreaſe in the dupli- 
cate ratio of the diſtance from the particle. | 


PROPOSITION LXXV. THEOREM KXXRXV. 


If equal centripetal forces tend to the ſeveral points of a given ſphere, 
decreaſing as the ſquares of the diſtances from thoſe points increaſe, T ſay, 
that any other ſimilar ſphere is attracted by the ſame, with a force reci- 
procally proportional to the ſquare of the diſtance of the centres. 


For the attraction of every particle 1s reciprocally as the ſquare 
of its diſtance from the centre of the attracting ſphere, (by Prop. 
LXXIV.) and therefore is the ſame, as if the whole attracting 
force iſſued from one ſingle particle placed in the centre of this 
ſphere. But this attraction is as great, as the attraction of the 
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ſame particle would be, if it was only attracted, by the ſeveral 


particles of the attracted ſphere, with the ſame force, with 
which it attracts them. But that attraction of the particle 
would (by Prop. LXXIV.) be reciprocally proportional to the 
ſquare of its diſtance from the centre of the ſphere; and there- 
fore the attraction of the ſphere, equal to this, is in the ſame 
ratio. Which was to be demonſtrated. 


Corol. 1. The attractions of ſpheres, towards other homogene- 


ous ſpheres, are as the attracting ſpheres applied to the ſquares 


of the diſtances of their centres from the centres of thoſe which 
they attract. : . 


Corol. 2. The caſe is the ſame, when the attracted ſphere alſo 
attracts. For the ſeveral points of the one will attract the ſeveral 
points of the other with the ſame force, with which they are 
attracted by them; and therefore, ſince in every attraction (by 
Law 3.) both the attracting and the attracted point are equally 

p 


urged, 


A dra” 
— — mt 


»„— . 
— ——< —= 
OY : = — * 
© — _ CY 
* 3 - 
— > K 
— — 2 
— — — Ly 2 — 
8 
_— p 4 
— — — . 
14 | 
OY 4 


«F vw we 


W 
a gg —— 4 a Set 
A — - ——— L — 


14 
- 
- 
: 
14 
1 
fy 
1 
1. 
[] ” 
1 
: : 
: 
: 
n i 
144 
+5 
. 
"YI 
: 
17 
1 
0 
* 
% 
: F 
, 'S 
1% 
: y 
o "6! 
[ 
t 
. 
'' 
» 
. 


N 
— 


— * — 
— 2 
— — =, ———ͥ — 


810 


Of the 


Motion of 
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Plate XXI. 
Fig. 166. 


MATHEMATICAL PRINCIPLES 


urged, the force of their mutual attraction will be doubled, the 
proportions being preſerved. 


Carol. g. The ſame things, which were demonſtrated above, 


concerning the motion of bodies about the focus of the conic 


ſections, take place, when the attracting ſphere is placed i in the 
focus, and the bodies move without the ſphere. 

Corol. 4. But thoſe things, which are demonſtrated, concern- 
ing the motion of bodies about the centre of the conic ſections, 
take place when the motions are performed within che ſphere. 


PROPOSITION IXXVI. THEOREM XXV. 
Tf ſpheres, however diſſimilar as to the denſity of matter and attractive 


force, in proceeding directly from the centre to the circumference, are 


every where ſimilar at every given diſtance from the centre in a circum- 
ference around; and the attractive force of every point decreaſes, as the 
ſquare of the diſtance of the attracted body mcreaſes; T ſay, that the 
whole force, with which one of theſe. ſpheres attracts another, ts 
reciprocally proportional to the ſquare of the diſtance of the centres. 


Let there be ſeveral concentric ſimilar ſpheres AB, C D, EF, 
Sc. the interiour of which, being added to the exteriour, may 
compoſe a matter more denſe towards the centre, or being ſub- 
ducted from them may leave a matter more rare :. theſe (by Prop. 


LXXV.) will each attract as many other concentric ſimilar 


ſpheres G H, IK, LM, exc. reſpectively, with forces reciprocally 
proportional to the ſquare of the diſtance SP. And, by com- 
pounding or dividing, the ſum of all thoſe forces, or the. exceſs 
of any of them above the others; that is, the force, with which 
the whole ſphere AB, compoſed of any number of concentric 
ſpheres, or their differences, attracts the whole ſphere GC Z, 
compoſed of a like number of concentric ſpheres or their differ- 
ences, will be in the ſame ratio. Let the number of concentric 
ſpheres be increaſed indefinitely, ſo that the denſity of the 
matter, together with the attractive force, may, at different 
diſtances from the centre, increaſe or decreaſe according to any 


given law; and, by the addition of matter which is not attrac- 
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tive, let the deficient denſity be ſupplied, ſo that the ſpheres may 3 O O K 


acquire any form defired; the force, with which one of theſe 
will attract the other, will be ſtill, by the former reaſoning, in 
that ſame inverſe ratio of the ſquare of the diſtance. Which was 
to be demonſtrated. | | | 


Corol. 1. Hence, if many ſpheres of this. kind, reſpectively 


ſimilar to each other, attract each other mutually ; the accelera- 


tive attractions of each to each will, at any equal diſtances of 
the centres, be as the attracting ſpheres. 


Corol. 2. And, at any unequal diſtances, as the attracting 
ſpheres applied to the ſquares of the diſtances between the 
centres. g. F 3} 

Corol. 3. But the motive attractions, or the weights of the 


ſpheres towards each other will, at equal diſtances of the centres, 


be as the attracting and attracted ſpheres jointly ; that is, as the 
products ariſing from the multiplication of the ſpheres into each 
other. 

Corol. 4. And, at unequal diſtances, as thoſe products directly, 
and the ſquares of the diftances between the centres inverſely. 


Cyrol. 5. The ſame proportions take place, when the attraction 


ariſes from the attractive virtue of both ſpheres, mutually 


exerted upon each other. For, by the conjunction of the forces, 
the attraction is doubled, the proportion being preſerved. 


Corol. 6. If ſpheres of this kind revolve about others at reſt, 
each about each; and the diſtances between the centres of the 
| revolving 


COMMENTARY. 


(2) 423. The attracting ſpheres being in all reſpects ſimilar, each to each, 
the ſums or differences are as the ſpheres themſelves, It follows from Propoſi- 
tion LXXIV. that any particle, placed without a ſphere, is attracted to that 
ſphere with the ſame force, as if the whole matter of the ſphere was collected in 
the centre, and the whole attracting force, proportional to the ſphere, proceeded 
from that one point. And, if the denſity of a ſphere is always the ſame at the 
ſame diſtance from its centre, however diſſimilar it may be at different diſtances, 
the gravity with which a particle, placed without, tends to it, is directly as the 
quantity of matter of the ſphere, and inverſely as the ſquare of the diſtance ot 


the particle from its centre. ; 
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Of th 
Motion 5 revolving and quieſcent ſpheres are enen to the diameters 


© Bodies, of the quieſcent; the periodical times will be equal. 


ns 7. And, on the contrary, if the -periodical times are 
.equal, the diſtances will be proportional to the diameters. 

Corol. 8. The ſame things, which were demonſtrated above, 
concerning the motion of bodies round the foci of the conic 
ſections, take place, when an attracting ſphere, of any form and 
condition already deſcribed, 1s placed in the focus. 


Cyrol. g. As alſo when the revolving bodies are likewiſe attract- 
ing ſpheres, of any candition already deſcribed. 


PROPOSITION LXXVII. THEOREM XXXVII. 


Tf. centripetal forces tend to the ſeveral points of ſpheres, proportional to 
the diftances of thoſe points from the attFafted bodies; I ſay, that the 

compounded force, with which two ſpheres will attract each other 
mutually, is as the diftance between the centres of the ſpheres. 


Platexxr, . ' Caſe 1. Let AE BF be a ſphere; & its centre; P a particle 

Fig. 167. attracted; PAS B the axis of the ſphere paſſing through the 
centre of the particle; EF, ef, two planes, by which the ſphere 
is cut, perpendicular to this axis, and equally diſtant on each 
fide from the centre of the ſphere; G, g, the interſections of the 
planes and the axis; and H any point in the plane EF. The 
centripetal force of the point H upon the particle P, exerted in 
the direction of the line P, is as the diſtance PH; and (by 
Corol. 2. of the laws) according to the direction of the line P G, 
or towards the centre S, is as the length PG. Therefore, the 
force of all the points in the plane E F, that is, the force of the 
Whole plane, by which the particle P is attracted towards the 
centre S, is as the diſtance PG multiplied by the number of 
thoſe points; that is, as the ſolid which is contained under that 
plane E F and the diſtance PG. And, in like manner, the force 
of the plane e to with which the particle P 1s attracted towards 
the centre 5, is as that plane multiplied into its diſtance P g, or 
as the equal plane EF multiplied into that diſtance Pg : and the 
fum of the forces of both * as the plane E F multiplied 


into 
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into the ſum of the diſtances PG + Pg; that is, as that plane 
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multiplied into double the diſtance PS of the centre and the Car, 


particle; that is, as double the plane EF multipiied into the 
diſtance PS; or as the ſum of the equal planes EF + 2 f multi- 
plied into the ſame diſtance. And, by a like reaſoning, the 
forces of all the planes in the whole ſphere, equally diſtant on 
each fide from the centre of the ſphere, are as the ſum of the 
planes multiplied into the diſtance PS; that is, as the whole 


ſphere and as the diſtance PS Jointly Which was to be de- 
monſtrated. 


Caſe 2. Let the particle P now attract the ſphere 4 EBF. And, 
by the ſame reaſoning, it will be proved, that the force, with 


which that ſphere is attracted, is as the diſtance PS. Which 
was to be demonſtrated. 


Cafe g. Let another ſphere be now compoſed of innumerable 
particles P; and, fince the force, with which each particle is 
attracted, is as the diſtance of the particle from the centre of the 


firſt ſphere, and as the ſame ſphere jointly ; and therefore is the 


ſame, as if the whole proceeded from one particle in the centre of 
the ſphere ; the whole force, with which all the particles in the 
fecond ſphere are attracted, that is, with which that whole 
ſphere is attracted, will be the ſame, as if that ſphere was 
attracted by a force proceeding from one particle in the centre 
of the firſt ſphere; and therefore is proportional to the diſtance 


between the centres of the ſpheres. Which was to be de- 
monſtrated. 


Caſe 4. Let the ſpheres attract each other mutually, and the 


force being doubled will preſerve the former proportion. Which 
was to be demonſtrated. 


Caſe 5. Let the particle p be now placed within the ſphere 
4E BF; and, ſince the force of the plane ef upon the particle is 
as the ſolid contained under that plane and the diſtance pg; and 
the contrary force of the plane E F as the ſolid contained under 
that plane and the diſtance p G ; the force compounded of both 
will be as the difference of the ſolids ; that is, as the ſum of the 

Vol. I. S1 equal 


Plate XXI. 
Fig. 168, 
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Of the equal planes multiplied into half the difference of the diſtances; ; 
E that is, as that ſum multiplied into p S, the diſtance of the par- 
—tiicle from the centre of the ſphere. And, by a like reaſoning, 
the attraction of all the planes EF, ef in the whole ſpbere, that 

is, the attraction of the whole ſphere is jointly as the ſum of all 

the planes, or as the whole ſphere, and as pS the diſtance of 

the particle from the centre of the ſphere. Which was to be 


demonſtrated. 


Caſe 6. And, if a new ſoliere be compoſed of innumerable 
particles p, placed within the former ſphere A E BJ; it may be 
proved as before, that either the ſingle attraction of one towards 
the other, or the mutual attraction of both towards each other, 
will be as the diſtance of the centres 25. Which was to be de- 
monſtrated . 


PROPOSITION LXXVII. THEOREM XXXVII. 


If ſpheres are however diſſimilar and inequable in proceeding directly from 
| the centre to the circumference; but are every where ſimilar at every 
1 | given d: Hance in a circumference around; and the attractive force of 

every point is as the diflance of the attratted body: I Jay, that the 
| whole force, with whicwo ſpheres of this kind attract each other, 
ic proportional to the diſtance between the centres of the ſpheres. 


This is demonſtrated from the preceding Propoſition in the 
ſame manner as Propoſition LXXVI. was demonftrated from 
Propoſition LX V. | 

Cor. Thoſe things, which were demonſtrated above in Pro- 
poſitions X. and LXIV. of the motion of bodies round the centres 
of conic ſections, take place, when all the attractions are made 
by the force of ſpherical bodies of the quality already deſcribed, 
and the attracted bodies are ſpheres of the ſame kind (þ). | 


SCHO- 


COMMENTARY.- 


bh) 424. If a ſphere is compoſed of particles, which attract each other with 

forces proportional to the diſtances of the particles, that ſphere will attract with 

the ſame force, as if the whole quantity of matter was collected in the centre, 
and ated as one particle from that paint, 


5 | 1 e 
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80 HOLI VM. 


I have now explained the two more remarkable caſes of at- 
traction; namely, when the centripetal forces decreaſe in the 
duplicate ratio of the diſtances; or increaſe in the ſimple ratio 
of the diſtances: cauſing bodies in both caſes to revolve in conic 
ſections; and compofing ſpherical bodies, whoſe centripetal 
forces, in receding from the centre, decreaſe or increaſe accord- 
ing to the ſame law as the forces of the particles themſelves ; 
which is worthy of obſervation. It would be tedious to deduce 
particularly other caſes, whoſe concluſions are lefs elegant. I 
chooſe rather to comprehend and determine them all in one 
general method, as follows. 


L E M M A XXIX. 


F any circle AEB is deſcribed with the centre 8; and two circles E F, 
e f are deſcribed with the centre P, cutting the former in E, e, and the 
line PS in F, f; and ED, e d be let fall perpendicular to PS; TI ſay, 
that, if the diſtance of the arcs EF, ef is ſuppoſed to be continually 
diminiſhed, the limit of the ratios of the variable line Dd to the 
variable line Ff is the ſame as the ratio of the line PE to the line PS. 


For, if the line Pe cuts the arc EFing; and the right line 
Ee, which approaches nearer than by any aſſignable difference 
to the arc Ze, be produced, and meet the right line PS in 7; 


and 
PCpCOMAMCaTAARHEYT 


The caſe was the ſame, when the particles attracted each other with forces 

inverſely proportional to the ſquares of their diſtances. But the attraction of a 
ſphere, compoſed of particles which obſerve other laws, is different from the 
force, with which all the particles of that ſphere, collected in the centre, would 
attract at the ſame diſtance, See Maclaurin's Fl. F. gos. 
425. It appears alſo from what has been demonſtrated, that in theſe two 
caſes, in which the attractions of particles are directly as their diſtances, or in- 
verſely as the ſquares of their diſtances, the law of the gravity of ſpheres, 
compoſed of ſuch particles, is the ſame as the law of the gravity of the particles, 
But, in other caſes of attractions, it will appear, that the attractions of the 
particles of which bodies are compoſed may obſerve a different law from that of 
the bodies themſelves, | 


812 
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Of the and SG be let Fall from S, perpendicular to PE: becauſe of the 


Motion o 
Bodies. 


— —— to TE, or DE to ES: and, becauſe of the fimilar triangles 


Which is generated by the revolution of the arc FE, and is any 


MATHEMATICAL PRINCIPLE'S 


ſimilar triangles DTE, dTe, DES“, Dad will be to Ee, as DT 


Ee g, ESG (by Lem. VIII. and Corol. 3. Lem. VII.). (i) Ee will 
be to eq or F/, as ES to SG; and, ex equo, Dd to Ff, as D E to 
SG; chat is, becauſe of the ſimilar triangles PDE, PGS, as 
PE to PS. Which was to be demonſtrated. TOY 


PROPOSITION LXXIX.. THEOREM. XXXIX. 


If EFfe, confidered as a ſurface, by reaſon of its breadth being indefinitely 
diminiſhed, deſcribes a ſpherical concavo-convex ſold by its revolution 
round the axis P.S, to the ſeveral equal particles of which there tend 
equal centripetal forces; I ſay, that the force, with which that ſolid 
attrafts a particle placed in P, is in a- ratio compounded of the ratio 
of the ſolid D E' x Ff, and the ratio of the force, with which a given 
particle in the place Ff would attract the ſame particle in P. 


For, if we firſt conſider the force of the ſpherical ſurface FE, 


where cut in r by the line de; the annular part of the ſurface, 
generated by the revolution of the arc E, will be as the ſmall 
line D d, the radius of the ſphere PE remaining the ſame ; as 
Archimedes has demonſtrated in his book concerning the ſphere 
and cylinder (. And the force of this, exerted in the direction 
of the lines PEorP r, placed around in a conical ſurface, is as 
this annular ſurface itſelf ; that is, as the line D 4; or, which is 


A | | the 


COMMENTARY. 
* Elements, Book VI. Prop. 8. 


(i) 426. The angles PE, S Ee being right angles, take away the angle 
SE from each, and the remaining angles SEG, q Ee will be equal: but the 
angles at G and ꝗ are right angles, and therefore the triangles are ſimilar (Elem. 
Book VI. Prop. 4.).. | | 


(k) 427. The ſurface, generated by the revolution of 1 E, is equal to the 
periphery deſcribed by E, multiplied intor Z; and therefore is proportional to 
DExXrE= PE x Dd (becaule of the ſimilar trianglesr Ex, PE D); and 
P E being given, that ſurface is as Dd. 7 
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the fame, as the rectangle under the given radius PE of the B — K 


ſphere, and that line D 4: but that force, acting in the direction — 
of the line PS tending to the centre's, is leſs, in the ratio of 
PD to PE, and therefore as PD x Dd. Let the line DF be 
now {uppoſed to be divided into innumerable equal particles, 
each of which may be called Dd; and the ſurface FE will be 
divided into as many equal annuli, whoſe forces will be as the 
ſum of all the rectangles PDx Dd; that is, as 22 F— 1 PD* 
(1), and therefore as DE“. Let the ſurface FE be now multi- 
plied into the altitude F/; and the force of the ſolid E F Ve, 
exerted upon the particle P, will be as DE“ x F/; ſuppoſing 
that the force is given, which any given particle FV exerts upon 
the particle P, at the diſtance PF. But, if that force is not 
given, the force of the ſolid E F fe will be as the ſolid DE* x FF, 


and that force not given, jointly. Which was to be demon- 
ſtrated. 


PROPOSITION IXXX. THEOREM XI. 


Tf equal centripetal forces tend to the ſeveral equal parts of any ſphere 
AB E, deſcribed about the centre 8; and, from the ſeveral points D, 
perpendiculars D E are erected to the axis of the ſphere A B, in which 
any particle P is placed, meeting the ſphere in E; and in thoſe perpen- 
diculars the lengths DN. are taken, which are L the quantity 
DE x P 2. 


1 and the force, which a particle of the n placed in 


the axis at the di iftance PE, exerts upon the particle P, jointly; I ſay 


that the whole force, with which the particle P is attracted towards 
the ſphere, is as the area ANB, contained between AB the axis of the 


ſphere; and the curve line ANB, which. the point N continually. 
touches. 

For, ſuppoſing the conſtruction in the laſt Lemma and Theorem 
to remain, conceive the axis of the ſphere AB to be divided 


COMMENTARY:. 
(1) 428. Lee PF r., DFP = x, PDS. r- x, Dd i and PD x D4 
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of the into innumerable equal parts D 4, and the whole ſphere to be 


divided into as many ſpherical concavo-convex lamine E Ffe; 


— and let the perpendicular 4# be erected. By the laſt Theorem, 


the force, with which the lamina E Fye attracts the particle P, 
is as DE“ * F/, and the force of one particle exerted at the 
diſtance PE or PF, jointly. But, by the laſt Lemma, Dad is to 


Ffas PE to PS; and therefore Ff is equal to r and 
D FE: x F fi 18 equal to D d x *. E = — ; and therefore the force 


of the lamina E Efe is as Dd g, and the force of 
à particle exerted at the diſtance PF, jointly ; that is, from the 
ſuppoſition, as DNx D d, or as the indefinitely ſmall area D N 
un d. Therefore the forces of all the laminæ, exerted upon the 
particle P, are as all the areas DNnd; that is the whole force 
of the ſphere is as the whole area ANB. Which was to be de- 
monſtrated (m). 


Corol: 2, Hence, if the centripetal force 8 to the ſeveral 
particles remains always the ſame at all diſtances, and DN be 
DEX PS 


5 
P is attracted by the ſphere, is as the area AN B. 


made as , the whole force, with which the particle 


. Corel. 2 If the centripetal force of the particles is reciprocally 


as the Ailtance of the particle attracted by it, and DN is made 
as 


COMMENTARY. 


— TAK = LEESDEXDE — = Book III. Prop. XXXV.) 


2 
_ PB — 
CN Elim. Book I. Prop. XLVII.) = 3 PF: — PD, is the 


ſum of all the rectangles P D x D4. 


Jo). 429. It follows from the Jbiribnſtration; that the force, with which a 
icle P is attracted to any portion of the ſphere E F * is as the correſpond- 
ing area DN. | 
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| XR P | ; , | : BOOK 
as Ak : ; the force, with which the particle P is attracted 97 


by the whole ſphere, will be as the area ANB. 


Cyrol. 3. If the centripetal force of the particles is reciprocally 

as the cube of the diſtance of the particle attracted by it, and 
; Sf if * vhs i : 

D N is, made as P =; the force, with which the particle 


P is attracted by the whole ſphere, will be as the area AM. 


Corol. 4. And univerſally, if the centripetal force, tending to 
the ſeveral particles of a ſphere, is ſuppoſed to be reciprocally 


. : 1 DE Xx PS * 
as the quantity V, and O Nis made as FEN the force, with 


which a particle is attracted by the whole ſphere,. will be as the 
area ANB (ny. Wy 


PROPOSITION LXXXI. PROBLEM XII. 


Suppoſing what has been already eftabliſhed, it is required to meaſure the 
area AN B. | 

From the point P let the right line PH be drawn, touching Plate xxr. 
the ſphere in Z7; and having let fall Z 7 perpendicular to the axis Fs. 70. 
P AB, let PI be biſected in L; and (by Prop. XII. Book II. 
Elem.) PE will be equal to PS + SE* + 2 PSD. But, be- 
cauſe the triangles SP H, SAV are ſimilar, S E or S H* is equal 
to the rectangle P SJ. Therefore PE is equal to the rectangle 
contained under PS and PS+SI+28SD; that is, under PS 
and 2LS+2SD-:; that is, under PS and 2 LD. Moreover, 

| D E* 


go — 2 „ 
_ —_— —— 
" pu — — — — — 2 P a 
— As —— — 


COMMENTARY... 


(n) 430. Let the centripetal forces of the ſeveral particles of the ſphere be 
inverſely as that power of the diſtance, whoſe index is 2; and let PE = * 


Ps Sc, DF x, Dd = +; then Ff = _ (Prop, LXXX.); DE = 2r x: 


— xx (428.); DE x Pf = . 7 — 3 and the whole force, with 


a | 8 2 1c X - ex 
which the ſphere attracts the particle, is as the fluent. of 21 72 — 


3 " — 
"tl . ————— w oe xvuac aac _ _ n — l 
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MATHEMATICAL PRINCIPLES 


"Of the DE? is equal to S E. — S De, or SE — LE +8 SLD -L D., 


Motion of 
Bodies. | 


that is 2 SLD—LD*'-- ALB. For LS. S E', or LS. - SA. 
(by Prop. VI. Book II. Elem.) is equal to the rectangle ALB. 
Let therefore 2SLD —L D* — ALB. be ſubſtituted for DE-; 
and the quantity = TY =, , which, according to the fourth 


Corollary of the preceding Propoſition, is as the length of the 


ordinate D N, will reſolve itſelf into three parts, l 


13 
. 2 A here, if inſtead of 7 che in. 
verſe ratio of the centripetal force is ſubſtituted; and, inſtead 
of PE, the mean proportional between PS and 2 L D; thoſe 
three parts will become ordinates of as many curve lines, whoſe 
areas are found by the common methods (0). Which was to be 
done. 


"oO 


COMMENTARY. 
(e) 431. Let LD 2.5, P A= a, PB=3, LS =& Lag e 42 


2 8 — 
and let / be as. J-; then SEES „or DN, o OE (430), 
, 2 2 ef c | 
= — (Prop. LXXXI.). But, by the 
ſame Propoſition, y* = 2c2, z = _ and = = ===; therefore the fluxion ot 
the ares AND, or 2 de %Z 9 49 E „a = dy — . 
r 4 "ahh eiche c 4c 2 
e e whoſe fluent 2322— — 22 17. 
3 — „ 5 —nX4c: 1— 7 
a 5 N 


but in & where the fluent is nothing, y = a, and g = ==—— + 


d a3—= — 5— 
co —; therefore the fluent corrected is dy — — 2 — 
„ 3 — & 5 =HX 46 


11 6 + 2 +72 AY | 7 Land — and the whole force 
J mn 74” 5 — 2 XK 40 n 3 — 2 Xc 
1 * 6 of 
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Example 1. If the centripetal force, tending to the ſeveral B po K 
particles of a ſphere;jrs reciprocally as the diſtance, for / ſubſti- -. 
tute the diſtance P E; then aN LD for PE-; and DN will 

"HEB | 


8 Eu £6 00 34 99 | 
_ - S «4 * % x | 
become * SL — * 1 — TED. Suppoſe DAN equal to the 


tis Wt OY oth es ON DG Da” 
double of this, 2 SL — LD — Fp ud 2. S E, the given part 


of the ordinate, drawn into the lehgtfi 4 B, will deſcribe the 
rectangular area 28S LX A (p): and the indefinite Pitt L D, 
drawn perpendicularly into the fame length, by a continual 
motion, made according to ſuch a law, that, in its motion, it 
may either by mcreafing or decreaſing be always equal to the 
length L. D, will deſcribe tie rea <= == that is, the area 
S L* AB; Which, taken from the former area 28 LX A3, 
leaves the area SL x AB ( a). But the third part . drawn 


TY XAAATHSMIMOD after 
1+ GOMMENTART> Fas- 
22220. I arm 
— _ TTT. RIE Do: ot oleh $-—TXC — AN 462 1— Z 
d a g—z = 
n=—_ = . & " 
3 XC 7 


| (2). 434. Let AD = x, and the fluxion of the area, generated by the firſt 
part of the ordinate is 2 8 L X's, whoſe fluent 2 S LXx, When x = AB, is the 
rectangle 2 & LN ABZ. Vander; 
(a) 435. The fluxion of the area, generated by the ſecond part of the 
aa 2 LDB/ x= = LAN-; whoſe fluent is - LAX 
Vol. I. | 4 | 662" 


CO EE CG CERN OT LOSES — 


= 
. 
— 
1 —— — — 
— 


F 


6 2 2 
— ES 


3 2 — 
—— 


1 


r 2 
„ n 
— — » * * F 
_ — — 222 - 
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. te. after the ſame manner, by a continual motion, perpendicularly 

Bodies. into the ſame length, will ::deſcribe an hyperbolic area; which, 

—— taken from the area S LX AB, will leave ANB che urea ſought 

pute xxl. (r). Whence this conſtruction af the problem ariſes. At the 

Fig. 171. points L, A, B, erect tllè perpendiculars LI, Aa, B; of which 

A a may be equal to LB, and Bb to LA. With the aſymptotes 

II, LB let the-hyperbola'ab be deſcribed through the points a, 

d 5. And the chord 4 will incloſe the e q ay a to the! area 
| ANB ſought, 


Example 2. If the ee at W. 40 pr. 7 
particles of a ſphere, is reciprocally as the cube of the diſtance; 
or, which 1s the ſame thing, as that cube applied to any given 


22455 for 7, then 2 PS LD for P E*; and 


$LxAS& 4 ALBxAS 
DN will become as PS X LD 248 aPSxLD" that 


322 


plane ; ſubltitute 


— , CA age | Lett 4” 


NTA is, 
29132 COMMENTARY. 
£ = EE (w ens = 4B), = "=D (Elem Bock II. 
Prop. W.) . == 2 LA —AS XAB- _ q 
— G& 3 — 5 TY 
LTA A Ad this, * pare aL x 


AB, makes & L x AB. K 12 AY 
170 4 36. The fluxion of the : area, Cd bs * third part of the ordinate, 
EK nd conſtructing the hyperbola as above, L D: 'LA :: 44. 


L 5 
ALB 


—_ — 


* 
18 — 


1. mma LAN LB ALB: F | 
DF: —_— 5B e LED, e f x 64 
that is, the guns of the third part of the area is the ſame as the fluxion of the 
hyperbolic area Aa F D. 
437. The area, deſcribed by the ſecond part of the ordinate, being ſubdued 
from the area, deſcribed by the firſt part, left an area equal to the rectangle 


SL x 4p = RW} * * — == (by | the conſtruction) 3. which is 


equal to the trapezium * 5B. The area, deſcribed by the third part of the 
ordinate, is. the hyperbolic area 4a FU B 4, when AD = AB; which, ſub- 


ducted from the trapezium Aa & B. leaves the area 4 U. Fa equal. to the ares 
AN B ſought. ; 1 
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I : 
(? 


PALBxS1 | 
LD” If the three parts. of this quantity are 


drawn into "the length A B, the firſt T 755 will generate an 

hyperbolic area /s}; the ſecond 28, the area *<AB x SI; the 
ALB xSIT „ ALB x81 ALBxSI 

thir 42 275. „the Ry a eee i » that is, 

＋ AB x 977 4. From the firſt let the ſum of the ſecond and 

third be ag and there will remain AN the area ſought 


fu). Whence this conſtruction of the Problem arifes. At the 
points 


en 


e 


COMMENTARY. 
(] 438. Suppoſing the conſtruction of the author, from the nature of the 


hyperbola we find L D: L8 :: 81: DF = £52, whence = = DF 


LD CD 


X +; and therefore the area, generated by the firſt part of the = 1 is equal 


2 the hyperbolic area AasbB A, when x = AB. 


(t) 439. The fluxion of the area, generated by the third part of the ordinate, 


. ALB xXSIX= ALBXxSI * 
is = K —ͤ—P whoſe fluent is 
2 L Da 


2 LA. +2LAx+xx 1 
£2 — 4 ; which, corrected by putting x = o, is * 2 
I 


I 

Fr; | 2 

11 Uh B * 1 
. Ey (When x E 


= — — XK — 


rr 2 LA 


X 


LAX LBXSI - LAXLBxSI_ LB xSI _ Z4x81 LB—=LA 


. —8 
— — 


n 2LB 2 2 . 
Xx SIS IHARBX SI. | ; 4 


(u) 440. The ſum of the ſecond and third areas is ABXSI =2 ASSN SI 
= 2 AS 1; which, ſubducted from the hyperbolic area AasbB A, leaves che 
area AN B. 

441. If the particle P is in contact with the ſphere i in A, the line LA=0; ; 


Aa coincides with the aſymptote LI; and the area of the hyperbola A a+b 35 „ 


indefinitely extended towards LI. 1 
442. Hence it appears, that if ſpheres are WEST of particles, whoſe 


gravitations vary inverſely as the cubes of their diſtances, the attractions of the 


whole ſpheres will be indefinitely 700 in cn tne at | OREN finite diſtance, 
how ſmall ſoever. 


Tt2 N 443. It 


is, becauſe PS, AS, $1 are continually proportional, as —— Ls * * 4 


— — — 
g | : 


— 
722 


— 
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ö 23 - > — 8 5 — W ff ES. — 2 
* — * — PI — * 23323 Part — — . — — — — * — 
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1 
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<, 1.4 rx APE 


7 ‚ 3x24 
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r 70 poigts L, 4, 8, B, ere& the perpendiculars Ll, Aa, Ss, Bb, of 
Bodies. Which let S be equal to S1; and through che point with the 
— aymptotes LI, L B, let the hyperbola a s he deſcribed, meet- 
ing the perpendiculars 1 Bb in 4 and 5; and the rectangle 


2 AST, ſubducted from the en area A, as b B, will i leave 
the area ANB ſought. * 0 | al. 90 


Bxemple g. If the centripetal farce, * to the ſeveral 
particles of a\ſphote;. decreaſes in the quadruplicate: ratio of the 


diſtance from the particles; ſudſtitute A LE for J, then 


| 248 
7 
| Sn Bf . 
| VIPSx LD for P E, and DN will become as = IIa «> 
. —S a 


TH 3 
% INE na.” Whoſe 
three parts, drawn! into the l 43. 1 as many areas, 


3 cl, 2 8E SL into 1 ST (FEY 
* oF = ws 4 bl = 

—_— > :s SEN ALB + eee 6 avi p 
Vr 4 and Top io Vip) 

| — And 


: - COMMENTARY. 0 IN 

443. It i is evident likewife, Aue. ſpheres, compoſed of ſuch articles, do not 

| > hong arer) K — ing in the inverſe ratio of the — of the 
ances of their centres, according. to the l 

which they Are. compoſed, eh * e dd * panicles vs 


— EDS - 


| OR | (v) 444. By ſubſtituting PS x $7 x * PS x * 51 J for 48; and. 4PS x 


LIP KA e. Ae 
(w) 445. The fluxion of che firſt area is © — * 3 _ SExXSL SL 
2:8 LDE A 
X LA N 7 23 whoſe 158. corrected by a 4 * PEE . 
dee eee ee 5. | 
: x Rt IE DE To *3293- en. 


In like manner the other two areas are found. 
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And theſe, after a due reduction, become - * * S I, and 
S 7: 
SP + 7 TT (x). But theſe, by ſubducting the latter terms from 


the former, | become 277 Therefore the whole force, with 
which the particle P is attracted to the centre of the ſphere, is 
. 'S 4» 


556 


BOOK 
L 


as Nr; that is, reciprocally as PS PI. Which was to | 


be found, 
J By 
2 COMMENTARY. 
"(#) 446. Since P'S = LS + L T(by the conſtruction); and SI LS LI. 
we fmd PS * SI LS + TEIL TLI FI 1s — LI. = Ass; there- 
fore I. I LS - AS LAN LI (Elem. Book II. Prop. VI.), and LI 


=/LBxL 4. Hence it follows, that 2/LBxLA=2LI=2LS— 
2 S LB + LA—28T; and 28$T=LB+LA—2vV LBXLA;z 


n 


— — 


and VAST = LD LA. Therefore, ſubſtituting LI for V L B x L A, 
and NT VLB - VT, the firſt area X == = 
f ra e Met”: -- an”; 2 5 
281 n 11 — — 7 —3 and the ſecond area 
„ X 9 1 72 S2. The third area 32 * 
Ry B: © 3vV2ST 4 ALXLBxXVALxXLB 5 
. Tr A+VTBxXVALB—VTL x 
VALB =2LSXV3SI+V ATBxXV 2SI= 2LSFTINv 281 
SP.X3LI+2SIXV/iS1T 2 ST 
— r — = 6: ＋ 3 
 3LIXYTB—VLA 5 


2SI:8L I 
or 2SIX SL VIB—VTA 2 28S IX SL 
SP SNN ALB 1 
TOS SI*X ALXLB D. VL MA: 
3 TT * VO — VT As * but, LI —=V/ LAs 
= 3LT+F2ST x V2$ST; which being ſubſtituted, the area is 
(») 447. Since PSX SIS SH (Elem. Book VI. Prop. VIII.), ard SH 


* - * is: MG. 4 1 p I TR 
in the ſame ſphere is given, SI is as Fy- and $13 as Pyr. Alſo L T1 = 
S [3 I 
= 4 : . ' A | 10 — — —. 
1 PI is as PI; and therefore * Ef is N FI 
5 448. Hence 
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HOLT : BY the ſame method the attraction of a particle placed within 


Bodies, a ſphere may be determined; but more expeditiouſly by the 
* following Theorem. 


PROPOSITION. Irn THEOREM u 
Plate XXI. 


Fig. 17. I $1, SA, SP are taken continually proportional, in a ſphere deſcribed 

about the centre 8, with-the interval 8 A; TI ſay, that the attraction of 

a particle within the ſphere, in any place I, is to its attraction with- 

out the ſphere in the place P, in a ratio compounded of the ſubduplicate 

ratio of I S, P'S, the diſtances from the centre, and the ſubduplicate ratio 
S the centripetal forces, tending to the centre in thoſe places P and I. 


As, if the centripetal forces of the particles of a ſphere are 
:reciprocally as the diſtances of a particle attracted by them; the 
force, with which a particle placed in J is attracted by the whole 
ſphere, will be to the force, with which it is attracted in P, in a 
ratio compounded of the ſubduplicate ratio of the diſtance S 7 to 
the diſtance $P, and the ſubduplicate ratio of the centripetal 
force in the place 7, arifing from any S in the centre, to 
the centripetal force in the place P , ariſing from the ſame 
particle in the centre; that is, in the ſubduplicate ratio of the 
diſtances $7, SP to each other reciprocally. Theſe two ſubdu- 
plicate ratios compound the ratio of equality; and therefore the 
attractions in I and P, produced by the whole ſphere, are equal. 
By a like calculation, if the forces of the particles of a ſphere 
are reciprocally in the duplicate ratio of the diſtances, it will be 
collected, that the attraction in I is to the attraction in P, as the 
diſtance S P, to S A the ſemidiameter of the ſphere. If thoſe 
forces are reciprocally in the triplicate ratio of the diſtances, the 
attractions in { and P will be to each other as S P* to S A“: if in 
a quadruplicate ratio, as S Ps to SA. Therefore, fince the at- 
traction in P, in this laſt caſe, was found to be reciprocally as 
PS x P/ the Ong in 7 will be reiben as SA x PI; 


that 
COMMENTARY. 

448. Hence it appears, that the attractions of ſuch ſpheres are indefinitely 

greater in contact than at any finite diſtance. For if P coincides with A., 
EZ £8 


— 
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that is, becauſe SA is given, reciprocally as PI. And the pro- B 0 OK 
greſſion is the ſame indefinitely. But the Theorem is thus de- Cali 


monſtrated. 


Retaining the conſtruction above, and a particle being in any 


place P, the ordinate D N was found as 22S, Therefore, 


PEV 


if IE is drawn, that ordinate for any other place Jof the particle 


E*x TIS 


will become as 25 55 (changing PS, and PE, for 1S, and 
JE.) Suppoſe the centripetal forces, flowing from any point E 


of the ſphere, to be to each other at the diſtances IE, P E, as 
P E-. to IE (where the number 1 denotes. the index. of the 


powers of PE and IE); and. thoſe. ordinates will become as 
> 75 ED, and 55 „ ES 2 whoſe ratio to each other is as P S x- 


IE XIE- to IS Xx PEN PE. Since the triangles S PE, SEI 
are ſimilar, on account of the lines SL, SE, SP being con- 
tinually proportional; and from thence it follows, that LE is 
to PE, as IS to SE or S 4; for the ratio of TE. to PE ſubſtitute: 


the ratio of IS to SA; and the ratio of the ordinates will become 
that of PS Xx IE to SA x PE". But the ratio of PS to SA is 


the ſubduplicate ratio of the diſtances PS, SJ; and the ratio of 
IE "to. P E* (becauſe IE is to PE, as IS to $4) is the ſubdupli- 
cate ratio of the forces at the diſtances PS, IS. (2). Therefore 


the 


COMMENTARY. 


(x) 449. If TIE: PE :: IS: S A, and IS: PS:: IS: S As, it follows, 


chat 18: P & :: 18: SA : IE“. P Ex*, and i888: P82 2: 1B»: 
PE, aud PS & ar ee: SA x PF", Thas 
is, the attractions of P and 7 towards the whole ſphere are as the ſquare roots 
of the diſtances-P S, IS, and as the. ſquare roots of the forces J &, P $8», at thoſe 
diſtances. 

: AJ —: 


. Since P $5 X F3*: 18 * Eg. D IS: 8 
f = . (becauſe. IS: PS :; AS*:; #7001 2: A821: PS n=], it follows, TRY 
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328 MATHEMATICAL PRINCIPLES 
Of the 0 the ordinates, and conſequently the areas which the ordinates 
| Bebber. deſcribe, and the attractions proportional to them, are in a ratio 
compounded of theſe ſubduplicate ratios. Which was to be 
demonſtrated. 


41 d 


4 


PROPOSITION LXXXIIL PROBLEM XII. 


Plate xxl. To find the force, with which a particle, placed in the centre of a ſphere, 
Fig. 172. is attracted to any ſegment of that ſphere. 


Let P be a particle in the centre of à iphere, and RBSD a 
ſegment thereof, contained between the plane R DS, and the 
ſpherical ſurface RBS. Let BD be cut in F by a ſpherical 
ſurface E FG, deſcribed from the centre P; and let the ſeg- 
ment be divided into the parts BREFGS, FE DCG. But, let 
that ſurface be not purely mathematical, but phyſical, having 
a very inconſiderable thickneſs, Let that thickneſs be called O, 
and the ſurface (as Archimedes has demonſtrated) will be as P F 
DF x O (a). Let us fuppoſe moreover, that the attractive 
forces of the particles of the ſphere are reciprocally as 
that power of the diſtances whoſe index is n; and the force, 
with which the ſurface EFG attracts the body P, will be (by 


DE. DF | „6 
Prop. LEXIX.) as: FR that is, as F. — 2 


” a 


COMMENTARY. 


if 2 = 1, the forces, with which particles laced in P and Jare attracted to the 
whole ſphere, are equal: if » = 2, thoſe forces are as ASto PS; if n= 3; as 


\ AS® to PS, if u 4, as A S to P &; 3 as 4$* to PS*; and ſo on 
indefinitely. 


(a) 451. Let the ſpherical ſurface E FG be ck by the revolution of 
E F round P F, as an axis; and the area, generated by any very ſmall are E e, 
will be equal to the periphery, generated by the point E, multiplied into Ee; 
which is as DE x Ee=PE x Dd (from ſimilar triangles) = PP x Da. 
And ſince P P is given, the whole ſurface generated by EF. will t be as PF 
D F, and the ſolid content of the lamina as PFxDF x ©, 
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% Let the perpendicular FN, drawn into 0, be pro- Bo 0 K 

portional to this quantity; and the curvilinear area BD J, 1. 
Which the ordinate FM, drawn through the length D B by a 

continual motion, deſcribes, will be as the whole force, with 

Which the whole ſegment R BSD attracts "ROS body P. Which 

W to be found. 


PROPOSITION LXXXIV. PROBLEM XIII. 


To find the force, with which a particle, placed without the centre of a- 
ſphere, in the axis of any ſegment, is attracted by that ſegment. | 


Let the body P, placed in the axis ADB of the ſegment E BK, m1 
be attracted by that ſegment. With the centre P, at the interval Fig. 170. 1 
P E, let the ſpherical ſurface EF XK be deſcribed; with which let i 
the ſegment be divided into two parts EBXFE, and EFKDE. 7; i 
Let the force of the former part be ſought by Prop. LXXXI. and | 
the force of the latter part by Prop. LXXXIII. and the ſum of 4" 
the forces will be the force of the whole ſegment EB KDE. i 
Which was to be found. 1 


S CH O- 1 
COMMENTARY. 11 


(b) 452. DE'=PE —PD'= PF: P De; and PD F BY 
PH - 2PFX DFT DF; vhich ſubſtitute P Di, and DE* — 
? PF 
2 PFPX DF — DF; ing BK. X09 — 5 xDEFxXO DF*x0 _ 


na wana of 
2DFXO DF XO 
WY 2 ' of ot 
463. Jet PF = DF = x — PD, O=5s, an RED 
DFN O 2 ** — 2 PDE * — 22 DxKTP DA 
— ä 1 e 2 292257 — 
PF» a £29 x” 
2PDxt kö I +2 Dx - PD K = AM" +— P PD ,— 
+; whoſe fluent corrected is en — 2 K jo e 1 
| 3—2 I— 3— Xx 1— 
454. When u is equal to 1 or 3, the area muſt be found by hyperbolic areas, 
as in examples 1, and 2, Prop. LXXXI. 
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"TR SCHOLI1IU M. 

The attractions of ſpherical bodies being explained, we might 

now proceed to the laws of the attractions of other bodies, con- 

fiſting in like manner of attractive particles; but to treat of 

them particularly is not agreeable to my deſign. It will be 

ſufficient to ſubjoin ſome more general propoſitions concerning 

the forces of ſuch bodies, and the motions which will thence 

_ ariſe; becauſe "wr will be of ſome uſe in philoſophical in- 
quiries. | 
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SECTION XIII. 
Of the attractive forces of bodies, which are not ſoberical. 


PROPOSITION LXXXV. THEOREM XLII. 


If one body is attracted by another, and the attraction is very much fironger BOOK 
when it is contiguous to the attracting body, than when they are Els 


ſeparated from each other by any interval, how ſmall ſoever ; the forces 
of the particles of the attracting body, in the receſs of the body at- 
tracted, decreaſe in a greater than the duplicate ratio of the diftances 
from the particles. 


OR, if the forces decreaſe in a duplicate ratio of the di- 
ſtances from the particles; the attraction towards a ſphe- 

rical body, being (by Prop. LXXIV.) reciprocally as the ſquare of 
the diſtance of the attracted body from the centre of the ſphere, 
will not be ſenſibly increaſed by the contact: and it will be till 
leſs increaſed by the contact, if the attraction in the receſs of 


the body attracted, decreaſes in a leſs ratio. The propofition 


therefore is evident concerning attractive ſpheres. And the caſe 
of concave ſpherical orbs attracting external bodies is the ſame. 
And it is much more evident in orbs which attract bodies placed 
within them; becauſe the attractions, diffuſed every where 
through the cavities of the orbs, are (by Prop. LXX.) deſtroyed 
by contrary attractions, and therefore have no effect even in 
contact. But, if from theſe ſpheres and ſpherical orbs any parts 
remote from the place of contact are taken away, and new parts 
are added any where; the figures of theſe attractive bodies may 
be changed at pleaſure; and yet the parts added or taken away, 
being remote from the place of contact, will not remarkably 
increaſe the exceſs of attraction which ariſes from the contact. 
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The propoſition therefore is evident in bodies 'of all figures. 


- Which was to be demonſtrated. 


PROPOSITION IXXXVI. THEOREM XIII. 


If the forces of the particles, of which an attractive body is compoſed, 
- decreaſe, in the receſs of the attracted body, in a triplicate or more than 
a triplicate ratio of the diftances of the particles, the attraction will be 
very much ſtronger in contact, than when the attracting and attracted 
bodies are ſeparated from each other by any interval, how ſmall foever. 


For it appears by the ſolution of Problem XII. exhibited in 
the ſecond and third examples, that the attraction is indefinitely 
increaſed, when an attracted particle approaches to an attract- 
ing ſphere of this kind *. The fame thing is alſo eaſily collected, 
by comparing thoſe examples, and Theorem XLI. together, con- 
cerning the attractions of bodies towards concavo-convex orbs, 
whether the attracted bodies are placed without the orbs, or 
within their (cavities. - But the propoſition will alſo be univer- 
ſally evident concerning. all bodies, by adding or taking away 
from theſe ſpheres and orbs any attractive matter, any where 
without the place of contact, ſo that the attractive bodies may 
aſſume any aſſigned figure. Which was to be demonſtrated. 


PROPOSITION IXXXVII. THEOREM XIIx. 


If two bodies, ſimilar to each other, and conſiſting of matter equally 
attractive, attract ſeparately particles proportional to, and ſimilarly 
fituated with reſpect of themſelves ; the accelerative attractions of the 
particles towards the whole bodies will be, as the accelerative at- 

traction of thoſe particles towards particles of the bodies proportional 
to the whole, and ſimilarly ſituated i in them. 


For, if the bodies are divided into particles, which are pro- 
portional to the whole bodies, and ſimilarly ſituated in them; it 
will be, as the antrntkien ade any wh of one body 1 is to 


2 Note 442. and 448. | 
the 
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the attraction towards the correſponding particle of the other B 1 1 
body, ſo are the attractions towards the ſeveral particles of the —— 
firſt body, to the attractions towards the ſeveral correſponding 
particles of the other body: and, by compoſition, ſo is the at- 
traction towards the firſt whole body, to the attraction towards 


the ſecond whole body. Which was to be demonſtrated. 


Cor. 1. Therefore, if the attractive forces of particles, by | in- 
creaſin g the diſtances of the attracted particles, decreaſe in the 
ratio of any power of the diſtances; the accelerative attractions 
towards the whole bodies will be, as the bodies directly, and 
thoſe powers of the diſtances inverſely. As, if the forces of 
particles decreaſe in a duplicate ratio of the diſtances from the 
particles attracted, and the bodies are, as Az and B; and there- 
fore, both the cubic fides of the bodies, and the diſtances of the 


attracted particles from the bodies, are as A and B; the accele- 
3 

rative attractions towards the bodies l be as 475 and Br that 

is, as A and B the cubic fides of the bodies. If the . of 

particles decreaſe in the triplicate ratio of the diſtances from the 


attracted particles, the accelerative attractions towards the whole 


BY? 


bodies will be as - and = that is, equal. If the forces de- 


creaſe in a guagraphicary ratio, the attractions towards the 


bodies will be as ©- and =; that is reciprocally as the cubic 


ſides 4 and B. And ſo in other caſes (c. 


A 
— * 


— 


— — - Cn - * "7 Jar” Y 
———2— —— — cor — 5 — - 
- 


— LY * 
. 
* - — — „ A 
0 . — —_ — 


> _ > * * 2 © 
_ — * ” > 
as — — — . _— «2 — — ww ming 
A * n —Y 8 D — — . 
- - A 1 2 — = x — — — 
rr. 


Cor. 
COMMENTARY. 


"= c) 455. If the attractive forces of particles vary in the inverſe 1 ratio of that 
wer of the diftances, whoſe index is #; and two ſimilar bodies A and B3, 
whoſe cubical ſides are as A and B, attract two particles P and p ſeparately, 
which are proportional to the bodies 4 and B3, at diſtances proportional to 4, 

and B; the forces, with which P and p are attracted to correſponding particles 
in the bodies 43.and Bs, are as thoſe. attracting particles directly, and as that 
3 1 

power of the diſtances, whoſe index is n, inverſely; that is, as br 1 and 15 or 


as Ar and B3>, And, if the two bodies are div ided into an equal number of 
6 particles, 


r „% „% „ 
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Plate XXI. 
Fig. 173. 
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Cor. 2. Hence, on the contrary, the ratio of the decreaſe of 


© Bodies, the forces of attractive particles, in the receſs of the attracted 
—— particle; may be collected from the forces, with which ſimilar 


bodies attract particles ſimilarly ſituated; if only that germany 
is directly or inverſely, i in any ratio of the diſtances. " 


PROPOSITION IXXXVII. THEOREM XLV. 


if the attractive forces of equal particles of any body are as. the di chances 
of the places from the particles; the forces of. the whole body will tend 
to its centre of gravity; and will be the fame with the force of a globe, 


conſiſting of fimilar and equal matter, and "Rf its centre in the 
centre of gravity. | 5 


Let the particles A, B, of the body RSTV attract au OO 
Z with forces, which, if the particles are equal to each other, 
are as the diſtances AZ, BZ; bur, if the particles are ſuppoſed 
unequal, are as thoſe particles; and their diſtances AZ, B, 


jointly ; or, (if I may ſo ſpeak) as thoſe particles drawn into 
their diſtances AZ, B, reſpectively. And let theſe forces be 


expreſſed by thoſe contents, Ax AZ and B BZ. Let AB be 
joined, and let it be cut in G, ſo that AG may be to BG, as the 
particle B to the particle 4; and G will be the common centre 


of gravity of the particles A and 3. The force 4 x AZ (by 


Corol. 2. of the laws) is reſolved into the forces Ax GZ and 
Ax AG; and the force Bx BA into the forces B x G Z and 
B x BG. But the forces Ax AG and B x BG, becauſe A is to 
B as BG to AG, are equal; and therefore, when they are di- 
refed towards contrary parts, deſtroy each other. The forces 
Ax GZ and B x G remain, Theſe tend from Z towards the 


centre G, and compoſe the force 7 A 1 7 B * GZ; that is, the ſame 
| | force, 


COMMENTARY. 


oartictes, which are proportional to the whole bodies, the attraction of the Gli 
of all the particles of one body will, by compoſition, be to the attraction of 
the ſum. of all the particles of the other, in the ſame ratio. 

If „ = 2, the attractions are as AtoB: if » = 3, the attradtions are as 1 to 
1, or equal: if a '=4, the attractions are as =” to yy or reciprocally as the 
cubical fides A and 5. And ſo in other caſes. 
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force, as if the attractive particles A and B were placed in their 8 OK 
common centre of gravity G, compoling there a globe. ud — 


By the ſame reaſoning, if a third particle C is added, and the 


force of this is compounded with the force A + B x« GZ, tend- 
ing to the centre G; the force thence ariſing will tend to the 
common centre of gravity of that globe in G, and of the particle 
C; that is to the common centre of gravity of the three par- 
ticles 4, B, C; and will be the ſame as if that globe and the 
particle C were placed in that common centre, compoſing there 
a greater globe. And thus we may go on continually. There- 
fore, the whole force of all the particles of any. body R STV is 
the ſame as if that body, preſerving its centre of gravity, was 
to put on the figure of a globe. Which was to be demonſtrated. 


Corol. Hence, the. motion of the attracted body Z will be the 
ſame, as if the attracting body RS TV was ſpherical: and there- 
fore, if that attracting body is either at reſt, or proceeds uni- 
formly in a right line, the body attrafted will move in an el- 


lipſis, having its centre in the centre of gravity of the attracting 
_ 


' PROPOSITION LXXXIX. THEOREM XLVI. 


I 5 wh are era? ** conſiſting of equal particles, whoſe forces are 
as the diſtances of the places from each; the force, compounded of the 
forces of all, by which any particle is attracted, will tend to the com- 
mon centre of gravity of the attracting bodies; and will be the ſame as 

if thoſe attrafting bodies, preſerving their common centre of gravity, 
Should unite there, and be formed mto a globe. 


This is demonſtrated in the ſame manner as the foregoing 
Propoſition. 


Crool. Therefore the motion of the attracted body will be the 
ſame, as if the attracting bodies, preſerving their common 
centre of gravity, ſhould unite there, and be formed into a 


globe. And therefore, if the common centre of gravity of the 
attracting bodies is either at reſt, or proceeds uniformly in a 


fi F | right 
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© Of the right line; the body attracted will move in an ellipfis, having 
© Fodies, its centre in that” bene entre. df gravity of theo attracting 


— n 9bba ei J vhbingq b Af £ di inder Smet af; vi 


.- 
Ta A. * 


"PROPOSITION. 'xe, PROBLEM Xt1y, pe 


1f equal centripetal forces tend 0 the ſeverul points am circle, in- 
creaſing or decrenſing in any ratio of tbe diſtances 3 it is required ito n 
' the forte with which à particle it attracted. placed 'any"where- in a 
right line, which 7 1 f to * 80 the cirelæ at 
11. centre. * 1211518 


mus ANT. 0 Suppoſe a circle to be deſcribed 80 the centre A, with any 


Fig. 174. interval AD, in a plane, to which the Tight Tine AP is perpen- 
dicular; and let it be required to find che force, with Which 


any particle P is attracted towards the ſame.” Let the right line 


P E be drawn to the attracted particle P from any point E of the 
circle. In the right line P A let PF be taken equal to P E, and 
let the perpendicular FK be erected, which may be as the force 
with which the point E attracts the particle P. And let IK L be 
the curve line, which the point & continually touches. Let 
that curve meet the plane of the circle in L. In PA let P H be 
taken equal to PD; and let che perpendicular H be erected 
meeting the curve in I; and the attraction of the particle 5 
towards the circle will be as the area 4 HIL, multiplied into 


the altitude 4 P. Which was to be found. 


For, let a very ſmall. line Ee be taken in AE, Let Pe be 
joined; and let PG, Pf be taken in PE, PA, equal to Pe. And 
ſince the force, with which any point E of, the annulus deſcribed 

| about the centre 4, with the interval AZ in the aforeſaid plane, 
| | attracts the body P towards itſelf, is ſuppoſed to be as FK; and 
| therefore Ne "Po with which that point attracts the body P 


| ; towards A, 1 2 „ od the is force, with which the 


whole 80 2 the bady P warde 4, is as the annulus 


an nd x 2 2 jointly : bur that annulus is as the rectangle 


under 
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under the radius AF and the breadth Ee; and this rectangle Þ 0,0 x 
(becauſe PEand AE, Ee and CE are proportional) is equal 3 


to the rectangle PE x CE or PE Xx F; the force, with which 


that annulus attracts the body P towards A, will be as P Ex E 


APxX EK 
and PE jointly : that is, as the quantity contained under 


FfxFKx AP; or as the area F X kf multiplied into AP. And 
therefore the ſum of the forces, with which: all the annuli in 
the circle, which is deſcribed about the centre 4 with the in- 
terval AD, attract the body P towards A, is as the whole area 


AHIKL multiplied i into AP, Which was to be Men- 
ſtrated d). : Tit 


Corol. 1, Hence it appears, PR 1K the forces of the points 
. in the duplicate ratio of the e that is, if F XK is 


1 
as 5 F. and therefore the area AH IKL as 75 r the 


attraction 


ens 


(4) 456. Otherwiſe. Let P A S 4, PE or PF =#, AE = p = 3, 

1416; and let a body 5 attract the particle P, at the diſtance d, with the 

force f; and let the forces of the particles at different diſtances be inverſely as 

that power of che diſtances, whoſe index 1s I = he force, with — 2 any 
* yy ” 


particle Ee attrafts P towards E, or PK, is as * X 


x" b 
A ; and this force, reduced to "the direction P A, is 45 2 
aa ＋ | | 
: 
Fre” Pt 4 wad the force of the whole annulus generated | by Ee is 
44 Y + BL 
2pfd"ays 1 ? pfdn a - 
——— F hotel nt is — - 24 | 2 
| p * 3 ent 1 * e 
| | 1 2 pf du 
E = PA, y S o, and 9 = — — 
+ 2. But, when P P A, y g o, and 4 + 5 the refore 

2p f a” I 7 2204. 

HOI — LEG when EX = P H. 
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ot Le attraction of the 1 P towards the einc will be as 1 — 
PA 
— PI , 


that is, — Fr (en 


Corol. a. And univeplally if ibe forces of "Wa points, at the dibunces 
P, are reciprocally as any power D* of the diſtances; that is, if FR 


I I I 
is as N. and therefore the area AHI KL as — = 


the attraction . of the particle P towards the circle will be as 
p71 7 4 3 | 


Coral 3. And, Af the diameter of the- circle is increaſed inde. 
finitely, and the number u is greater than unity, the attraction 


of the particle P towards the whole plane indefinitely increaſed 


P A 


Will be reciprocally as PA- becauſe the other term 2 Pa 


wr be leſs than any aſſignable quantity. 


PR O- 
nnnnᷣ nan! 
2 457. 1 B a 1 = en 
Hr 25 d. 4 apes» 3” 1 12 2p Fd AH. | 
np Ln , Theron, 


2p fa - being a given quantity, the attractive force of the plane of the circle is 


b 
proportional to. . when the forces of the particles are 1 as the 


ſquares of the diſtances. 
458. If the attractive forces of particles are directly as the diſtances, n= 


. 2 . 3 a pfayy MW 
"+; nd * 72 N Lowry y wand. which quantity 


meaſures the attractive force of the whole circle, collected into the centre, and 
acting as one particle in that point. 
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PROPOSITION XCI. PROBLEM XLV. 


To find the attraction of a particle, placed in the axis of a round ſolid, to 
the ſeveral points of which there tend equal centripetal forces, de- 
creaſing in any ratio of the diſtances. 


Let the particle P, placed in the axis AB, be attracted to- 
wards the ſolid DE CG. Let this ſolid be cut by any circle 
RF S perpendicular to this axis; and in its ſemidiameter FS, in 
any plane PALKB paſſing through the axis, let the length 
FR be taken (by Prop. XC.) proportional to the force, with 
which the particle P is attracted towards that circle. And let 
the point K touch the curve line LK, meeting the planes of 
the exterior circles AL and BI in Land I; and the attraction 
of the particle P towards the ſolid will be as the area LAB 
{f). Which was to be found. 


Corol. 1. Hence it appears, that if the ſolid is a cylinder, de- 
ſcribed by the parallelogram A4 DEB revolved about the axis 
AB, and the centripetal forces tending to its ſeveral points are 
reciprocally as the ſquares of the diſtances from the points ; the 
attraction of the particle P towards this cylinder will be as 
AB—PE+PD. For the ordinate F K (by Cor. 1. Prop. XC.) 


will be as 1 MP 2 The part I. of this quantity, drawn into 


PR 
the 
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(f) 459. Let PF = x, as before, FR = y, and let the attractive forces 
of the particles be inverſely as that power of the diſtances, whoſe index is : 


2 pf a” 
b Xn=1 


by note 456, the force of the circular plane, 'or FK is 


— — —b 


1 * 
_ —_——' 
#. 244 FT 


And the area LAB I, or the attractive force of the 


—_— 


2 f a" 3 * 


* 


K r 
. > 5 & nnd 
which may be determined, if the nature of the figure, and the relation of x and 
y are known, | 


whole ſolid will be as the fluent of 


„ 


Plate XXI. 
Fig. 175. 


Plate XXI l. 
Fig. 176. 
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- Of the the length A B, deſcribes the area 1 x 4B, And the other part 
Motion of a. \ 

'- F „ ON, 
Bodies. 8 t 

K. drawn into the length P * B | deſcribes he. area into 


PE An bien may 95 vel wn from the gabe of 
the curve LX I: and, in like manner, the ſame part, drawn 


into the length PA. deſeribes the area 1 into PD — AD ; and 
draun into A H, the difference of PB, FA. deſcribes 1 into 


5 PB, e difference of che areas. From the firſt content 
1 into 4B Jet the laſt contenx I Into FE P P be taken away, 


and the area L ABT will remain equal to 1 into AB— —PE+PD 


(. Therefore che force, proportional to h Wee, is as 4B- {4 
PE + PD. e Nas! 


Plate XXII. Carol, ence allo die Force is r hich a. ſpheroid 
Fig 1770 a BC 8 any body P, plackd ext 27 in its axis AB. 


Let N 1 RM be a cons ſection (hb), whoſe ordinate E R, perpen- 
| dicular 


4 r 


— Lad! | | N N T 
| C © N N E N 1 A RI 


© 466i If » = 2, the guxion of the 76 A r. which is proportional 


* 4 / / 4 \ 


** 757 Y D vu be as + © FIT The) fluent of the 


firſt part of which, is 1 x x Ir PB, when PF = PB and when PF = 
P A, that eng” is potaing 3 therefore the n — is 1 BNA 


— — 


ix 4B. 1 he fluent of the ſecond pM — 


to 


— NT __ | the ordinate being a 
conſtant quantity in the cplinddr, 3 54/5) 4 2 * _ = IX PR=1XPE, when 


PF = PB: but this fluent is nothing when P R=PD z therefore the fluent 
corrected is 1x PE — 2 B. Take away the ſecond fluent from the firſt, and 
there remains 1 x T PE * NN e to the attraction of the 
pate P towards the cylinder. 4 | 
(5) 461. Let AP = a, AS=, sc AE = x, PE 24 + x, ED* 
eie n 


=" D uns then ER = P . = E. K D 2 2 
— 


— 
—— — 
4 


9+ 25 Xi + I Xxx A and Kerefore, the eurve NKRM will 


5 de an hyperbola, a WG or an cllipfis, according as the term 1 72 is 


| ; poſitive, 


— 
U 
* * — ——— vb — ; ew — — —— — —„—-— —— — — —¾x — 
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dicular to PE, may be always equal to the length of the line BOOK 
PD, which is drawn to that point D, in which that ordinate een 
cuts the ſpheroid. From the vertices 4, B of the ſpheroid let 
AK, B M be erected, perpendicular to its axis 4B, reſpectively 
equal to AP, BP; and therefore meeting the conic ſection in 
& and M: and let X M be joined cutting off from it the ſegment. 
K MR K. Fet & be the centre of the ſpheroid, and SC its greateſt 
ſemidiameter: and. the force, with which the ſpheroid attracts 
the body P, will be to the force, with which a ſphere, de- 
ſcribed with the diameter 4 3, attracts the ſame body, as: 


ASxXCS*'—PSxKMRK AS ; 
PNS —AS — o 5 (i). And, by the ſame 


Pr in- 


COMMENTARY. 


ſitive, nothing, or negative: that is, according as c is greater than, equal to, 
or leſs than 5. 


(i) 462. Lemma. Retaining the notation above, let c be greater than 5; or 
let & C be the greater ſemiaxis; in which caſe NKRM is an ellipſis. Let the 
ſemiaxis NO of this ellipſis, whatever it is, be called s.; the ſemiaxis OT =:; 
and let NA, the diftance of the vertex N from A, be called p; and the abſciſſa 


bb "x8 eee = 
NE=p'+ x1 Iay, that s = — 7 and = PN = 


and pO on TT x PS. For, from the nature of the ellipſis, E R = 
c — | 
11 a * — tt: ES. 
wh X 25 —=Pp +25— 2 — * = TX 25p—pp + FF. A 
- ZION * a cc. cc 
25S —2p⁰ XX — —XXx = 44 + 24 + XX + I——X cX 
SS b: b. 
(461.). By comparing the homologous terms we find theſe three equations; 
2:8. $5 1 8 1 8 te 11 3 0 Cc 
— * 259 . aa; X +5355 and — 21 
f 11 „ 1 VL 
From the third equation — — ==; irre find 4 * which 
Was firſt to be found. 
17 — 
From the firſt equation — 4 25 -p = 4 a, we find 23 — pp = 
55 bb. | SA 55 
— X06 N X @ a; and therefore 55 — 2 5p +22 = { —— 


X-4 6: 


Motion of 


— — 
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principles of calculation the forces of the ſegments of the 
ſpheroid might be found. , 
oenone Corol. 
COMMENTARY. 


bb tt bbaa _ bb 5 | 
X62 0343 rey) = ri. But, from the 


ſecond jon — x2 == we find * ＋ x6 

econ e Rr I -* 42408 
| 2 — X 52 . b bb 

and 55 — 25 PÞ + pp Y- 4a +cc: . 


cc | 0 "0 | 
Whence /t = S—_— 4 +2ba+cc = COL KONG -r 


CO mm 
which was the ſccond thing to be found, 


: | EE N ——— 
Again, POS PATLNO - NAS TS — P aT Xba-+cc 


1 1 ; 
( by the ſecond equation) = ——7FjX 4 + b = ———FFX P S; which was 
the:third thing to be found. See the Commentary of Le Seur and Jacquier, on 
the ſame place. | | | | 

463. Suppoſe the ſpheroid to be reſolved into circular laminz, whoſe planes 
are perpendicular to the axis 4B; and let the {pace Ee d D generate one of 
thele laminæ by its revolution about 4B. Let ordinates, erected from the 
ſeveral points E, e, &c. proportional ro the force, with which the body P is 
attracted to the ſeveral laminæ Ee d D, Sc. deſcrive a curve, whole area, ac- 


cording to Prob. XLV. will repreſent the force of the ſpheroid. The force of 
any lamina Zed D being as 1 _— (Cor. 1. Prop. XC.), the fluxion of this 


PEN Ee PO xXx Ee O EX Ee 

area will be as Ee — FD =& 8 = 1 + 55 

fluent conſiſts of three parts, each of which muſt be found ſeparately. 
The whole fluent of Ee is O A; and that part of it which anſwers to the line 


AB, to which the curve, whoſe area is wanted, is drawn, is FB, The fluent 


O HEN Ee 3 
: | OEXEe = —— 

15 — or — (becauſe D 

of the other e part PD Vi -= UE (becauſe 
tt l s — 725 #8: $24 
— — —p — 12 — — — — 
ER = X51 —0 Ps = Xy/ 55 — O £7 77 : 

| — 


| : 4 9 | | 
x V 55 —O E* = — Tr * ER, and the whole fluent is — 77 * AK 
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 Corol. 3. But, if the particle is placed within the ſpheroid in BOOK 
its axis, the attraction will be as its diſtance from the centre. * 


Which, 
COMMENTARY. 
= — — x AP, from which take away the part of the fluent anſwering tore 


| * 2 . 34 4 : | 
* OB, which is 7—TXBM=E—XPB, and the remainder is — , x 
* | tt 
15 


P =PFF = AB. And this, added to A alteady found, is 4 B + 


The fluent of the third t | = 7 32 SAL | 
. EF nib 7 3Fa: 


m_ — * —— is = multiplied into the elliptic ſector TO K, the fluxian 
2 S 5 — 2 : 
4 . Xx Ee. 


of that ſector being (300. ): from which take away RES” 
2 SS—OE2 tt 


x T O M, the part which anſwers to O E, and there remains the part of the area 
O PO 
which anſwers to AB, equal to ED x MOK = : x Z£POX AB 


+4 — * K MRR; for becauſe PA= AK, and P B B M, by the con- 


ſtruction, the line M K produced will paſs through P; and the area of the recti. 
linear triangle MOK = MO P'—KOP = +POxX BM — 4POXAK 
— POXPB —- +POXPA = PONY PAS fOxAB. 
Therefore the fluent of the third part, ſubſtracted from the two former, is A B x 
: ec 
n 12% 2 
. tt cc - 
cc PS ip 2 PSXKMRK 
ce —bb * P S — Tce PS -I CCC 
cc 2 PSXKMRK 
PS. —bb cc PO +cc S 
denominator) = - £20 2 Ls e 22 * 5 n will expreſs the 
force, with which the ſpheroid attracts the body P. Let AC be a ſphere, in 
which caſe þ = c, and the curve NK RM is a parabola, whoſe latus refum J. 
is equal to 2-P : for, from the nature of the parabola E R = Zp + Ls = 
| a a+ 


(462) =:4 3B v. 


(by reducing the terms. to the. ſame. 


— — —ͤ — —— — 
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„ Which may be more eaſily collected by the following reaſoning, 


whether the particle is in the axis, or in any other given 


Place ff. diameter. Let 460 F be the attracting ſpheroid, & its centre, 


Fig. 178. 


mains the parabolic ſegment KMRK = 


and P the body attracted. Let the ſemidiameter SP A, and alſo 
two right lines D E, FG, meeting the ſpheroid in D and E, F 
and G, be drawn through that body: and let PCM, HLN be 
the ſurfaces of two interior ſpheroids, ſimilar and concentric to 
the exterior ; of which let the former paſs through the body P, 
and cut the right lines DE and FG in B and C; and let the 
latter cut the ſame right lines in E, I and K, L. Let all the 
ſpheroids have one common axis, and the parts of the right 


lines intercepted on each fide DP. and B E, FP and CG, D H, 


and IE, FK and LG will be mutually equal; becauſe the right 
* lines 
Non ons 


aa T 24 XK ＋ 23K (46ʃ.); and, by comparing the homologous terms of this 

equation, we find Lp = aa, Lx= 24 ＋ 26 & &, and L 24 ＋ 252 
T $ - 

2 PS. But the parabolic area NV B M = 1 NB en 88 


= —F—= 

TSS: a3 + 6a8b+ 12248 * 

—_—_— 77 . Alſo the parabolic area N 
AR 3 | 

NA = N Alfo the trapezium AKMB = ABN 


— 24236 +2 
AK+BM= BxX20+2b=2ab+2bb=3a+3Þx 2 Fir = = 
6 4 5 2 4 355 6 933 
. 175 A From the parabolic area NB M = 


3 ＋ 6aab 
9 +556 pen take away the parabolic area VFX = 


355 
and alſo the trapezium A K MB 2 r 22 SEAS: and there re- 
3 


23533 2 AS 


N — TIPS Therefore, ſub- 


ſtituting for this area, making AS = CS, and dividing by 2, we find the at- 
tractive force of the ſpheroid to the attractive Rice of the | A as 


48: 
ASXCO—PSXKMRK ,, 48 —PSx T3 _ 48 
BETTE ENP cg 
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lines DE, PB, and H are biſected in the ſame point; as alſo BOOK 
the right lines FG, PC, and K L. Conceive now DPF, EPG —— ) 


to repreſent oppoſite cones, deſcribed with the indefinitely ſmall 
vertical angles DPF, EPG, and the lines DH, E to be alſo 
indefinitely ſmall: and the particles of the cones DHKF, GL 
TE, cut off by the ſurfaces of the ſpheroids, by reaſon of the 
equality of the lines DH, EZ, will be to each other as the 
ſquares of their diſtances from the particle P, and therefore will 


attract that particle equally. And, by a like reaſoning, if the. 


ſpaces DPF, EGCB are divided into particles by the ſurfaces 
of innumerable fimilar ſpheroids, concentric to, and having a 
common axis with the former, all theſe will equally attract the 


body P on both ſides towards contrary parts. Therefore the 


forces of the cone DPF and of the conical ſegment EGCB are 
equal, and by their contrary actions deſtroy each other mutually, 
And the caſe is the ſame of the forces of all the matter without 
the interior ſpheroid PCB M. Therefore the body P is attracted 
by the interior ſpheroid PC M alone; and therefore (by 
Cor. 3. Prop. LXXII.) its attraction is to the force, with which 


the body A is attracted by the whole ſpheroid 4G 0 D, as the 


diſtance PS to the diſtance AS. Which was to be demonſtrated. 


PROPOSITION XCII. PROBLEM XLVI. 


An attracting body being given, it is required to find the ratio of the 
decreaſe of the centripetal forces, tending to its ſeveral points. 


Of the body given, a ſphere, or a cylinder, or ſome other 
regular figure is to be formed, whoſe law of attraction, agree- 
ing to any ratio of decreaſe, may be found by Prop. LXXX, 
LXXXI, and XCI. Then the force of attraction muſt be found 
by experiment at different diſtances; and the law of attraction 
towards the whole, thence diſcovered, will give the ratio 


of the decreaſe of the forces of the ſeveral Parts : which was to 
be found. 


r ; 


246 MATHEMATICAL PRINCIPLES 
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Morior of PROPOSITION xc. THEOREM XLYHL 


CL If a lid, plane on one fide, and indefinitely. extended an all ather fide. 
 conſeſts of equal particles equally attractive, whoſe forces, in, neceding 
from the ſolid, decreaſe in the ratio of any, power of the diſtances 
greater than the ſquare ; and a particle, placed towards either part 
of the plane, is attracted by the farce of the whole ſolid; T ſay, that 
the attractive farce of the ſalid, in receding fram ita plane ſurface, will 
decreaſe in the ratio. of a power, whoſe fade is the diſtance of. the par- 
ticle from the plane, and whoſe index is leſs. by three 4008 the index of 
the power of the diftances. 


Plate XXl, Caſe 1. Let L G1 be the plane by which the ſolid is terminated. 
Pg: 179- And let the ſolid lie on 9 fide of the plane towards 7; and let 
it be reſolved into innumerable planes m HM, n IN, o KO, &c. 
parallel to G I. And firſt let the attracted body C be placed with- 

out the ſolid. Let C GH be drawn perpendicular to thoſe in- 
numerable planes; and let the attractive forces of the points ob 

the ſolid decreaſe in the ratio of a power of the diſtances, whoſe 

index is the number u not leſs by three. Therefore (by Cor. 3. 

Prop. XC. the force with which any plane HM attracts the 

point C, is reciprocally as CH. In the plane HM let the 

length HM be taken reciprocally proportional to CH", and 

that force will be as HM. In like manner, in the ſeveral planes 

IGL, nIN, a KO, Oc. let the lengths G L, IN KO, exc. be 

taken reciprocally proportional CLI” CIT Fa, Oc. 

and the forces of. thoſe planes will be as the lengths ſo taken; ; 

and therefore the ſam of the forces as the ſum of the lengths; 

that is, the force of the whole ſolid as the area 6 LO N, pro- 

duced indefinitely- towards O K. But that area, by the known 
methods of — (k), is eng are as CG, and 

a there. 


COMMENTARY. 


(k ) OY Forif CH = x, the force * which the plane m H M attracts the 
point C, or the line HM, will be as . (Corol. 3. Prop. XC); and the 


fluxion 


- 
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therefore the force of the whole ſolid i 13 reciprocally as CG 3. B * K 


Which was to be demonſtrated. Cad 


Caſe 2. Let the particle C be now placed on the fide of the plane pe xx11, 
1GL within the ſolid; and let the diſtance C & be taken equal to Fig: 150. 
the diftance CG, And the part of the ſolid LGlo KO, ter- 
minated by the parallel planes 16 L, o KO, will attract the par- 
ticle C, placed in the middle, to neither fide; the contrary 
actions of the oppoſite points mutually deſtroying each other by 
their equality. Therefore the particle C is attracted by the force 
only of the ſolid placed beyond the plane OK. But this force 
(by the firſt caſe) is reciprocally as CA"; that is, becauſe CG, 


CK are equal, reciprocally as CG. Which was to be de- 
monſtrated. 


Corel. 1. Hence, if the ſolid L GIN is terminated on each fide 
by two parallel planes LG, IM, indefinitely extended ; its at- 
tractive force is known, by ſubducting from the attractive force 
of the whole ſolid LG £O, indefinitely extended, the attractive 


force of the more diſtant part NIX O, indefinitely produced 
towards KO. 


Corol. 2. If the more diftant part of this indefinitely extended 
ſolid is rejected, when its attraction, compared with the at- 
traction of the nearer part, is inconſiderable; the attraction of 


that nearer part, by increaſing the diſtance, will decreaſe nearly 
in the ratio of the power CG. 


Corol. 
COMMENTARY. 
* 1 
fluxion of the area G L MH as =» whoſe fluent Bebe np wg * 
. I 
thing, when x = CG : therefore the fluent corrected is erf 
1 — 3 Xx C 


"3 
1 — 3 X * 3 


finitely diminiſhed; and the area reaGLOK, indefinitely extended, is as == 


or as CG reciprocally. 


But x being indefinitely increaſed, the latter term is inde- 


I 
"cc —3* 


9 
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Corol. 3. And hence, if any finite body, plane on one fide, 
attracts a particle placed oppoſite the middle of that plane; and 


—— the diſtance between the particle and the plane, compared with 


the dimenſions of the attracting body, is very ſmall ; and the 
attracting body conſiſts of homogeneous particles, whoſe at- 
tractive forces decreaſe in the ratio of any power of the diſtances 
greater than the | quadruplicate; the attractive force of the 
whole body will decreaſe nearly in the ratio of a power, whoſe 
fide is that very ſmall diſtance, and whoſe index is leſs by three 
than the index of the former power. This afſertion does not 
hold good of a body conſiſting of particles, whoſe attractive 
forces decreaſe in the ratio of the - triplicate power of the 
diſtances. Becauſe, in this caſe, the attraction of the more 
diſtant part of the indefinitely extended body, in the ſecond 


Corollary, is always indefinitely greater than the attraction of 
the nearer part J. | 1 * 


$CHOLIUM. 
If a body is attracted perpendicularly towards a given plane, 


and the motion of the body is required from the law of at- 
traction given; the Problem will be ſolved by ſeeking (by Prop. 


-XXXIX.) the. motion of a body deſcending in a right line to- 


wards that plane; and compounding (by Corol. 2. of the laws) 


that motion with an uniform motion, performed in the direction 
of lines parallel to that plane. And, on the contrary, if the law 


of the attraction, made towards the plane in perpendicular 
directions, is required, with this condition, that the attracted 
body may be moved in any given curve line, the Problem will 
be ſolved by working after the manner of the third Problem. 


COMMENTARY. 

(1) 465. For if n = 3, the areaGLOK is the area of the common hyper- 

bola; which being indefinitely extended is indefinitely great; and the attraction 

of the nearer part is expreſſed by a part of the area of a finite extent; and the 

attraction of the more diſtant part by the more diſtant part of the area inde- 
finitely extended, 9 618 W 


- 
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But the operations may. be contracted by reſolving the ordi- 
Nates into converging ſeries. As if the length B is an ordinate 
toa baſe 4 in; any given angle, and is as any power of that 


baſe 4 ; and the force is ſought” with which a body, either 
attracted towards the baſe, or repelled from it, in the direction 
of the ordinate, may be moved in the curve tide, which that 
ordinate always deſcribes with its ſuperior extremity : I ſuppoſe 
the baſe to be increaſed by a very ſmall part O; and Ireſolve the 


ordinate 4+ 0 V into an infinite finden A" + — 04 * + 


mm — my 


1 00A Oc. “: and! ſuppoſe the force to be propor- 


tional to the term of this ſeries, in which O is of two dimenſions, 


gy. 2 8 


that 1s, to the term — 5 = 004-1 Therefore the force ſought 


mM —- 2 8 


mn m — mn 


. „ . | - MM — NNN 
is as 1 ; or, which is the ſame thing rr mag 


B {m). As if the ordinate deſcribes a parabola, n being 


equal 


COMMENTARY. 
See Note 318. | 


(m) 466. Let a body move in a curve P Q with a force tending to the baſe 
AMN in parallel lines ; and let the curve be either convex or concave towards 
that baſe. Let P R be a tangent to the curve at P; and let 2 N be drawn, 
paſſing through another point Q, parallel to P MH. Let N Q meet the tangent 
in R; and from P draw P T parallel to AM N, meeting Nin 7. Since the 
angle P M, or its equal P M A, is invariable, the centripetal force, when the 
points P and approach indefinitely near to each other, will be as R. Let 
the abſciſſa AM=4, MN = O, and A = B: and if the fluxion of 4 


or P is called *, ſince MP or Bis as A , the fluxion of MP, or mp 


m ＋ „ 


will be as —＋4 k. But from 5 bun Fran : PT 7 N, 


* | or: 
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Plate XXII. 
Fig. 181, 
and 182. 
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"of the equal to 2, and u, to 1; the force will be as the given quantity 
Bodies, 2 Be, and therefore will be given. Therefore wich a given force 
2 body will move in a parabola, us Galley demonſtrated: But 
if the ordinate deſcribes an hyperbola, m being equal to o — 1, 

and n to x; the force will be as 24-3 or 2B; and therefore, 

with a force which is as the cube of the ordinate, a body will 

be moved in an hyperbola (n). But, leaving propoſitions of 

this Kind, I go on to ſome others concerning motion, which I 


o 


have not yet touched upon. 


COMMENTARY. 
gig 29 « wt g eien Þv ä | 
eee * = 78: Bir bythe drogen 
4" 10 NS 1 JON A +045 + 
£004 © +&c.(516). Becauſe NT= MP3s 4 * , and 
R ,QR i004"  ; and face O is 


indefinitely diminiſhed, while P and Q approach continually to each other, every 
ſucceeding term of this ſeries is indefinitely leſs than the preceding. Or, if T R 
is the firſt fluxion of the ordinate, 2K is the ſecond fluxion, the fourth term of 
the ſeries is the third fluxion, the fifth term is the fourth fluxion; and ſo on 
indefinitely. Therefore the force 9 R is rightly ſuppoſed to be proportional to 


m — 2 
the quantity) —— 0 O 4 * or, becauſe 2 conſtant, as 
—— 1 na 4 i 8 B. and A 4 B ad, as 
Ng 2-6 m — 22 | da N 1 * „22 1 
N — B z and the forge a —— * iP | 


() 467. The centripetal force in'this caſe is turned into a centrifugal. foree. 
But, if we take equations to the ellipſis, or the circle, it may be found in the 
ſame -manner, that, with a force Which varies inverſely as the cube of the 
ordinate, a body may deſcribe an ellipſis or a circle, agreeable to Prob. III. 
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SECTION XIV. 
Of the motion very ſinall bodies, whith. are hid by A av * 
forces, tending to the MO parts of * great body. — 


' PROPOSITION. XV. THEOREM XLVIIL 


IF two fimilar mediums are ſeparated from each other by a ſpace, terminated' 
on each ſide by parallel planes; and à body, in its tranfit through this 
pace, is attracted or impelled perpendicularly towards either medium, 
and 1s not agitated or hindered hy any other force; and the attraction is 
every where the ſame at equal diſtances from either plane, taken to- 
wards: the ſame. fide of the plane: I ſay, that the fine of incidence on 


either plane will be to the ſine; of, emergence. from _ thier plane in. a: 
given ratio. 8 


Caſe 1. T ET 4a. Bb be t two parallel planes. Let the body fall 
| upon thefirſt plane A a in the direction of the line G E, 
and in its Whole tranſit through the intermediate ſpace let it be 
attracted or impelled towards the medium of incidence; and by 
that action let it deſcribe the curve line HI; and let it emerge in 
the direction of the line TX. Let IM be erected perpendicular 
to the plane of emergence B56; meeting both the line of inci- 
dence GH produced in M; and alſo. the plane of incidence 4a 
in R: and let the line of emergence KI produced meet H M'in: 
Z. With the centre L, at the interval LI, let a circle be de- 
ſcribed, cutting both HM in P and L, and M produced in N; 
and firſt, if the attraction or impulſe is ſuppoſed uniform, the 


4 curve 


Plate XXII. | 


Fig. 183, 


MATE RMATICAL PENCIL ES. 


le curve H (from what Galileo has demonſtrated) will be a para- 

Bodies, bola, of which this is a property, that the rectangle under its 
YR given latus rectum, and the line IM is equal to the ſquare of HM; 

| but moreover the line HM will be biſected in L. Whence if LO 

is let fall perpendicular to M7, MO, Q R:will be equal; and the 

equal lines OM OT being added, the whole MM IR will be- 

come equal. Wherefore ſince IR is given, MN is allo given; 

and the rectangle NMT1s to the rectangle under the latus rectum 

and I that is, to Hu, in a given ratio. But the rectangle 

_ NMTis equal to the rectangle M, that is, to the difference 

of the ſquares MI, and P L' or L7*; and HM* has a given 

- ratio to its fourth part MZ: therefore the ratio of MI. — L 7: 
to MI is given ;. and, by converſion, the ratio of LI to ML, 

and its ſubduplicate, the ratio of LI to MIL. But, in every tri- 

angle LMI, the: ſines of the angles are proportional to the op- 

polite ſides. Therefore the ratio of the ſine of the angle of in- 

cidence L MR to the ſine of the angle of ene £1 R is 


given. Which was to be demonſtrated. . 


Plate xxll. Caſe 2. Let the body no paſs ſucceſſively rom: n 
* ſpaces, terminated with parallel planes Aab, Bed cc. and 
let it be agitated by a force, which is uniform in each of them 
ſeparately; but different in different ſpaces: and, by what has 
been already demonſtrated, the fine of incidence on the firſt 

plane Aa will be to the fine of of emergence from the ſecond plane 

Bb, in a given ratio; and this ſine, which is the ſine of in- 

| cidence on the ſecond plane Bb, will be to the fine of emergence 


from the third plane Ce in A giyen ratio; and this ſine to the 
ſine of emergence K N of fourth plane Da in a given ratio; 
and ſo on cpntinually „ ex que, the ſine of incidence on 
the firſt, plane to the is e from the laſt plane 1 in a 
given ratio. Let the se of the planes be now diminiſhed, 
and their number increaſed continually, ſo that the action of 
attraction or impulſe, exerted, according to any aſſigned law, 
may become. continual ; ; a id the. ratio of the ſine of incidence 
on the firit plane to the fine fe emergence from the laſt plane 


being 


*% 
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being continually given, will be fill given. Which was to be 
demonſtrated (/. i 
rRoOorosfTION xcv. THEOREM XIX. 
The ſame things being ſuppoſed, T ſay, that the velocity of the body before 


incidence is to its velocity after emergence, as the fine of emergence to 


- tbe fine of incidence. 


Let AH, Id be taken equal; and let the perpendiculars 4 G, 
d K be erected, meeting the lines of incidence and emergence 
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GH, IR, in G and K. In GH let TH be taken equal to 1K; 


and let fall Tv perpendicular to the plane Aa. And (by Corol. 2. 
of the laws of motion) let the motion of the body be reſolved 
into two, one perpendicular to the planes 4, Bb, Cc, &c. the 
other parallel to them. The force of attraction or impulſe, 
acting in perpendicular directions, does not at all change the 
mation in 3 directions; and therefore the body with this 
motion will deſcribe in equal times thoſe equal parallel inter- 
vals, which are between the line AG and the point H and be- 
tween the point I and the line 4K; that is, it will deſcribe the 
lines G H, 1X in equal times. Therefore the velocity before 
incidence is to the velocity after emergence, as G H to IX, or 
TH; that is, as A Hor Id to v; that is (with reſpect to a 


radius T Hor TK) as the fine of emergence to the ſine of inci- 
dence. Which was to be demonſtrated. 


PR O- 


COMMENTARY. 


(o) 468. That the light of the ſun conſiſts of rays differently refrangible; 
and that 

colour, is abundantly proved by experiment in the author's opticks. And from 
this propoſition it follows, that the fine of incidence of each homogeneous ray, 
conſidered apart, is to its fine of refraction in a given ratio: which is demon- 
ſtrated generally from this ſuppoſition, that bodies refract the rays of light by 


rays, which differ in their degrees of refrangibility, differ in their 


acting upon them in lines perpendicular to their ſurfaces; without inquiring 
what light is, ” 


or by what kind of force it is refracted, 


——_— 2 2 
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Plate XXII. 
Fig. 185. 


MATHEMATICAL FRINOT mY E 8 
PROPOSITION XCVI. THEOREM, e 

— The ſame things being ſuppoſed, and that the motion before ee 15 
fwifter than after, 'T Jay that the body, by continually mclinimg the line 


of incidence, vill at laſt be refletted, and the angie Y reflection will be 
(qual. to the angle of incidence (p). 


—o_— 


"Y% 
» | A4 


For conceive the body to deſcribe parabolic: ö arcs Wader che 
parallel planes Aa, B b, 00 Sc. as above; and let thoſe arcs be 
HP, P's, N, Ge. And let the obliquity of the line of j inci- 
dence G H to the firſt plane Aa be ſuch, that the ſine. of i inci- 
dence may be to the raid of the circle, whoſe ſine it is, in the 
ſame ratio, which the ſame ſine of incidence has to the ſine of 
emergetice from the plane D'4 into the ſpace P de E: and be- 
cauſe” the fine of emergence is now made equal to the fine of 
incidence, the angle of emergence will be a ri ght angle; and 
therefore the line of emergence will coincide Sith the plane 
D9. Let the body arrive at this plane in the point R; and de- 
cauſe the line of emergence coincides with the fame plane,” it is 


9 that the body cannot proceed farther towards the plane 
But neither can it proceed in the line of emergence K 43 
biendhe it is continually attracted. or impelled towards the 


TO q% \ 


4 1 115. 25 1 ly » 3s | It \ 1 Mann 
+1501 To San 30: commEeNTAYY, ſhe 
| $ 5 


0) 469. © The analogy between reflection and 1 will a appear by con- 
« ſidering, that when light paſſeth obliquely out of one medium into another, 
« which refracts from the perpendicular, the greater 1s, the difference of their refrac- 
« tive denſity, the leſs obliquity of incidence is requilite to cauſe a total reflec- 
„ tion. For, as the lines are, which meaſure the refraction, fo is the ſine of inci- 
$+ dence, at which the total reflection begins, to the radius af the cirele; and con- 
66 ſequently that angle of incidence is leaſt, where there is the greateſt difference 
« of the ſines. Thus in the paſſing of light out of water into air, where the 
“ refraction is meaſured by the ratio of the fines three to four, the total re- 
i flection begins, when the angle of incidence is about 48 degrees 35 minutes. 
In paſſing out of glaſs into air, where the refraction, is meaſured by the ratio 

of che ſines 20 to 3 r, the total reflection begins, when the angle of incidence 
is 40 degrees 10 minutes : and fo in paſſing out of cryſtal, or more ſtrongly 
refracting mediums, into air, there is ſtill a leſs obliquity requilite to caule a 
* rota] reflection,” See Newton's Opt. Book II. Prop. I. 


OF NATURAL PHILOSOPHY. 


medium of nn It will therefore be tranſmitted between 5 © Na K 
the planes Oe, Da, deſcribing an arc of a parabola 2Rꝗ, whole gu 


principal vertex (according to what Galileo has demonſtrated) is 
in R; it will cut the plane Cc in the ſame angle in 9, as before 
in J and then proceeding in parabolic arcs . ph, Sc. ſimilar 
and equal to the former arcs 2 P, PH, it will cut the other 
planes in the ſame angles in p, h, Cc. as before in P, H. &c. and 
at. laſt will emerge with the ſame obliquity in h, with which 
it firſt entered in H. Conceive now the intervals of the planes 
Aa, Bb, Cc, Da, Ee, Oc. to be diminiſhed, and their number 
to be increaſed continually, ſo that the action of attraction or 
impulſe according to any aſſigned law may become continual ; 


and the angle of emergence, being always equal to the angle 
of incidence, will {till remain equal to it. Which was to be 
demonſtrated. 


SCHOLIUM, 


Theſe attractions are not much unlike the reflections and 


refractions of light, made according to a given ratio of the 
ſecants, as Snellius diſcovered ; and conſequently according to a 
given ratio of the fines, as was ſhewn by Des Cartes. For it is 
now evident by the phenomena of the ſatellites of Jupiter, con- 
firmed by the obſervations of different aſtronomers, that light is 
propagated ſucceſſively, paſſing from the ſun to the earth in the 
ſpace of about ſeven or eight minutes of time (/. But the 
rays of light in our air (as Grimaldo lately diſcovered by the ad- 


miſſion 
COMMENTARY. 


(q) 470. This was obſerved firſt by Roemer, and then by others, by 
* means of the eclipſes of the ſatellites of Jupiter. For theſe eclipſes, when the 
« earth is between the ſun and Jupiter, happen about ſeven or eight minutes 
« ſooner than they ought to do by the tables; and when the earth is beyond the 
* fun, they happen about ſeven or eight minutes later than they ought to do; 
« the reaſon being that the light of the ſatellites has farther to go in the latter 


«* cafe than in the former by the diameter of the earth's orbit. See Newton's 
Optics, Book II. Prop. XI. | | 
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Plate XXII. 
Fig. 187. 


vrhich in their tranſit approach neareſt to the bodies, are moſt 


alſo carefully obſerred. And thoſe; which pals at 
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miſſion of ligtit into a dark chamber through a roufd hole, 
. which experiment I have alſo tried) in their tranhe wear the 
gles of bodies, whether opake or tranſparent (fach as the 
rectan gular and circular edges of gold, filver, and braſs coins, 
arid of knives, or broken pieces of ſtone and glaſs), are inflected 
round thoſe bodies, as if attracted to them; and-cthoſe rays 


inflected, as if they were "moſt attracted; as I myfelf have 


greater 
diftances, are leſs iuflected; and at ſtill greater diſtances are 


inflected a little the contrary way, aud form thiree ranges of 


Colours. In Plate XXII. Fig. 186. 4 repreſents the edge of a 


knife, or any kind of a wedge 4s B; and Ze wog, Ja vn, emt 
me, 41514, are rays, inflected towards the knife in the arcs o wo, 
nun, mtm, Is; which inflection is greater or leſs according to 

their diſtance from the knife. But ſince this infection of the 
rays is made in the air without the knife, the rays alſo, which. 
fall upon the knife, ought to be inflected in the air, before they 
touch the knife. And the caſe is the Oe of rays. falling upon 
glaſs (r)). The refraction therefore is made, not in the of 

incidence, but. gradually by a continual inflection of the rays, 
made partly in the air, before they tonch the | glaſs, partly (if I 
miſtake not) in the glaſs, after — have entered it: as is re- 
preſented in the rays cc, 5 b, ab x as falling upon u, 9, p, 
and inflected between l and 2, i and y, h and x. Therefore be- 
aut of, the analogy which ſubſiſts. between the propagation (of 
. 

CO M MENT A R Y. 

(r) 47t. That bodies rect and refratt light by one and. the ſame power, variouſly 
exerciſed in various circumſtances, follows from Note 469, and is confirmed by 


manifold experiments. And it appears alſo that the reflections and refractions 


of light are not effected by a ſingle t of the body, os by infringing on its. 
ſol: 4. but by ſome 2 is egually diffuſed over its whole ſurface, 
by which it acts without immediate contact. What that power is, or how it 
acts on the rays of light, whether it ariſes from the vibrations of the refracting 
or refleting medium, or of the rays of light, need not be determined. It is 
ſufficient, if it appears that the rays of light are alternately reflected or 
re racted by fome cauſe, and if the — of ſuch reflections and refractions are 


rightly deduced from the phenomena. 0 
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the rays of light and the motion of bodies, 1 have thought r 
proper to ſabjoin the following propoſitions for optical wſes : not — 
at all inquiring into the nature of the rays, whether they are 


bodies or not; but only determining the r of bodies 
which are * like the 'rrajedtories. of rays. 


- PROPOSITION XCVIL PROBLEM XI Vn. 


Suppoſing that the Ine of incidence upon any furface is to the fine of 
emergence in a given ratio; and that the infleftion of the paths of 
bodies near that ſurface 1s performed i in a very ſhort ſpace, which-may 
be conſidered as a point; it is required to determine the ſurface, which: 


may cauſe all particles, 1 iſſuing ſucceſſrvely from a given place, to can- 
. verge to another given place. 


Let 4 be the place from which the particles Sergei ;. B:rhe n 
place to which they ought to converge; CDE the curve line, 


which revolved about the axis 4 B, may deſcribe the ſurface 
fought; D, E any two points of that curve; and EF, EG: per- 
pendiculars let fall upon the paths of the bodies 4D, DB. Let 
the point D approach to the point E; and the ultimate ratio of 
the line DF, by which AD is increaſed, to the line DG, by 
which DB is diminiſhed, will be the ſame as that of the ſine 
of incidence to. the fine of emergence. Therefore the ratio of 
the increment of the line 4 D to the decrement of the line D B: 
is given; and therefore if the point C is taken any. where in 
the axis AB, through: which the curve CD E ought to-paſs; and: 
the increment CM of 4 is taken to CN, the decrement of BC, 
in that given ratio; and with the centres A, B, and the intervals 
AM, BN two circles are deſcribed, cutting each other mutually 
in D; that point D will touch the curve ſought CDE; and, by 


touching it any where, will determine-that curve. Which-was- 
to be found. | 


Corol. 1. But, by making the point A or B ſometimes to recede 
indefinitely,. ſometimes to move to the other ſide of the point C, 


all thoſe figures will be obtained, which Des Cartes in his. optics-. 
and? 


on * 
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Moti 


As * Boe 


Plate XXII. 
Fig. 189. 
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and geometry conſtructed for refractions. The invention oF 
which, ſince Des Cartes concealed, it, I have thought proper ay 
— by OPEN; in this propoſition: . to Oi owl. om Anilin Is 


rob. 3. TE B6ay7 Falling pon att fürface in the a 
rection of a right line'#'D, Fenn according tö any law, emer- 
ges in the direction of any other right line DR; and from the 
point C curve lines CP, C are ſuppoſed to be draw, always 
perpendicular to 4D, D K; the increments of the lines P , 
B, and therefore the lines themſelves PD, 2D, generated, 2 


thoſe increments, will be as the fines of. incidence and emer- 


gence to each other: and the contrary. 


' PROPOSITION XOVIIL PR OBLEM XLVIIL + 


The, ſame. things. being Juppofed, and auy attractive ſurface CD being 


deſcribed about the axis A B, regular or irregular, through: which 
bodies, iſſuing from a given place A, ought. to paſe ;' it is required to 


find a ſecond attractive ſurface, E F, en may make 0 e W cons 
verge to: a given place Bit; 45 et oth: n Ms 


7 1 


Let the line 4 B cut the firſt Ny in C, and the ſecond i in E, 
the point D being aſſumed at pleaſure. And ſu; ppoling the line 
of incidence on the firſt ſurface to the ſine of emergence from 
the ſame, and the fine of emergence from the ſecond ſurface 
to the ſine of incidence on the ſame, as ſome given quantity M 
to another given quantity N; then produce AB to G, ſo that BG 
may be to CE, as M — Vto N; and AD to H, ſo that AH may 


be equal to AG; and alſo D F to K, ſo that DK may be to DH. 


as N to M. Join K B; and with the centre D, at the interval 
DH, deſcribe a circle, meeting KB produced in L; and draw 
BF parallel to DL: and the point F will touch the line EF, 


which, revolved round the axis 4B, will: 2 en ſurface 
ſought. Which was to be done. 


For conceive the lines CP, C to be ebery where perpendi- 
cular to 4 D, DF reſpectively, and the lines E R, ES to FB, 
FD; and therefore AS to be always equal to C E; and (by 


Ch 2 Corol, 
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Corol. 2. Prop. XCVII.) Y D will be to 2 D, as Mto.N; and 8 BOOK 
fore as DL to DK, or F to FK; and, by diviſion, as DI. — = ; 


FB, or PH -D - FB to F D, or F - 2; and, by com- 
poſition, as P H— FB to F 2; that is (becauſe P Hand CG, 28 
and CE are equal) as CE BG - FR to CE - Fs. But (be- 
cauſe of the proportionals BG to CE, and M- N to NY CE—+ 
B & is alſo to CE, as M to MN; and therefore, by diviſion, F R is 
to F &, as M to N; and conſequently by Corol. 2. Prop. XCVII. 
the ſurface E F forces a body, falling upon it in the direction 

of the line D F, to proceed in the direction of the line F R to 
N me Place B. Which was to > be : demonſtrated. 


| 


tits Nia 
By the ſame method: we 8 80 on to three or more ſurfaces. 
But ſpherical figures are beſt adapted to optical uſes. If the 


object glaſſes of teleſcopes were made of two glaſſes of ſpheri- 


cal figures, containing water between them, it is poſſible, that 
the errors of the refractions, made in the extreme ſurfaces of 
the glaſſes, may be accurately enough corrected by the refrac- 
tions of the water. But ſuch object glaſſes are to be preferred 
before elliptic and hyperbolic glaſſes; not only becauſe they 
may be formed with more eaſe and accuracy; but alſo, becauſe 
they refract the pencils of rays, which are without the axis, 
more accurately (29). But the different refrangibiliry of differ- 


ent 
COMMENT ART. 


(s) 472. That the different refrangibility of the rays of light is the true. 


cauſe of the imperfection of teleſcopes is fully ſhewn in Part I. Book I. of 


Newton's Optics; ae in Prop. VII. and VIII. where it appears, that 
the errours ariſing 


to the errours ariſing from the different refrangibility of rays. Another argu- 


ment by which this appears is, That the errours of the rays, ariſing from the 


e ſpherical figures of object glaſſes, are as the cubes of the apertures of the 
60 + object glaſſes; and thence to make teleſcopes of various lengths magnify 

with equal diſtinctneſs, the apertures of the object glaſſes, and the charges or 
magnifying powers ought to be as the cubes of the ſquare roots of their 
lengths; which doth not anſwer to experience. But the errours of the rays, 
* ariling from the different refrangibility, are as the apertures of the object 


glaſſes; 


rom the ſpherical figures of glaſſes are very ſmall, with reſpecrt 


Motion of 


— — figures whatever. Unleſs the errours thence ari 


CL 


MATHEMATICAL PRINCIPLES; &:. 


ent rays is the unpediment that hinders optics from being 
brought to perfection, either by ſpherical, or by any other 
| fing can be cor - 
reed, all the labour ſpent in correcting other errours will be 
injudiciouſly applied. 2p 5 | 

COMMENTARY, _ 


„ Aafles; and thence to make teleſcopes of various lengths megnify with us! 
4 2 their apertures and charges ought to be as the ſquare roots of 
their lengths; and this anſwers to ex 


W 8 75 jence, as is — or inſtance, 
« a teleſcope 4 in an aperture. of 23 inches, magnifies 
about 120 times with as much diſtin&neſs,' as one of a foot in length, Sith 4 
«of an inch aperture, magnifies 15 times. Now were it not for this different 
<« refrangibility of rays, teleſcopes might be hraught to a greater perfection than 
<< we have yet deſcribed, by compoling the object glaſs of two glaſſes, alike 
* convex on the outſides, and alike cancave on the infides, with water in the 
40 eri brrage them. Let the ſine of incidence Peg into air be 
« as [to R, and out of water into air as K to R, and by conlequence out of 
« olafs into water as 7 to K: and let the diameter of the ſphere, to which the 
„ convex ſides are ground, be D, and the diameter of the „ to which the 
„ concaye ſides are. ground, be to D, as the cube root of KK — KI to the 
cube root of RK— RI; and the refractions on the concave ſides of the 
« olafſes will very much correct the errours of the refractions on the convex 
6 fades, ſo far as they ariſe from the ſphericalneſs of the figure. And by this 
* mean might teleſcopes be brought to ſufficient perfection, were it not for the 
different  nefrangibility of ſeveral forts of _ rays. But, by reaſon of this 
« different refrangibility, I do not ſee any other means of improving teleſco 
« by refractions alone than that of increaſing their lengths,” &c. He t 
proceeds to explain his invention of Catoptrical teleſcopes, which were after- 
ward accomodated to uſe. | 9 ; | 
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